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Derivations in 3-Jordan Algebras

Souleymane Savadogo

ABSTRACT: In this paper, we study Lie algebras of derivations of a commutative algebra verifying the
identity (x3y)z — 3 (zy) = 0, known as the 3-Jordan algebra. We characterize the derivations via a quintuplet
description, prove that the ideal J defined in the paper “A Variety containing Jordan and pseudo-composition
algebras” is characteristic. We also furnish a necessary and sufficient condition for the ideal M defined in
the aforementioned paper to be d-invariant for a derivation d and classify all 3-dimensional dimensionally
nilpotent 3-Jordan algebras.
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1. Introduction

Throughout the paper, F' denotes an infinite commutative field of characteristic # 2,3. A commutative
algebra A over the field F' is said to be a 3-Jordan algebra, if it satisfies the identity

(23, y,2) = (23y)x — 23 (yz) = 0, for all z,y € A. (1.1)

This identity holds in a pseudo-composition algebra [5]. Moreover, in the same paper, Giuliani and
Peresi show that the identities of degree 5 in the pseudo-composition algebra are consequence of the
commutativity and 3-Jordan identity. For more about pseudo-composition algebras see [3,4,5,6,8]. The
3-Jordan algebras generalize a Jordan algebra. In [7], the authors give a Peirce decomposition of 3-Jordan
algebra and some examples of that algebras. They also prove that a simple 3-Jordan algebra with an
idempotent is either a Jordan algebra or a Pseudo-composition algebra and they furnish a necessary
and sufficient condition for 3-Jordan algebra with an idempotent to be a Jordan algebra or a Pseudo-
composition algebra. In [6], Hentzel and Labra show that the commutative algebra A satisfying the
identity (x%y)z + tz3y = 0 for all z,y € A and t € F\{—1,1} is a 3-Jordan algebra. For the cases t = 1
and t = —1, they find an example of algebras that are not 3-Jordan. Our aim is to study a derivation in
the 3-Jordan algebra. A derivation d, in an algebra A is an endomorphism of A satisfying the equality

d(zy) = d(x)y + zd(y) for all z,y € A.

The set Derp(A) of all derivation in A is a subspace of the associative algebra Endp(A) of all endo-
morphisms of A. Since the commutator [d,d'] = dod’ — d’od of two derivation in A is still a derivation,
Derp(A) is a subalgebra of (Endr(A),[, ]) called the derivation algebra of A [11]. In [10], Osborn
shows that over a perfect field of characteristic not 2 or 3, a dimensionally nilpotent Jordan algebras is
either nilpotent or one-dimensional modulo its maximal nilpotent ideal. Dembega et al. study in [,
Theorem 4.9], Lie triple non nil-algebras that are dimensionally nilpotent. Since Jordan algebras are Lie
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triple algebras, they also describe in [1, Corollary 4.11], Jordan non nil-algebras that are dimensionally
nilpotent. The paper is organized as follows: in section 2, we recall Peirce decomposition of 3-Jordan
algebra with an idempotent. We also give some useful identities. Section 3 is devoted to our main result.
We characterize the derivation in the 3-Jordan algebra and give some example. In the last section, we
show that ideal J defined in [7] is a characteristic ideal and we furnish a necessary and sufficient condition
for the ideal M defined in the aforementioned paper to be d-invariant for a derivation d. We also give
a classification in dimension 3, up to isomorphism, of a 3-Jordan dimensionally nilpotent algebra. This
classification shows that a 3-Jordan dimensionally nilpotent algebra is not necessary a Jordan algebra.

2. Preliminaries

We recall Peirce decomposition and some identities that hold in 3-Jordan algebra.

Proposition 2.1 [7, Proposition 1] Let A be a 3-Jordan algebra with a nonzero idempotent e. Then, A
admits the following Peirce decomposition:

1
A=A A, @A% ® Ay with A; ={x € A | ex =ix} wherei€ {1,—1,0,5}.

Furthermore,
A% C .A1, A1 A_1 C .A71, A1.«4% C A%, A1 Ag = 0,
./42% CA_10 Ay ® Ay, A%Ao C .A%, A%A_1 =Ay® A @A%,
./42_1 cAid Ay, A1 A =0,
.Ag CA().

Throughout the paper, A denotes a 3-Jordan algebra with an idempotent e. Furthermore, it admits
the Peirce decomposition, given by: A=A & A1 & A1 & A,.

Lemma 2.1 [7, Lemma 1] The following identities hold in the algebra A:

(arbi)er = ai(bicy) + bi(arcy) (2.1)

arfbrei]s = [(a1by)es]y + [(arcy)bi]y (22)

arfbrei]-1 = —2[(a1by)es]-1 = =2[(arc1)bi] (2.3)
[(a1by)eilo = [(arcy)bilo (2.4)

ar[bre_i]r = 2[(a1by)c1]1 = —[(arc—1)bi]1 (2.5)
2a1[byc1]y =2[(a1by)e—1]y = —[(a1c-1)b1]s (2.6)
2[(a1by)e—1]o = —[(arc—1)b1]o (2.7)

[(a1,c0,b1)]1 =0 (2.8)

[(azco)bp]-1=0 (2.9)

colagbi]o = [(coas)by)]o + [a1(cobs)lo (2.10)

(azco)b_1 =0 (2.11)

(agb_1)co =0 (2.12)

(aobo)cy = ao(bocy) + bo(aocy) (2.13)

_3a%[b_1c_1]1 + Sa%[b_lc_l]o = [[a%b_l]%c_l}% + [[a%c_l]%b_l]% (2.14)
[(agb_i)]ic—1 = —[(agc1)1by (2.15)

3[@2%]1(1% = 3[@2%]0(1% + [aé]_la%]% (2.16)

lagbi]icor = — [a%c_l]%b%]_l - [[b1c_1]%a%]_1 (2.17)
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A partial linearisation of identity (2.16) gives us

Lemma 2.2 The following identities hold in the algebra A:

G[G%b%]lal —&-3[@2%] b% = 6[a%b%]0al +3[a2%]0b; +2[[a%b%],1a%]% + [[a%],lb%}% (2.18)
3[a%b%}10é +3[C%a%]1b% +3[b%c%]1a% = 3[(1%1)%]00% +3[C%a%]0b% +3[C%b%]oa%+ (2.19)
[lezbylray]y + [lagbyl ey ], + [legaslaby],

3. Characterization of the derivations
In this section, we characterize the derivations in the algebra A.
Theorem 3.1 Let d be a derivation of a 3-Jordan A with idempotent e. Then, d is defined and only

determined by the unique quintuplet (d(e), 0l o, 02, go‘i) satisfying the following assertions :
2
(1) d(e) € A: ;

(i) d(z:) = ee) + s2rad(e) with o € Derp(As) fori € {01} ;
(iii) d(z;) = % (x;) + Zke{o,l,g} Az [wid(e)l with ¢f € Endp(A;) ;4,5 € {—1,3} pairwise distinct.
(iv) ¢f(zjwi) = @f(xj)wi + 2;0f(2;) for i € {0,1} and j € {~1,5} ;

() ¢ (le-1y-1li) = [¢2 @)y 219t (5-1) = By-slord(e)]y — 3aalyd(e))y ] fori € {0,1)

(i) ¢ (leguils) = |#d(ey)ys + 230 () + Bysleyde)] s + Zgleyyiled(e) + peylyd(e)] with
i €{0,1} and j,k € {—1, 3} pairwise distinct ;

i) ¢4 (leyyaly) = [pd @y +oy0taly-)] |+ 2eyy-lod(e) — 2[eyy-alid(e) - [y-rd(e)ozy -
%[y—ld(@)hx% ; i

(wiid) ¢, (lryu3]1) = [¢d (@

Proof: Let d € Derp(A) and « € A. Set d(z) = Zke{—l,o,l,% [d(x)] with [d(x)]r € Ag.

e We have d(e) = d(e?) = 2ed(e). So d(e) € Ay and we get the assertion (i).

e Let 4,5 € {0,1} pairwise distinct and z;,y; € A;. We have id(x;) = d(ex;) = d(e)z; + d(xz) =
d(e)x; — [d(x;)] -1 + %[d(xl)]% + X kefo,13 kld(z:)]x and by identification, we get [d(z;)]1 = = S2d(e);,
[d(z;)]—1 = 0 and [d(z;)]; = 0. It follows that

d(z;) = ¢ () + id(e) (3.1)

2i—1

where ¢ € End(A;) is defined by ¢%(z;) = [d(x;)];. Moreover, we have ¢f(z;y;) + 505 (ziyi)d(e) =

d(ziy) = (3 (xi)yi + 20l (yi)) + 527 i((a: d(e))y; + x;(y;d(e))). The identities (2.1) and (2.13) tell us
that (x;d(e))y; + zi(yid(e)) = (z;y:)d(e). We deduce that

oH(wiys) = @ (ws)yi + 2o (1) (3.2)

The relations (3 1) and (3.2) give us the assertion (ii).

e Leti,j € {—1, 4} pairwise distinct and ; € A;. We have id(z;) = (
> kefo1,53(d(e )a:l) + k(d(x;))]k. By identification, we get [d(z;)]x =
it follows that

d(e)z;+ed(z;) = i[d(x;)]:i +
L [@id(e)]i for k € {0,1,5} and

1
d(z;) = o (z;) + Z m[xid(e)]k where ¢ € End(A;) and ¢ (x;) = [d(x;)];.
ke{0,1,5}

Hence, we have the assertion (iii).
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e Let i € {0,1}, j,k € {~1, 3} pairwise distinct, ; € A; and z; € A;. We have

d(zizy) = d(wi)z; + zid(z;)
2 1
= @f(i)z; + zip](25) + ﬁxj(xid(e)) + Z Tl [;d(e)]e
te{0,1,k} J
Set H; ;) = 52<xj(zid(e)) + Dote{0.1,k} ﬁxi[wjd(e)]t. Using the relation ApA; = AgA_; = 0 and
the identities (2.2) to (2.12), we get

Hay = 2leseydelo -2y + 3 [ey)de)]
Ho g = [ ) - gleee Ddel - 5lme)de)
Hoy = 2wy - 2eory)de)

H(O,fl) = 0.

It follows that

1
Hip= > |,
te{0,1,k}

and

— |@z)d(e)]

t

d(ziz;) = o(z:)w; + zpd(@) + Y
te{0,1,k} J

Since A;A; C Aj, we also have
1
d(wizg) = @f(wir;) + Y [wiw;)d(e)).
te{0,1,k} J
Thus @ (zix;) = @ (x:)x; + 9] (x;) and we obtain the assertion (iv).
e Let ¢ € {0,1}. Taking account to the relation Ag.A_; = 0 and the identities (2.14), (2.15), we have
dx_1y—1) = d@x_1)y—1+z_1d(y-1)
1

= oz )y Fr19%(y_1) — ke{ozl ) ik ([:c_1d(e)]ky_1 + x_1[y—1d(e)]k)

= ey et ) - 2 (adE]yyo + alyad(e)])

2

= Lyt -2 Y [eadElo e alade)]]
ke{0,1,1}

k
= o (@o1)y—1 + 219 1 (Y-1) + 2[z_1y_1]1d(e) — 2[z_1y_1]od(e)

23 [rrd@l gy waly-ad(el]y]
k=0

We also have

d(x_1y-1) = Z d([z-1y-1]:)
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We deduce that

00\[\9

21:( ([r—1y—1 )) =% (2_1)y—1 + 2_190% (y-1) i[x d(e)]1y—1 +:c_1[y_1d(e)]%}k.

i=0 k=0

By identification, we obtain the assertion (v).
e Let i,j € {—1, 3} pairwise distinct. We have

2

1
= iy el + Y T o Yilzadle)]k + > j_kx%[yjd(e)]k
ke{o,l,—l} ke{0,1,i}

Py + 3 e0) + Sl @)+ )l +

> (o gplesd@ls + oy (el

We also have

1

d(xyy;) = d(fzyyli) + > d([zy5lk)

k=0

= sod([mly]])%—%[[xlyj —|—Z( x1yj +ﬁ[[$%yﬂld(€)]k+
k=0
e hd(©)).

Taking account to the relation Ag.A_; = 0, we obtain the assertions (vi), (vii) and (viii), by identifications.
Conversely, suppose that the endomorphism d satisfies the assertion (i) to the assertion (viii). Let
r=z0tztr ot y=vyo+tytyatyLc A. By a direct calculation and according to the
Proposition 2.1, the Lemma 2.1 and the Lemma 2.2, we show that d(z;y;) = d(x;)y; + x:d(y;) for all
i,j € {0,1,-1,1}. It follows that d(zy) = d(z)y + xd(y) and d is a derivation in the 3-Jordan algebra A.

|

Note 1 By "defined and only determined” in the Theorem 3.1, we mean that the action of d on the whole
algebra A is fully determined by the data (al(e)7 9057 ¢, 0, goil) together with the listed conditions. Also,
2

this conditions are intrinsic parts of the characterization itself, i.e. necessary to reconstruct d.

Note 2 By "unique quintuplet” in the Theorem 3.1, we mean that if two derivations d and d' of A have
the same quintuple, then d = d'.

Example 3.1 Let A be the commutative algebra with the base {e,e1,ea,€3,e4} and the nonzero products
given by: €2 = e, ee; = %el, eey = —eg, ee3 = —€3, €€y = %64, e% = e3,e1e0 = key where k € F*.
Thus, we have Ag = A1 =0 ; A% = (e1,eq4) and A_1 = (ea,e3). This algebra is 3-Jordan [7, Example 3].
Let d be a derivation in A and (d(e),gpcf,god 1o pd) the unique quintuplet associated with it. Since,
gof(mi) € A; forx; € A; and i € { - 1,0, 5, 1} it follows that <p0 = o} =0 and we set d(e) = aje; +
ageq, (Pé(el) = pre1+pPuaeq, sﬂé (e4) = 54161 +Baaeq, o1 (e2) = Yozea+v23€3, %1 (e3) = Y3202 +733€3.
We have

o ki (ea) = ¢4 ([erealy) = [9d (e1)ea + 10 (e2)]4

1 [ = k(B11 + v22)e€a, i.e 802 (ea) = (P11 + Y22)ea
o ot (es) = @‘11@6%]71) = 2[61@‘2 (e1)]—1 = 2B11es.
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We deduce that d(e) = are1taqeq, d(e;) = ﬂ11€1+51464+%041€3> d(e2) = 722€2+’723€3*%a1k64a d(es) =
2011e3, d(es) = (P11 + Y22)ea. The matriz of d in the base (e, eq,ea,es,eq) is given by:

0 0 0 0 0
(65} ﬁu 0 0 0
0 0 Y22 0 0
0 31 73 260 0

oy Pu —Faik 0 B+

Setdy = Ey\+32Ey—32kEss, dy = Esy, ds = Eyp+2Euu+FEss, dy = Esy, ds = Ess+Ess, dg = Ey3 where
E;; is an elementary matriz. The family {d1,...,ds} is a base of Derp(A) and its nonzero products are
given by [d1,d3] = —di, [d1,ds] = —da, [d2,d3] = [d2, d5] = —do, [d3, ds] = 2ds, [ds,d5] = —du, [d5,ds] =
—dg.

In the following we give the characterization of d € Derp(A) for d(e) = 0.

Corollary 3.1 Let d be an endomorphism of the 3-Jordan algebra A such that d(e) = 0. Then, d is a
derivation of A if, and only if, the following assertions are satisfied:

(i) the Peirce subspaces A; for i € {—1,0, 1%} are invariants with respect to d ;

(73) Let set d; = d 4, the endomorphism induced by d on the Peirce Subspace A;. We have

(a) the endomorphisms dy and di are derivations of Ay and Ay respectively ;

(b) dj(zjz;) = dj(zj)z; + xjd;(x;) fori € {0,1} and j € {—1,3} ;
(¢) di([z—1y-1]; ) = [doi(@-1)y—1 +x_1d-1(y-1)], forie {0,1} ;
(d) d ([aclyj] )= [d%(m%)yj -I-CE%dj(:Ej)]i forie{-1,0,1,3} and j € {-1,}

Proof: Just take d(e) = 0, in the Theorem 3.1. O

Let d,d’ € Derp(A) be two derivations in the 3-Jordan algebra A. We give below, the quintuplet
associated to the derivation [d,d'] =dod —d od.

Proposition 3.1 Let ([d, d'(e), ([)d ] [f"d/], ga[fl’ld/], ga[%d’d/]> be the quintuplet associated with the
derivation [d,d’] of the 3-Jordan algebm A. We have:
(4) [ ](6 (¢4 Od/—sﬂ‘{od)(e) '
(1) @ (ws) = [l 0 ) s) - (22 nzl(zid'(e))d(e) — (wid(e))d'(e)]: for i € {0,1} ;
(i) o} (ws) = [%7% T(@i) = gz [zid (e)]d(e) — [wid(e)];d (e)] +

elzk —0 ToR@=T) 2k 0 ([ Jd(e)]rd(e) — [x; (e)]kd’(e)) where i € {—1, 5} and
1 for 1= % ;
ei:{ 0 fori=—1

Proof: Denote p; : A — A; the projection of A on A; for ¢ € {0,1,—1, é
e The assertion (i) is obtain by direct calculation of [d, d'](e).

e For i € {0,1}, we have d o d'(x;) = d{gof/(xi) + s2xid (e )} = %o ¥ (z;) + %[@f/(xi)d(e) +
(@i (€)) + Lheqoa—1y Tx (@i (€))d(e)]) | and
pildod (@) = ¢ o of (@) — gy | (wid'(€))d(e)| . We deduce that o) (@) = pi((d,d)) () =
[0, o () — ﬁ [(mid’(e))d(e) - (mid(e))d'(e)L and we get assertion (ii).

e For i,j € {—1,3} pairwise distinct, we have d o d'(z;) = d(gpZ (@) + Xkeqo,)

11— k ml /(6 k)
90;1 © % ( i)+ ZtE{O,l,j} %[ ( )d(e )]t + 7(‘:03 ([xid/( )] ) + Zte{o,l,z} J—t [ xzd’ ] ) +
Zk 0= k @k( x;d ) 2 xzd/ )]kd(e)] and pi(dod/)( Z) = 902' 0902' (IZ)_ (i—j)2 [[xzd,( )]j (E)L"'
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& Ykeqoy e i (©)lkd(e). Hence o () = pi ([d, d']) (2:) = [pf, o |(:) —
ﬁ [[zid (e)];d(e)—[z;d(e)];d (€)] €D keq01y m ([wid (e)]rd(e)—[zid(e)]xd' (€)). We obtain
the assertion (iii).

O

4. Characteristic ideals and dimensionally nilpotent algebras

In this section, we give an example of characteristic ideal in 3-Jordan algebra A and classify dimen-
sionally nilpotent 3-Jordan algebra in dimensional 3, up to isomorphism.

4.1. Characteristic ideals

Definition 4.1 Let d be a derivation of an algebra U. An ideal I of the algebra U is called d-invariant if
d(I) c 1.

Definition 4.2 [11, Page 145] An ideal I of an algebra U is called characteristic ideal if d(I) C I for
every deriwvation d of U.

SetIZ{l‘GAl | LE.A_1=O}, JZI—F.A%I—F[.A

(A%I)]O, M={ye A% | yA% C A, yA =0}
in the 3-Jordan algebra A.

1
2

Lemma 4.1 [7, Lemma 3, Lemma 4]
e The set J is an ideal of A.
o [f Ay =0 and I =0, then the set M is an ideal of A.

Lemma 4.2 Let d be a derivation of the 3-Jordan algebra A and (d(e),gog,cpil,cp‘il,cpi) the unique
2

quintuplet associated with it. The subset I is invariant with respect to the derivation p$ of the algebra

A

Proof: Let 1 € I and z_1 € A_;. According to the equalities z1z_1 = 0 ; A1 Ay = 0 and the
identities (2.5), (2.6), (2.7), we have

0 = d(l'_ll’l)
= d(l‘_l)l‘l + x_ld(xl)

= [t X ldeh]n e o) + 20d()

keiond) 1+ k
= S (lrad@) 1 — 2 ([ ad@)]y )+ 2 imn) + 20 ad(e)
= @@zl + 3l ma ]y +zagin) - de)me)
= z_19{(z1)
So ¢¢(I) C I and we get the lemma. |

Theorem 4.1 The ideal J is a characteristic ideal.

Proof: Let d be a derivation of the 3-Jordan algebra A.
o Let p € I and z_; € A_;. According to the Lemma 4.2 and the identities (2.5), (2.6), (2.7), we have
r_1d(z1) = 2_19%(x1) + 22_1(z1d(e)) = —[d(e)(z_171)] = 0. So d(z1) € I C J.
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o Let z; € I and z; € Ay. According to the identities (2.2), (2.3), (2.4), we have
1)

= ¢i(z)ry +a1pd(ry) - 2[%1[3:%d(e)]1 - (xld(e))m%] +

d@izy) = d(z)ry +xd(x

= Py + g () —2[afeyd) — (@)
+2[(z1d(e))z1]-
= cpil(ml)m%—i—xlgo

=

(z
(z

) = 2[(zrzy)d(e))l + 2[(x1d(e))z 1]o — wa[zyd(e)] o

Nl R o= R
[N

= ple)ey +aip

[N
T
|
[\
—
)
S
]
=
S~—
Y
=
a
>
=
=
_|_
[\
—
)
S
.
=
)
>
=
)
[N
=

We have @f(xl)x% + z0¢ (z1) € Asl and [(z1d(e))z1]o € [A1(ALT)]o. Let show that

2

[(z121)d(e))]1 € I. For z_; € A_; and according to the identities (2.17), (2.3), (2.6), we have

el = —[adelymay)] - S[deratmey)]

We deduce that [(z121)d(e))]1 € I C J and it follows that d(z121) € J.
o Let z1 € I,x1,y1 € Ay. According the identities (2.7), (2.3) we have

d([yy(z1z))0) = @§([ys(ziz1)o) — 2[yy(zra1)] dle)

= ¢l (yy)(@yz1) +yied (1) + ;(x%xl)[y;d(e)],l + [y1 (z131)]1d(e)
+aulle o))~ 2y oy o)lod(e)

= [y +uy (e )m) + gy eilen) + 2 (oya)lyyde) 1+
g (e yn)] 1) + 2y l(eym)a(e)] 1], — 2y (ryn)lod(e)

= [y + @) + vy @yeien) - 3oy (ol de)] )
f;xl[y;x;]_l)d(e) — Sy (erleyd@] )], — 2y (ry)lod(e)

= [Py + oy (e )a) + vy (g ele)] — 2y (ryen)lod(e)

We have [ap%(y%)(:c%m) + Y1 (4 (z1)x1) + y%(x%go‘f(:cl))]o €A

3 2

[yi(z121)]od(e) € A1l So d([y%(x;xl)]g) eJ

From above, it follows that the ideal J is a characteristic ideal. O

%(A%I}o and [7, p77] tells us that
Now, we assume that Ag =0 and I = 0.

Lemma 4.3 Let d be a derivation of the 3-Jordan algebra A and (d(e),apg,gof,goﬁl,gpi) the unique
2

quintuplet associated with it. The ideal M is invariant with respect to the endomorphism % if, and only
2
if [x_1d(e)]1y =0 fory € M.

Proof: Let y € M,z1 € As. We have
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d(zyy) = dzy)y+zid(y)
= Wy + el ) - 2[leyd@hy + oy @] + 2 [l de] ay + oy ld()]
= Py +oyet ) - 2]y @)y + 2y [yl

Since r1y € A1, we also have

d(zyy) = ¢i(rsy) —2(zyy)d(e)
= [Py + 2103 0) + Suleyd@] s+ gluwy]ad(e) + 2oy ud@)] ]
“2(zy)de)
= ¢+ [r0,0)], —2aypdee)

and by identification, we obtain

[z1d(e)]iy =0, [z1,y,d(e)] =0 and [z1¢1(y)]-1 =0 for all 21 € A,. (4.1)

2

M

Thus l‘%(p%(]/) € A;. For x_; € A_1, we also have

0 = d(z_1y)

(
(

= d(z_1)y+z_1d(y)
1 2 2
= @)y + o9l W) - Sleadehy = 20 lyd(e) - Slood(e)lyy + o fyd(e)]
1 2

= 967190? () — 5[33—161(6)]12/ —2z_1fyd(e)]r — g[ﬂfqd(e)]%y-
According to [7, Proof of Lemma 4], we have A1 M C I = 0. It follows that [z_1d(e)]1y = 0. Iden-
tity (2.17) give us

(el =~ [lelyd@)] - 3[lmadeyy] =0
x
It follows that z_1¢9 (y) — 3[z_1d(e)]1y = 0. From above, we get the lemma. O
2

Proposition 4.1 Let d be a derivation of the 3-Jordan algebra A and (d(e), o, 0d, 0l so‘i) the unique
2

quintuplet associated with it. The ideal M is d-invariant if, and only if, M is invariant with respect to
the endomorphism ¢9.
2

Proof: Let y € M, we have d(y) = o1 (y) — 2[yd(e)]1 + 2lyd(e)]-1 = @1 (y) — 2[yd(e)]1. The proof of the

2

|-
Lemma 4.3 tells us [yd(e)], € I = {0}. It follows that d(y) = ¢1(y) and we obtain the desired result. O

4.2. Dimensionally nilpotent algebras

Definition 4.3 Let U be a finite n-dimensional algebra over the field F. We said that The algebra U is
dimensionally nilpotent if it admits a nilpotent derivation d such that d® = 0 and d"~' # 0. In this case,
there is a base (eg, -+ ,en_1) such that e; = d'(eg) = d(e;_1) for 0 <i < n —1 and d(e,_1) = 0. The
base (eg, - ,en—1) is called adapted base of the derivation d.

Dimensionally nilpotent algebra has also been studied for Lie triple and genetics algebras [2,9].
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Theorem 4.2 Let A be a dimensionally nilpotent 3-Jordan algebra of dimension 3 with a nonzero idem-
potent and with an adapted base (eg,e1,e2). Then A is isomorphic to one and only one of the following
algebras (the products not mentioned are void):

o Ai(a) : et =ceq, eger = %el, epez = aey, €3 = ey with a € {0,1,—1} ;

o .AQ N 63 = €p, €p€1 — %61, €pey = %62.

Proof: Assume that ey is an idempotent of the algebra A. We have e; = d(eg) € A% ;ea =d(e) =
¢ (e1) + 2[e?]o — 2[e3]1 + Z[e3]-1. Using the Theorem 3.1 and the identity (2.16), we get
2

es = dles)
= (@) + 2Aered(enlo — 2ered el + 3 [ered en] |+ 3 ot (1) ~ [ealedla,
], — el ] + 2[ed(1l0) ~ 2exleflo] — 20t (e + 2ealed]
= (@D + 2leg elo — 2esg (el + 5 [ergd (en)] |+ 3 [2lerd (et -
el ]y~ 3 [erl1], — 2 aledl ], ] — tealedlo — derlefls +
22010 (e1) + gerledla | — 2[2ere en) + Gealedla]

= (90%)2(61) + 6[61@‘2 (e1)]o — 6[6190% (en)1 + 2[61802 (e1)]-1 + 4[ex[eF] 1], — 4[exlel] 1],

_§ [61 [6%]_1}% — 461[6%]0 — 461[6%]1
8 16 2
D er) = erletlo = Frerledl + 2ferd (en)] -1 + 6 e (e) + Zerled] ]

2
-6 [eup‘é (e1) + gel [e%],l} )

The algebra A being 3-dimensional dimensionally nilpotent implies that 0 = d(es) = e3. Hence e1 1 (e1) =

—%[el[e%],l}o - %[el[e%],l}l and (@éﬁ(el) = Selet]o + Lerfed]s. It follows that ejep = eup‘é(el) +

= (¢

2eq[e2]o — 2e1[e?]; + %el[e%],l = eup‘é (e1) + % [el[ef],l} . + % [el[ef],l} = 0 and e2 = d(ejez) = 0. Since

d(epea) = d(ep)ea = eres = 0, it follows that eges = aey with o € {0,1, -1, % .

e For a = 0, we have ey = 2[e3]p and 0 = cpé (e1) = [e3]1 = [e3]-1. Thus € = [e?]o = Le2 and egez = 0.

By setting u = %62, the family (ep, e1,u) is an adapted base of A and its multiplication table is given
by €3 = eg, eger = %el, e? = u, eou = e;u = u? = 0. So the algebra A is isomorphic to the algebra
A1(0).
e For a = 1, we have e; = —2[e?]; and 0 = 4 (e1) = [€?]o = [€?]_;. It follows that €2 = [e?]; = —
2

and egeg = eg. Set u = —%eg, the family (eq, e1,u) is an adapted base of A and its multiplication table

is given by e% =eqy, €ge1 = %617 eou = u, e% =u, equ = u?2 = 0. The algebra A is isomorphic to the
algebra A; (1).

1
762

e For a = —1, we have ey = 2[e}]_; and 0 = god% (e1) = [e3]o = [e3]1. We deduce that e = [e3]_; = Ze,
and eges = —ey. Set u = %62, the family (eq, e, u) is an adapted base of A and its multiplication table
is given by €3 = eg, ege; = %61, eou = —u, €3 =u, equ = u’ = 0. The algebra A is isomorphic to the

algebra A1(—1).

_1
e For a = 3,

It follows that the algebra A is isomorphic to the algebra A,.

we have ex = ¢4 (e1) and 0 = [e3]o = [e3]1 = [e?]_1. It follows that 7 = 0 and eges = Les.
2

O

Remark 4.1 The 3-Jordan algebras As ; A1(0) and A1(1) are also Jordan algebras isomorphic to alge-
bras given in [1, Assertion 2) of Corollary 4.11] for p = 1. The algebra A;(—1) is the only 3-dimensional
dimensionally nilpotent 3-Jordan algebra that is not a Jordan algebra.
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