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abstract: This study introduces an innovative analytical approach to derive exact solitary wave solutions for

nonlinear fractional-order equations. By employing the extended rational exp
(
−ξ

(
ϕ′

ϕ

))
-expansion method,

we obtain novel solitary wave solutions for two prominent nonlinear physical models: the Maccari system
and the Higgs equation. The method is demonstrated to effectively solve fractional-order nonlinear partial
differential equations, yielding previously unreported solitary wave configurations including kink, singular-kink,
and periodic wave solutions. The physical relevance of these results is rigorously analyzed and supported
by their graphical illustrations. A comparative study endorses the enhanced reliability and computational
efficiency of the proposed method. The study also highlights the adaptability of this method, which has
considerable significance for solving a wide range of nonlinear evolution equations that arise in mathematical
physics and engineering applications.
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1. Introduction

Nonlinear systems are widely acknowledged as the foundation for advancements in mathematics, the-
oretical physics, and engineering, with their relevance expanding substantially in contemporary research.
These systems underpin numerous phenomena across assorted disciplines including biology, fluid dy-
namics, plasma physics, optical fibers, solid-state physics, biophysics, and the Higgs mechanism, where
linear frameworks often fail to capture the inherent complexity of their behavior. The intricate na-
ture of nonlinear problems remains a principal concern for researchers, from physicists and engineers to
mathematicians, who strive to develop precise analytical frameworks to unravel such dynamics.

In light of this requirement, we present the extended rational exp
(
−ξ

(
ϕ′

ϕ

))
-expansion method, an

innovative analytical approach to systematically construct exact solitary wave solutions for nonlinear
physical models. By deploying this method on established systems such as the Maccari equations and
Higgs mechanisms, we categorize previously unexplored wave structures, including kink and periodic
solitons, which validate the method’s improved accuracy compared to conventional strategies. This
contribution not only strengthens theoretical understanding but also refines the practical analysis of
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nonlinear evolution equations, providing rigorous insights for both foundational scientific inquiry and
real-world engineering applications.

Many leading methods have been recognized, for example the exp
(
−ξ

(
ϕ′

ϕ

))
-expansion method [1,2],

the modified simple equation method [3], the homogeneous balancing method [4], the novel (G′/G)-
expansion method [5], the (G′/G)-expansion method [6,7], the homotopy perturbation method [8], He’s
semi-inverse method [9], the exp-function method [10,11,12,13], the generalized exp-function method
[14], the ansatz method, the perturbation method [15], the tanh-function method [16,17], the rational
exp(−ϕ(η))-expansion method [18], the modified exp-function method [19], the F-expansion method [20],
Biswas et al. [21], and so on.

Fractional calculus has come to the forefront as a robust mechanism for modeling intricate biological
systems characterized by nonlinear dynamics. Fractional-order equations have achieved considerable ac-
claim by attracting widespread interest from researchers due to their comprehensive ability in managing
complex real-world problems in recent years. These equations have proven particularly valuable across
diverse disciplines including chemistry, physics, biophysics, hemodynamics, capacitor design, control the-
ory, and electrical circuit analysis, underscoring their broad applicability in both theoretical and applied
scientific domains.

Numerous applications of fractional calculus [22,23,24,25,26,38] can be found in mathematical physics,
fluid dynamics, engineering, and other fields. A variety of methodologies have been utilized to resolve
differential equations with fractional orders, such as the Adomian decomposition approach, the homotopy

analysis method [27], the exp
(
−ξ

(
ϕ′

ϕ

))
-expansion method [28], the direct algebraic method [29], the

local fractional variation iteration method [30], the modification of the truncated expansion method [31],
the Kudryashov method [32], the interpolatory HDG method [33], the modified Kudryashov method
[34], the breather period limit method [35], the extended exp-function method [36], the sine-Gordon
expansion method [37], and so on, including references therein.

2. Fractional form of Caputo’s Derivative

In this part, we define key terms and explain fundamental concepts.
Definition I. A real function h(κ), κ > 0 is regarded as being in space Cβ , β ∈ R, if there exists a

number φ > β, such that
h(κ) = κφh1(κ), h1(κ) ∈ C[0,∞). (2.1)

Definition II. A real function h(κ), κ > 0 is regarded as being in Cn
β (space), n ∈ N ∪ {0}, if

h(n) ∈ Cβ .
Definition III. Let h ∈ Cβ and β ≥ −1. Then the left-sided Riemann–Liouville integral of order

γ > 0 is defined as

Iγt h(κ, t) =
1

Γ(γ)

∫ t

0

(t− T )γ−1h(κ, T ) dT, t > 0. (2.2)

Definition IV. The left-sided Caputo fractional derivative of h with respect to t, where h ∈ Cn
−1 and

n ∈ N ∪ {0}, is given by

Dγ
t h(κ, t) =


∂n

∂tn
h(κ, t), γ = n,

I n−γ
t

∂n

∂tn
h(κ, t), n− 1 ≤ γ < n, n ∈ N.

(2.3)

Remark. The following properties hold:

Int D
γ
t h(κ, t) = h(κ, t)−

n−1∑
m=0

∂mh

∂tm
(κ, 0)

tm

m!
, n− 1 < γ ≤ n, n ∈ N, (2.4)

Iγt t
ϑ =

Γ(ϑ+ 1)

Γ(γ + ϑ+ 1)
tγ+ϑ. (2.5)
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3. Portrayal of the Proposed Method

We assume the nonlinear FPDE

Ψ
(
v,Dβ

t v, vx, vxx, D
2β
t v,Dβ

t vx, . . .
)
= 0, x ∈ R, t > 0, 0 ≤ β ≤ 1, (3.1)

where Dβ
t v, D

β
xv, D

β
xxv denote the fractional derivatives with respect to t, x, xx respectively, and v(ξ) =

v(x, t). Here, φ is a specific polynomial of v and its derivatives.
Step 1. Using the transformation

v = v(ξ), ξ = x± utβ

Γ(β + 1)
, (3.2)

where u is a nonzero constant. Substituting Eq. (3.1) into Eq. (3.2), we obtain the corresponding ODE
for v(ξ):

Ψ
(
v, ∓Uv′, kv′, U2v′′, k2v′′, . . .

)
= 0. (3.3)

Step 2. The supposed solution takes the form

u(η) =

c0 +
d

dη

[∑N
k=1 ck

(
eZ(η)

)k ]
∑M

k=0 dk
(
eZ(η)

)k , (3.4)

where ck and dk (k = 0, 1, . . . , N) are constants with ck ̸= 0, dk ̸= 0, and φ(η) satisfies the auxiliary
equation

Ψ′(ξ) = µ+ λeΨ(ξ) + e−Ψ(ξ), (3.5)

where the prime denotes derivative of Ψ and the values depend on µ and λ.
Family I: When λ2 − 4µ > 0,

ψ(η) = ln

{(
−
√
λ2 − 4µ tanh

(
(η+c)

√
λ2−4µ

2

)
− λ

)
1
2µ

}
.

Family II: When − 4µ+ λ2 < 0,

ψ(η) = ln

{(√
−4µ+ λ2 tan

(
(η+c)

√
λ2−4µ

2

)
− λ

)
1
2µ

}
.

Family III: When λ ̸= 0, µ = 0 and λ2 − 4µ > 0,

ψ(η) = − ln

{
λ

eλ(η+k1)−1

}
.

Family IV: When µ ̸= 0, λ ̸= 0 and λ2 − 4µ = 0,

ψ(η) = ln

{
2λ(η+k1)+4
λ2(η+k1)

}
.

Family V: When µ = 0, λ2 − 4µ = 0 and λ = 0,

φ(η) = ln(η + k1).
Step 3. The homogeneous balance rule allows us to determine N . We use eNΨ(ξ) to account for

Eqs. (3.3)–(3.5). After equating coefficients of the same powers of eNΨ(ξ), we obtain several algebraic
equations in terms of ck, U, µ, λ, leading to important conclusions of Eq. (3.1).
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4. Solution Procedure

Let us consider the coupled Higgs equation,

D2β
t δ − δxx + |δ|2δ = 2δρ, (4.1)

D2α
t ρ+ ρxx = (|δ|2)xx, 0 < β ≤ 2. (4.2)

The present system establishes a framework for characterizing a preserved scalar-nucleon interaction
employing a neutral scalar meson. In this context, the symbol δ illustrates a genuine scalar-meson field,
while ρ represents a complex nucleon field. Consider,

δ(x, t) = eiθv(ξ),

ρ(x, t) = u(ξ),

where,

θ = qx+ s
tβ

Γ(β + 1)
,

ξ = x+ a
tβ

Γ(β + 1)
,

The proposed model undergoes a transformation as follows:

(a2 − 1)v′′ + (q2 − s2)v + v3 = 2vu, (4.3)

(a3 + 1)u′′ = (v2)′′. (4.4)

Taking integration of Eq. (4.4) and afterwards including the obtained result into Eq. (4.3):

(a4 − 1)v′′ + (a2 + 1)(q2 − s2)v + (a2 − 1)v3 = 0, (4.5)

The symbol ”dash” is used to represent the derivative of the variable ξ. The value of N , i.e., N = 1
is determined through the use of the balancing principle. Subsequently, the trial solution that follows is
as follows:

u(η) =
c0 +

d
dη

[∑N
k=1 ck(e

Z(η))k
]

∑M
k=0[dk(e

Z(η))k]
(4.6)

From Eq. (4.5) and Eq. (4.6), we have

− 1

(d0eZ(η) + d1)6
(J0 + J1e

Z(η) + J2e
2Z(η) + J3e

3Z(η) + J4e
4Z(η) + J5e

5Z(η) + J6e
6Z(η)) = 0 (4.7)

Comparing the coefficients allows us to arrive at,

[J0 = 0, J1 = 0, J2 = 0, J3 = 0, J4 = 0, J5 = 0, J6 = 0]. (4.8)

Eq. (4.6) can be solved to get the following solutions.

Solution 1:

a = −1, c0 = c0, c1 = c1, µ = µ, d0 = d0, d1 = d1, q = −s

Family I: When λ ̸= 0 and µ2 − 4λ = φ > 0,

v1 =
2c0λ

√
φ tanh

[
1
2

(
Utβ

Γ(β+1) − x
)√

φ
]
d1 − µd1 + 2d0λ

(4.9)

u1 =
4c20λ

2

(a2 + 1)
[√

φ tanh
[
1
2

(
Utβ

Γ(β+1) − x
)√

φ
]
d1 − µd1 + 2d0λ

]2 (4.10)
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Family II: Whenever λ ̸= 0 and µ2 − 4λ = φ < 0,

v2 = − 2c0λ√
−µ2 + 4λ tan

[√
−µ2+4λ

2

(
Utβ

Γ(β+1) − x
)]
d1 + µd1 − 2d0λ

(4.11)

u2 =
4c20λ

2

(a2 + 1)

[√
−µ2 + 4λ tan

[√
−µ2+4λ

2

(
Utβ

Γ(β+1) − x
)]
d1 + µd1 − 2d0λ

]2 (4.12)

Family III: However µ2 − 4λ = φ > 0, µ = 0 and λ ̸= 0,

v3 =
c0µ

d1e
−µ

(
Utβ

Γ(β+1)
−x

)
+ d0µ− d1

(4.13)

u3 =
c20µ

2

(a2 + 1)

(
d1e

−µ
(

Utβ

Γ(β+1)
−x

)
+ d0µ− d1

)2 (4.14)

Family IV: If µ2 − 4λ = φ = 0, λ ̸= 0, and µ ̸= 0,

v4 =
c0µ

2
(

Utβ

Γ(β+1) − x
)

Uµ2tβd0

Γ(β+1) − 2Uµtβd1

Γ(β+1) − µ2xd0 + 2µxd1 + 2d1
(4.15)

u4 =
c20µ

4
(

Utβ

Γ(β+1) − x
)2

(a2 + 1)
(
− 2Uµtβd1

Γ(β+1) + Uµ2tβd0

Γ(β+1) − µ2xd0 + 2µxd1 + 2d1

)2 (4.16)

Family V: While µ2 − 4λ = φ = 0, µ = 0 and λ = 0,

v5 = − c0
Utβd1

Γ(β+1) − xd1 − d0
(4.17)

u5 =
c20

(a2 + 1)
(

Utβd1

Γ(β+1) − xd1 − d0

)2 (4.18)

Solution 2:

a = a, µ = µ, d0 = −
√

−(q2a2−s2a2+q2−s2)(a2−1)c0
q2a2−s2a2+q2−s2 , c0 = c0, d1 = 0, q = q

Result I: When λ ̸= 0 and µ2 − 4λ = φ > 0,

v6 = −a
2q2 − a2s2 + q2 − s2√
−(q2 − s2)(a4 − 1)

(4.19)

u6 = − (a2q2 − a2s2 + q2 − s2)2

(a2 + 1)(q2 − s2)(a4 − 1)
(4.20)

Result II: Whenever λ ̸= 0 and µ2 − 4λ = φ < 0,

v7 = −a
2q2 − a2s2 + q2 − s2√
−(q2 − s2)(a4 − 1)

(4.21)

u7 = − (a2q2 − a2s2 + q2 − s2)2

(a2 + 1)(q2 − s2)(a4 − 1)
(4.22)
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Solution 3:

a = −1

2

√
2
√
c0µ(q2c1 − s2c1 + 2λc0)

c0λ
,

µ =
2
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)λ√

−c0λ((q2c1 − s2c1 + 4λc0)c1)
,

c0 = c0, c1 = c1,

d0 = −
√

−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)

q2a1 − s2a1 + 4µa0
,

d1 = −
√

−c0λ(q2c1 − s2c1 + 4λc0)c1
q2c1 − s2c1 + 4λc0

, q = q.

Result I: When λ ̸= 0 and µ2 − 4λ = φ > 0,

v8 = − c0(q
2c1 − s2c1 + 4λc0)λ√

−c0λ(q2c1 − s2c1 + 4λc0)c1 tan
((

Utβ

Γ(β+1) − x
)√

c0λ
c1

)√
c0λ
c1

(4.23)

u8 = − q2c1 − s2c1 + 4λc0

(a2 + 1)c1 tan
2
((

Utβ

Γ(β+1) − x
)√

c0λ
c1

) (4.24)

Result II: Whenever λ ̸= 0 and µ2 − 4λ = φ < 0,

v9 =
c0(q

2c1 − s2c1 + 4λc0)λ√
−c0λ(q2c1 − s2c1 + 4λc0)c1 tan

((
Utβ

Γ(β+1) − x
)√

− c0λ
c1

)√
− c0λ

c1

(4.25)

u9 =
q2c1 − s2c1 + 4λc0

(a2 + 1)c1 tan
2
((

Utβ

Γ(β+1) − x
)√

− c0λ
c1

) (4.26)

Family III: However µ2 − 4λ = φ > 0, λ = 0 and µ ̸= 0,

v10 =
2
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)

(e
−

2
√

−(q2c1−s2c1+4λc0)c0c1(c0+c1)λ

(
Utβ

Γ(β+1)
−x

)
√

−c0λ(q2c1−s2c1+4λc0)c1 c1 + 2c0 + c1)c1

(4.27)

u10 = − 4(q2c1 − s2c1 + 4λc0)c0(c0 + c1)

(a2 + 1)c1

e− 2
√

−(q2c1−s2c1+4λc0)c0c1(c0+c1)λ

(
Utβ

Γ(β+1)
−x

)
√

−c0λ(q2c1−s2c1+4λc0)c1 c1 + 2c0 + c1

2 (4.28)
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Family IV: If µ2 − 4λ = φ = 0, λ ̸= 0, and µ ̸= 0,

v11 =
−[2c0(q

2c1 − s2c1 + 4λc0)(c0 + c1)λ
(

Utβ

Γ(β+1) − x
)
]

2
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)Uλt

βc0
Γ(β + 1)

− 2
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)λxc0

+
√
−c0λ(q2c1 − s2c1 + 4λc0)c

2
1

(4.29)

u11 =
4c20(q

2c1 − s2c1 + 4λc0)
2(c0 + c1)

2λ2
(

Utβ

Γ(β+1) − x
)2

(a2 + 1)


2
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)Uλt

βc0
Γ(β + 1)

− 2
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)λxc0

+
√
−c0λ(q2c1 − s2c1 + 4λc0)c

2
1


2 (4.30)

Family V: While µ2 − 4λ = φ = 0, µ = 0 and λ = 0,

v12 = − (q2c1 − s2c1 + 4λc0)c0

−
√
−c0λ(q2c1 − s2c1 + 4λc0)Ut

βc1
Γ(β + 1)

+
√
−c0λ(q2c1 − s2c1 + 4λc0)xc1

+
√

−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)

(4.31)

u12 =
(q2c1 − s2c1 + 4λc0)

2c20

(a2 + 1)


−

√
−c0λ(q2c1 − s2c1 + 4λc0)Ut

βc1
Γ(α+ 1)

+
√

−c0µ(q2c1 − s2c1 + 4λc0)xc1

+
√
−(q2c1 − s2c1 + 4λc0)c0c1(c0 + c1)


2 (4.32)

Solution 4:

a = a, µ = µ, d0 =

√
−(q2c2−s2c2+q2−s2)(c2−1)a0

q2c2−s2c2+q2−s2 , d1 = 0, c0 = c0, q = q

Solution 5:

a =
1

2

√
c0λ(q2c1 − s2c1 + 4λc0)

c0λ
,

µ = −
2
√
−(q2c1 − s2c1 + 8λc0)c0c1(c0 + 2c1)λ√

−(2q2c1 − 2s2c1 + 16λc0)c0λc1
,

d0 =

√
−(q2c1 − s2c1 + 8λc0)c0c1(c0 + 2c1)λ

q2c1 − s2c1 + 8λc0
,

d1 = −
√
−(2q2c1 − 2s2c1 + 16λc0)c0λc1

q2c1 − s2c1 + 8λc0
,

c1 = c1, c0 = c0, q = q
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Solution 6:

c = −1

2

√
c0λ(q2c1 − s2c1 + 4λc0)

c0λ
,

µ = −
2
√
−(q2c1 − s2c1 + 8λc0)c0c1(c0 + 2c1)λ√

−(2q2c1 − 2s2c1 + 16λc0)c0λc1
,

d0 =

√
−(q2c1 − s2c1 + 8λc0)c0c1(c0 + 2c1)λ

q2c1 − s2c1 + 8λc0
,

d1 = −
√
−(2q2c1 − 2s2c1 + 16λc0)c0λc1

q2c1 − s2c1 + 8λc0
,

c1 = c1, c0 = c0, q = q

Now, consider the Maccari system we have,

Dβ
t V − Vxx = −V U, (4.33)

Dβ
t U + Uy = −(|V |2)x, 0 < β ≤ 1. (4.34)

Let,

V (x, y, t) = eiθv(ξ),

U(x, y, t) = u(ξ),

and assume,

ξ = x+ y + a
tβ

Γ(β + 1)
,

θ = qx+ py + s
tβ

Γ(β + 1)
,

The intended model is transformed as described above to become

v′′ + (s+ q2)v = −vu, (4.35)

(a+ 1)u′ + (v2)′ = 0. (4.36)

By integrating Eq. (4.36) and then using it as a replacement in Eq. (4.35), we obtain

(a+ 1)u′′ − (a+ 1)(r + p2)u− u3 = 0, (4.37)

where the derivative of η is denoted by dash. If we follow the balancing phenomenon, we obtain M = 1,
and the trial answer is as follows:

u(η) =
c0 +

d
dη

[∑N
k=1 ck(e

Z(η))k
]

∑M
k=0[dk(e

Z(η))k]
(4.38)

From Eqs. (4.35), (4.36) and (4.1), we obtain

− 1

(d0eZ(η) + d1)6
(J0 + J1e

Z(η) + J2e
2Z(η) + J3e

3Z(η) + J4e
4Z(η) + J5e

5Z(η) + J6e
6Z(η)) = 0 (4.39)

We gain from comparing the coefficients,

[J0 = 0, J1 = 0, J2 = 0, J3 = 0, J4 = 0, J5 = 0, J6 = 0], (4.40)

By resolving Eq. (4.40), following are some helpful conclusions that we reach.
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Solution 1:

a = a, µ =
√
2q2 − 2s, d0 = 0, d1 = 2c0√

2a+2
, λ = 0, c1 = c0, q = q, c0 = c0, s = s

Result I: When λ ̸= 0 and µ2 − 4λ = φ > 0,

δ1 =
1

2

√
2q2 − 2s

√
2a+ 2

e

√
2q2−2sUtβ−x

Γ(β+1) − 1

(4.41)

ρ1 =
1

4

(2a+ 2)(2q2 − 2s)

(a2 + 1)

(
e

√
2q2−2sUtβ−x

Γ(β+1) − 1

)2 (4.42)

Result II: Whenever λ ̸= 0 and µ2 − 4λ = φ < 0,

δ2 = −1

2

(
Utβ

Γ(β+1) − x
)√

2a+ 2(q2 − s)
√

2q2−2sUtβ

Γ(β+1) −
√
2q2 − 2sx− 1

(4.43)

ρ2 =
1

4

(
Utβ

Γ(β+1) − x
)2

(2a+ 2)(q2 − s)2

(a2 + 1)

(
−
√
2q2 − 2sx− 1 +

√
2q2−2sUtβ

Γ(β+1)

)2 (4.44)

Result III: However µ2 − 4λ = φ > 0, λ = 0 and µ ̸= 0,

δ3 = −1

2

√
2 + 2a

Utβ

Γ(β+1) − x
(4.45)

ρ3 =
1

4

(2 + 2a)

(a2 + 1)
(

Utβ

Γ(β+1) − x
)2 (4.46)

Solution 2:

s = s, µ = µ, λ = 0, d1 = d1, q = q, c1 = −
√

aq2−as+q2−sd1

λ , d0 = d,

c0 = −
√

aq2−as+q2−s(µd0−d1)

µ

Solution 3:

s = s, c = −c0, µ = 0, d1 = d, d0 = d0, λ = 0, q = q, c0 = c0

Solution 4:

s = s, µ = µ, d0 = 0, d1 = c0µ√
aq2−as+q2−s

, c1 = −c0, λ = 0, q = q, c0 = c0

Solution 5:

s = s, µ = µ, d0 = 0, d1 = c0µ√
aq2−as+q2−s

, c1 = −c0, λ = 0, q = q, c0 = c0

Additionally, we may look at the additional outcomes for solutions 2 and 3.

5. Physical Illustrations

This section includes a series of three-dimensional plots that numerically and visually represent the
solutions of the proposed nonlinear coupled systems. The graphs are constructed at various time levels
and for a continuous range of the parameter α.

Figure 1 illustrates the configuration of soliton solutions for u5 and v5 of the Higgs model for s = 11,
β = 1, U = 200, q = 12, a = 11, and η = 0.01. Solitons represent a distinct class of solitary waves that
retain their unique characteristics even when interacting with other solitons.
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Figure 2 and Figure 3 illustrate the kink wave solutions of v7, u7, v12, and u12 for different values of
s = 21, q = 2, U = 100, β = 1, a = 5, and η = 400. The kink wave is a propagating wave solution char-
acterized by a smooth transition between two distinct asymptotic states, either monotonically increasing
or decreasing. As the spatial variable of distance approaches infinity, the wave solution asymptotically
converges to a constant equilibrium value. Figure 4 represents the singular kink wave solutions of ρ1 and
δ1 of the Maccari system for specific parameter values a = 5, µ = 10, q = 4, U = 40, s = 1, and β = 0.25.

Figure 5 also shows the periodic and kink wave solutions of ρ1 and δ1 for different parameters a = 5,
µ = 10, q = 4, U = 2, s = 10, β = 1, and λ = 1. For M > 4, the solutions exhibit elevated soliton
profiles, demonstrating that the system produces several soliton solutions of any order.

Wave solutions that repeat in a predictable manner after fixed intervals of time are known as periodic
solutions, such as cos(κ− t). The remaining three-dimensional figures are omitted here for simplicity.

Figure 1: Soliton solution 3-D graphs of v5 and u5 for −4 ≤ t ≤ 4 and −10 ≤ x ≤ 10, respectively.

Figure 2: Kink-wave profile three-dimensional graphs of v7 and u7 for −4 ≤ t ≤ 4, −40 ≤ t ≤ 40, and
−100 ≤ x ≤ 100, respectively.
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Figure 3: Kink and single-wave outcomes in three-dimensional graphs of v12 and u12 for −40 ≤ t ≤ 40
and −100 ≤ x ≤ 100, respectively.

Figure 4: Singular–kink wave solution three-dimensional plots of ρ1 and δ1 for −10 ≤ x ≤ 10, −15 ≤ x ≤
15, and −10 ≤ t ≤ 10, respectively.

Figure 5: Periodic wave and kink-wave results in three-dimensional plots of δ3 and ρ3 for −10 ≤ κ ≤ 10,
respectively.

6. Results and Discussion

This section presents a comparative analysis of the outcomes obtained through the rational

exp
(
−ξ

(
ϕ′

ϕ

))
-expansion method for the coupled Higgs and Maccari systems against the results derived

from alternative methodologies in existing literature.
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The solutions generated in this study demonstrate notable novelty when juxtaposed with the findings
of S. T. Mohyud-Din et al. [18] and Lee et al. [32], as illustrated in Table 1. To broaden the scope
of potential applications for this model across diverse scientific fields, the solutions must encompass a
comprehensive spectrum of dynamical behaviors.

Notably, within the Higgs system framework:

• Solutions 4 and 5 align with Solution 1 under specific parameter conditions,

• Solutions 2 and 3 correspond to Solution 2.

The proposed method demonstrates enhanced generality, robustness, and efficiency, yielding innova-
tive solitary wave solutions through strategic parameter optimizations. Comparative evaluations against
the methodologies of Ali Akbar et al. [5], Lee et al. [32], and Manafian et al. [10,31] reveal the superior
performance of our approach.

For instance, in the Higgs equations:

(v4, u4, v8, u8) ≡ (v2, u2, v10, u10)

under adjusted parametric configurations (see Table 2).

Similarly, for the Maccari system:

(δ3, ρ3) ≡ (u20)

when optimal parameter values are designated (see Table 3).

These counterparts underscore the adaptability of the exp
(
−ξ

(
ϕ′

ϕ

))
-expansion technique in gener-

ating versatile and physically meaningful results across distinct nonlinear systems.

Table 1: A comparative analysis of our solutions and Lee et.al [32] and S.T Mohyud-Din et.al [18]
solutions.

For Higgs equation
Current solutions Lee et.al [32] and S.T Mohyud-Din et.al

[18] solutions
Sol 2: a = −1, c1 = c1, µ = µ, d0 = d0,
c0 = c0, q = −s, d1 = d1

Sol 2: a = −1, q = ±s, d0 = d0, s = s,
c0 = c0, c1 = c1, d1 = d1

Sol 3: c = −1, µ = µ, c0 = c0, c1 = c1, q = s,
d0 = d0, d1 = d1
Sol 4: a = 1, µ = µ, d0 = d0, c1 = c1, c0 = c0,
q = −s, d1 = d1

Sol 1: a = 1, c1 = c1, q = ±s, s = s, c0 = c0,
d0 = d0, d1 = d1

Sol 5: c = 1, d0 = d0, µ = µ, c1 = c1, c0 = c0,
q = s, d1 = d1
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Table 2: A comparative analysis of our solutions and Ali Akbar et.al [5], Lee et.al [32] and Manafian
et.al [10,31] solutions.

For Higgs equation
Current solutions Ali Akbar et.al [5], Lee et.al [32] and Manafian

et.al [10, 31] solutions

v8 =

√
−(q2c1 − s2c1 + 8λc0)c0λ

tanh
(

1
2

(
Utβ

Γ(β+1) − χ
)√

2
√

c0λ
c1

)√
c0λ
c1
c1

u8 = −q
2c1 − s2c1 + 8λc0

(c2 + 1)c1

× 1

tanh
(

1
2

(
Utβ

Γ(β+1) − χ
)√

2
√

c0λ
c1

)2

when these values are used for the parameters
λ = 1, u = 1, c1 = 2, c0 = 1, E = 0, q = 1

v4 =

c0µ
2

(
Utβ

Γ(β + 1)
− χ

)
Utβd0/Γ(β + 1)− 2Utβd1

× 1

Γ(β + 1)− µ2χd0 + 2µχd1 + 2d1

u4 =
c20µ

4
(

Utβ

Γ(β+1) − χ
)2

(c2 + 1)

× 1(
Utβd0

Γ(β+1) −
2Utβd1

Γ(β+1) − µ2χd0 + 2µχd1 + 2d1

)2

v2 =

{
−B1

(
2λ√

Ω tanh
(√

Ω
2 (x−t+E)

)
+µ

)
+B0e

±is(x±t)

u2 =

B0 −B1

 2λ
√
Ωtanh

(√
Ω
2
(x− t+ E)

)
+ µ


2× 1

2

when these values are used for the parameters
λ = 1, u = 1, c1 = 2, c0 = 1, E = 0, q = 1

v10 =

{
B0 +

B1

(x− t+ E)

}
e±is(x±t)

u10 =
1

2
×

{
B0 +

B1

(x− t+ E)

}2

when these values are used for the parameters
a = 1, d0 = −1, u = 1, d1 = −1, s = 0

v2 =

B0 −B1

 2λ
√
Ωtanh

(√
Ω
2

(x− t+ E)
)
+ µ

 eis(x±t)

when these values are used for the parameters
d0 = 0, d1 = 1, E = 0

v10 =

{
B0 +

B1

(x− t+ E)

}
e±is(x±t)

u10 =
1

2
×

{
B0 +

B1

(x− t+ E)

}2

when these values are used for the parameters
a = 1, u = 1, d0 = −1, d1 = −1, s = 0

v2 =

B0 −B1

 2λ
√
Ωtanh

(√
Ω
2

(x− t+ E)
)
+ µ

 eis(x±t)

when these values are used for the parameters
d0 = 0, d1 = 1, E = 0
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Table 3: A comparative analysis of our solutions and Ali Akbar et.al [5], Lee et.al [32] and Manafian
et.al [10,31] solutions.

For Maccari System
Current solutions Ali Akbar et.al [5], Lee et.al [32] and

Manafian et.al [10,31] solutions

δ3 = −
√
(a+ 1)(q2 − s)

µ
(

Utβ

Γ(β+1) − χ
) u20 =

−B2
1

(a+ 1)
×

(
1

η + E
+

µ

2

)2

when these values are used for the parameters
a = 1, s = 1, u = − 1

2 , µ = 1

ρ3 =
(a+ 1)(q2 − s)

µ2(a2 + 1)

(
Utβ

Γ(β + 1)
− χ

)2 u20 =
−B2

1

(a+ 1)
×

(
1

η + E
+
µ

2

)2

when these values are used for the parameters
a = 1, E = 0, B1 = 1, µ = 0

7. Conclusion

This study determines the efficacy of the extended rational exp
(
−ξ

(
ϕ′

ϕ

))
-expansion method in con-

structing exact solitary wave solutions for the Higgs equation and the Maccari system. Although retaining
its mathematical rigor, the approach proved straightforward, yet powerful in significantly minimizing com-
putational complexity compared to existing techniques. Through the adaptive framework of this method,
we derived novel solutions expressed in exponential, hyperbolic, and logarithmic forms, including kink-
type waves, periodic structures, and singular solitons that align with the physical behavior of the studied
models.

The graphical visualizations of these solutions further validate the precision and reliability of this
method in capturing nonlinear wave dynamics. Though applied here to two specific systems, the flexibility
of this technique suggests its utility for solving broader classes of coupled nonlinear equations in fields such
as optics, fluid dynamics, and plasma physics. While maintaining simplicity with analytical depth, this
approach provides significant advantages over conventional methods, particularly in its capacity to derive
physically interpretable solutions without imposing restrictive constraints or assumptions. Ultimately,
the proposed method demonstrates transparency, computational simplicity, and high efficacy in obtaining
precise solutions for numerous nonlinear coupled models with physical significance, in comparison to other
techniques.
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