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A Note on Type 2 Degenerate Changhee Numbers and Polynomials
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ABSTRACT: In this paper, we introduce type 2 degenerate Changhee numbers and polynomials and in-
vestigate some properties of these numbers and polynomials. We introduce higher-order type 2 degenerate
Changhee polynomials and numbers and derive their explicit expressions and some identities involving them.
In addition, we give some new relations between the type 2 degenerate Changhee polynomials and degenerate
Euler polynomials.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will denote the ring of
p-adic integers, the filed of p-adic rational numbers and the completion of an algebraic closure of Q,. The
p-adic norm | . |, is normalized by | p |,= %. Let C(Z,) be the space of continuous function on Z,. For
f € C(Zy), the fermionic p-adic integral on Z,, is defined by Kim as follows

:/Z f(@)dp_1(x) = 151100 Z f@)p (e +pNZp)

=0

pN -1
= lim_ ; flx)(—=1)7, (see [3, 21, 22]) (1.1)
From (1.1), we note that
I(f) + (=)™ LI(f) —2}3 D17 f(a), (see [21, 22]), (1.2)

where f,(2) = f(z +n),(n € N).

Let the Changhee polynomials are defined by the generating function as follows (see [5, 6])

2
(1 ) 1.
gL+ Z(Jh (1.3)
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Letting = 0, Ch,, = Ch,(0), (n > 0) are called the Changhee numbers. From (1.3), we note that

2
z+y
/Z (14+6)*du_1(y) = e 1+t E Chy(

P

Thus, by (1.4), we have

/Z (& + Yndpi—1(y) = Cha(), (n > 0), (see [6]),

where (z)g =1, (), =xz(x —1)---(x —n+1),(n > 1),
As well known, the type 2 Euler polynomials are defined by

et + e—t Z E*

In the case z = 0, EX = E*(0) are called the type 2 Euler numbers.

By using (1.1) and (1.6), we note that

(2y+w+1)td _ _ E*
‘/’Z e H 1(y) €t+€_t Z

P

By (1.7), we get

P

For n > 0, the Stirling numbers of the first kind are defined by

() = Z Si(n, l)xl, (see [1-10]),

=0

where (z)o =1, and (z), = z(z —1)---(x —n+1),(n > 1). From (1.9), it is easily to see that

o (log (141)) 251 n, k . (k> 0), (see [11-20]).

In the inverse expression to (1.9), the Stirling numbers of the second kind are defined by

n

Z (see [21-26]).
=0
From (1.11), it is easily to see that
1
(el —1)¥ ZSQ (n, l (see [1-15]).
From (1.3), (1.6), (1.9) and (1.10), we get

ZEl )S1(n, 1),

and

[ ot e+ 1) dna(5) = Bi(o). (0> 0) sce 8. 9, 10]),

(1.4)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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Recently, Kim-Kim [12] introduced the type 2 Changhee polynomials are defined by

2
(I+t)+ (1+1t)-1

/ (L+t)> " du_y (y) = (1+1)”
Z

Y3

n!’

_ ch(x)ﬁ (1.15)
n=0

When z = 0, ¢, = ¢,(0) are called the type 2 Changhee numbers.

For any A € R, degenerate version of the exponential function e%(t) is defined as follows (see [16-26])

oo tn

() = (142> =3 (@nrs (1.16)
n=0 :

Kim introduced the degenerate Stirling numbers of the second kind (see [24]) are given by
1 - tn
e —1)F = > Soa(n, k), (k> 0). (1.17)
n=~k

It is clear that limy_,o S2.\(n,k) = Sa2(n, k), where Sa(n, k) are called the Stirling numbers of the
second.

Recently, Kim [23] introduced the degenerate Changhee polynomials of the second kind are defined
by

2
1+ (1+ Alog(1+1))

/ (1 + Aog(1 + 1)) X du_1(y) = (1+ Mog(1+1¢)*
z

P

o0 tn
= Chp(2) =, (1.18)
n!
n=0
where A € C,, with | A |,< 1.
When z =0, Chy, x» = Chy, (0) are called the degenerate Changhee numbers of the second kind.

This paper is organized as follows. In Sect 2, we consider type 2 degenerate Changhee numbers and
polynomials and investigate some properties of these numbers and polynomials. In Sect 3, we introduce
higher-order type 2 degenerate Changhee polynomials and numbers which can be represented in terms
of p-adic integrals on Z,. We derive their explicit expressions and some other polynomials. Moreover, we
obtain identities involving those polynomials and some other special numbers and polynomials.

2. Type 2 degenerate Changhee numbers and polynomials

In this section, let us assume that A € C, and ¢t € C, with the condition | At |,< p T, Asis
well-known, the type 2 degenerate Euler polynomials are defined by the generating function

A wduat - 2)e§<t>

, ex(t) +ex ' (t

= Z Em)\(x)%, (see [8]). (2.1)
n=0 ’

From (2.1), we have

[ @ut ot Dandicas) = Bua(a)n = 0) (2:2)

P
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When z =0, E, » = E,, 1(0) are called the type 2 degenerate Euler numbers.

Inspired by (1.15) and (2.1), we introduce type 2 degenerate Changhee polynomials are defined by

1/+ z+1 2

/Zpu“log“”)) ) = o oa T 1 ) & (17 Mo(1 £ 0)) 3

(1+ Mog(1 +1))*

n

= ié (2.3)

Note that, limy_,q an)\(m) = cp(x), (n > 0), (see [12]). We note that x = O,Gn’A = an’,\(O) are
called the type 2 degenerate Changhee.

Theorem 2.1. For n > 0, we have

n 2y+z+1
( ) )l!du—1(y)/\l

Z / (2y + 2 + 1)padp_1 (y)A'S1(n, 1), (2.4)

=0

where (z)o,x =1 and (z),x =z(x —A)--- (z — (n — 1)A) for n > 1.
Proof. Using (2.3), we note that

//Z (14 Mog(1 + ) 5 s ( Z/ (2y+;+1>du ()N (log(1 4 )"

e’} n 2y4x+1 n
_ ; (2 Si(n,1) /Z < ) )l!du_l(y))\l> % (2.5)

Comparing the coefficients of on both sides of (2.3) and (2.5), we obtain the result (2.4).
Theorem 2.2. For n > 0, we have

Z Conr(2)Sa2(n, m). (2.6)

m=0

Proof By replacing t by ¢! — 1 in (2.3) and using (1.12), we get

N i 2
Coa(x = — es(t
2 Ol =
> Bun(e) (2.1
= n,A —
n=0 ’Il'
On the other hand,
© t 1)m © ) m
> @ =S Cn@) Y Sl
m=0 ' m=0 n=m
) no_ m
= Z (Z Cm,,\(x)Sg(n,m)> - (2.8)
n=0 \m=0

By (2.7) and (2.8), we get the result.
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Theorem 2.3. For n > 0, we have

= i i < ) mASTA (ke m)Cr 2 (2.9)

k=0m=0

Proof. From (2.3), we note that

(2.
= 2
Z:: n! T (L Alog(1+1)% + (1+ Aog(1+1¢)) %

(S0 (£ (Bomoor)

© n 00 o0 k
= (Z Cn,)\:L!> (Z(x)m,,\ > 51(k,m)7];!>

m=0 k=m

>© n oo k tk
= < Cn,)\n!> (Z Z(x)m,)\sl(kam)> k')

n=0

Z (Z > ( ) Jm a5k, m)Cn—k,k> g (2.10)
k !

n=0 0m=0

Therefore, by (2.4) and (2.10), we obtain at the required result.
Theorem 2.4. For n > 0, we have

(14 Mog(1 +1))%

R R 2, if n=0,
Con(1)+Cp\ = (2.11)
0, ifn>1,
Proof. By (1.2), we easily get
/fm+1du1 /f Jdji_1(x) = 2£(0). (2.12)
Now, equation (2.12) can be written as
/ (14 Alog(1+ 1) 5 dp_1(y) +/ (14 Aog(1 + )5 du_1(y) = 2. (2.13)
ZP ZP
From (2.3) and (2.13), we have
2 1
. —(1+ Xog(1+1¢))>
(1+Alog(1+1t))x + (14 Alog(1 +1))~%
+ 2 — (2.14)
(1+Alog(1+1))x + (14 Alog(1+1))~%
From (2.11) and (2.14), we have
© m
Z;) (O A1)+ G A) =2 (2.15)

In view of (2.15), we complete the proof.
Theorem 2.6. For n > 0, we have

k

Cor(z+1) + Cor(z) = - (Z) S G o (@) (1) S (k). (2.16)
k

=0 m=0
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Proof. Suppose that

2 . r1 2(1 4+ Mog(1 +1))x
(14 Mog(1 +1))% + (1 + Alog(1 +1))~* (1+Alog(1+)) " + (1+ Aog(1 +1))% + (1 + Alog(1 +1¢))~*
2 (1+ Mog(L + ) (1 + Alog(1 + 1))+, (2.17)

© (14 Mog(1+ 1) + (14 Alog(1 +1))~%
Thus, by (2.3) and (2.17), we get

> (@,A(H 1) +C, A(w)) g
n=0 ’
— (z_jo C, A(@Z) (2_:()(1)m A — (log(1 + t))m)
o m o k s
= ch ,\({E)') Z Z(l)m’)\sl(lﬁm)k')
n=0 " k=0m=0
= i < < > Z Cni A (2)(1)m 51 (F, m)) %"' (2.18)
n=0 \k= ’

By comparing the coefficients of ¢, we get (2.16).

3. Type 2 higher-order degenerate Changhee polynomials

In this section, we introduce type 2 degenerate Changhee polynomials of order r which are derived
from the multivariate fermionic p-adic integral on Z,,.

For r € N, we define the type 2 degenerate Changhee polynomials of order r which are given multi-
variate fermionic p-adic integral on Z, as follows:

/Z.../Z (14 Alog(1+1)) X dp_q(x1) - dp_q ()

2 T
<(1+M°g(1 +1))% + (14 Aog(1 +t))i> (

_ Z 80\ (3.1)

When z = 0,C'") = CA’T(LTZ\(O) are called the type 2 degenerate Changhee numbers of order a.

)

14+ Aog(1+41)x

Theorem 3.1. For n > 0 and r € N, we have

Cr(:; Z / / (14 +z) +x+ 1) mdp—i1(z1) - - dp—1(z,)S1(n, m)
Proof. From (3.1), we note that

2(wy - far)tatl
/-'-/<1+Alogk<1+t>>ix A1 (1) - dpia (o)

/ / < (214 +m7 +m+1)dﬂ_1(1‘1)...d,u_l(q;'r))\m(log(l+t)))m
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= Z /Zp .../ZP(Q(SCl ++$r) +$+1))\7md,u,_1(gc1)...d’u_l(xr)%(log(l+t)))m

m=0

t’ﬂ/

For r € N, we have

2(wy o far)tatl
[ [ @ R ) dps )
ZP P

B ((1+At)i +2(1+At)i>r(

Now, we define the type 2 degenerate Euler polynomials of order » which are given by

2 z ) (@
- -] +x)x =) E
(@+wa+(L+MYW) E:

Thus, by (3.3) and (3.4) we get

14 At)%.

[ [ o) o Do) - dps = B (@), (m 2 0),

Theorem 3.2. For n > 0, we have

0\ (@) =Y EBY,\ 51 (n,m).

n7
m=0

Proof. By using (3.2), (3.4) and (3.5), we obtain the result.

Theorem 3.3. For n > 0, we have
E")\(z) = Z O, () Sz (n,m).
m=0

Proof. By changing ¢ by e’ — 1 in (3.1), we have

2wy twr)fatl
[ [ @ R ) dp )
ZP Zp

" 1)m

m=0

r "
= Z (Z C( )Sg(mm)) E

m=0

Therefore, by (3.3) and (3.6), we get the result.
Theorem 3.4. For n > 0, we have

@(:)A(x) = Z <l>énr)z ,\51(3 k)( )-
1=0

Proof. From (3.1), we have

o0

SN 2 ’
;;%“@m<u+M%a+mi+a+M%a+w)i>(

14+ Aog(1+41)%



W. A. KHAN

<(1—|—/\log(

2 >
14+6)% + (1+ Alog(1+1t)~*

x ( 2
(14 Mlog(1+1))x +

r—k
(1—|—/\log(1_|_t))§> (14+ Xlog(1+1¢))>

In view of (3.7), we complete the proof.

Theorem 3.5. For n > 0, we have

NOEDY

Proof. From (3.1), we note that

S (1) it mEL,

Therefore, by (3.1) and (3.9), we obtain
Theorem 3.6. For n > 0, we have

> Cia@)S:
Proof. Now, we observe that

2(zy+-tap) o+l
A

(1+ At)

[]¢ ibnﬂz%

(2(z1 +-

m=0

n=0 \m=0

2
1'7
o n! ((1+/\log(1+t))i+(1+)\10g1+t -1

)
:<§:AT<:>A75’:> <§: (; (log(1 + 1)) )

(2($1+~-~

Z(Z&xmm%

(1+ Mog(1 +1))%

at the required result.

(n,m) =Y Sa(n,m)CS) ().

m=0

2(z1+-tay) o+l

((1 +A)Y — 1+ 1)

+z)+z+1
m

)((1+At>i—1)m
t+x)+ x4+ 1y, ZSQ)\nm—

n
n!

t
:E1+~~~+:17r)+:17+1)m> -

(3.10)
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Thus, by (3.5) and (3.10), we get
2(xy 4 Fepttatl
/z o -/Z 1+ )\t)lfdufl(fﬂl) dp—y ()
P P

o0 n tn
= Soa(n,m (x1+ - +z)+x+1)pdu_1(z1) - -du_1(z.) | —
nz:;) ('m,z:() o / / H- ) dp ) n!
= Z (Z Sz,x(mm)CfZ)(x)) g (3.11)
n=0 \m=0 ‘

Therefore, by (3.5) and (3.11), we obtain the result.
Theorem 3.7. For n > 0, we have

é(f ZEmA )S1(n, m).

Proof. By replacing ¢ by log(1 +¢) in (3.4), we have

" il r 1 ].
)(1+)\10g1+t g ZE() ) os(1 1)

2
<(1+Alog(1+t))i + (1 4+ Mog(1 +1))~* m!

oo ” oo tn
= > Ep(@) D Silnm)

m=0
o0

n=0

n tn
Z Ef;?/\(:c)Sl(n, m)) - (3.12)
m=0 n:
On the other hand, we have

( : )
(1+ Mog(1+ )% + (1 + Aog(1+ )%

In view of (3.12) and (3.13), we obtain the result.
Theorem 3.8. For n > 0, we have

TL

1+ Aog(1+1)5 =Y C f . (3.13)

Proof. From (3.1), we have

(o9}

~(r n
Y CN\@+y) s =

2
— nl ((1+>\10g(1+t))i + (1 + Aog(1+1))~~

k=0

=2 (Z > (1) s (b m)C0 (o )) o (3.14)

m=0

n=0 \k=0m=0
Thus, by (3.14), we obtain at the required result.
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4. Conclusion

In this article, we introduced type 2 degenerate Changhee numbers and polynomials and investi-
gated some properties of these numbers and polynomials. We introduced higher-order type 2 degenerate
Changhee polynomials and numbers and derived their explicit expressions and some identities involving
them. In addition, we given some new relations between the type 2 degenerate Changhee polynomials
and degenerate Euler polynomials.
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