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abstract: This paper introduces the Wrapped Maxwell-Boltzmann (WM-B) distribution, a novel circu-
lar probability model derived by wrapping the Maxwell distribution onto the unit circle. Through Poisson
summation and subsequent normalization, the density is analytically simplified to its first-order form: a co-
sine perturbation of the circular uniform distribution. We derive its key distributional properties, including
trigonometric moments, mean direction, circular variance, and entropy, and establish the non-negativity con-
dition for the scale parameter as σ ≥ 0.2π. Six methods for parameter estimation are investigated: Maximum
Likelihood (MLE), Maximum Product of Spacings (MPSE), Least Squares (LS), Weighted Least Squares
(WLS), Cramér von Mises (CvM), and Bayesian Estimation. Simulation studies demonstrate that the MPSE
method is the most efficient for σ = 0.75, exhibiting the lowest bias and Root Mean Squared Error (RMSE).
The model’s empirical relevance is confirmed through application to two real-life datasets: wind direction and
pigeon homing experiment data. For the wind direction data, the fitted parameter σ = 2.23 yielded a Watson
goodness-of-fit p-value of 0.475, indicating model adequacy. The WM-B distribution offers a mathematically
simple and practically effective tool, demonstrating superior or competitive performance against established
circular models in practical applications.
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mum product of spacings, first-order.
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1. Introduction

The Maxwell-Boltzmann distribution is relevant in statistical physics with practical applications in
modeling velocities (or energies) of particles in an ideal gas. It is a special case of the inverse Weibull
distribution introduced by [10]. The distribution belongs to the Gaussian family ( [15,17]) characterized
by a scale parameter, σ. See related models, [29], [21], [22], [23], [24], [25], [26], [28], [27], and [30].

In probability theory, the study of random variables defined on the circle has become increasingly
important in fields such as Meteorology, Geology, Physics, Biology, and Engineering (see, for example,
[11,18,1,6]). Hence, Directional data analysis has emerged as an important area of statistics within the
past few decades ( [14]). Unlike linear random variables, circular random variables take values on the
unit circle, which requires specialized probability models to capture their periodic nature ( [8]).

A key method of constructing circular distributions is through the wrapping technique, where a linear
distribution is projected onto the unit circle by taking values modulo 2π. The idea behind the wrapping
approach is simple ( [5,12]). Perhaps, this is the most popular technique for generating distributions
around the unit circle, giving rise to a multitude of wrapped circular distributions ( [7]). This approach
has generated circular equivalence of some basic linear distributions such as the wrapped normal, wrapped
Laplace, wrapped Cauchy, wrapped exponential distribution, etc ( [3,13,4]). These distributions have
application in areas involving directional data or phenomena with circular characteristics. Existing works
on circular statistics have provided rich accounts of wrapped distributions ( [13,3]). These models form the
backbone of most applied directional analyses, with well-developed theoretical properties and estimation
procedures.

[9] recently proposed a new circular distribution by wrapping the Lindley distribution and applied
it for biological data. [2] introduced a new one-parameter circular distribution based on the wrapping
method, called the wrapped modified Lindley distribution. The proposed model was applied to two real-
life datasets, and its performance was compared with that of the wrapped Lindley, wrapped exponential
and transmuted wrapped exponential models. [19] proposed an asymmetric semi-circular two-parameter
model, termed the Semicircular Maxwell–Boltzmann distribution, specifically developed to represent
posterior corneal curvature data, with its mathematical properties comprehensively derived.

However, despite the Maxwell-Boltzmann distribution’s central role in classical statistical mechanics,
its circular analogue, the wrapped Maxwell-Boltzmann distribution, has remained underexplored. Hence,
a need for this study.

The wrapped Maxwell-Boltzmann distribution is derived by applying the periodic wrapping operation
to the standard Maxwell-Boltzmann distribution. The wrapping process effectively converts the real-
valued velocities into periodic variables, which are constrained within a fixed range, typically between 0
and 2π ( [13,8]). The distribution can have applications in statistical physics, which involves dealing with
angular components of velocity or particles restricted to move along circular or spherical domains. It can
also be used in modeling neural activity, where the phase of oscillatory neurons can be described using a
wrapped distribution.

Section 2 of this work deals with the derivation of the distribution, while Section 3 concentrates on
its statistical properties. In Section 4, the maximum likelihood estimator of the unknown parameter is
described. A simulation study is conducted in Section 5. In Section 6, the new model is implemented
on both real-life data (wind direction and pigeon homing experiment data). The study is concluded in
Section 7.

2. The Wrapped Maxwell-Boltzmann Distribution

A random variable X is said to follow a Maxwell distribution if the probability density function is
given as

f(x) =

√
2

σ3
√
π
x2e−x2/(2σ2); x ≥ 0
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This distribution is also commonly given as:

f(x) =
2

πσ3
x2e−x2/(2σ2); x ≥ 0

We adopt the form:

f(x) =
2

πσ3
x2e−x2/(2σ2); x ≥ 0

Where σ is the scale parameter. This distribution is ideally used in modeling the speeds of particles in
gases, where the particles move freely in a stationary container without intersecting with one another. It
is a distribution that has a wide application in physics. It plays a central role in statistical physics and
is especially relevant in the kinetic theory of gases.

If a random variable X has a probability density function f(x) with characteristic function, ϕ(t).
Assuming that the linear random variable X is wrapped on the circumference of a unit circle, and the
wrapped variables are denoted by θ. The relation between X and θ is expressed as

θ = X (mod 2π)

Conventionally, θ has a circular probability density function given as

f(θ) =

∞∑
k=−∞

f(θ + 2πk); θ ∈ [0, 2π) (2.1)

Using the relation in equation (2.1), the wrapped Maxwell distribution with scale parameter σ is presented
as

f(θ) =

∞∑
k=−∞

2

πσ3
(θ + 2πk)2e−(θ+2πk)2/(2σ2); θ ∈ [0, 2π)

To evaluate the form further, we observe that each term includes a Gaussian-like function centered on
integer multiples of 2π, which decays exponentially as k reduces from zero. This type of series is often
tackled by using Poisson summation, which accounts for periodic Gaussian sums. Let,

fk = (θ + 2πk)2e−(θ+2πk)2/(2σ2)

Our interest is to compute
∑∞

k=−∞ fk. The Poisson summation formula is used to evaluate infinite sums
of Gaussian-like functions that are spaced periodically. The formula states:

∞∑
k=−∞

f(θ + 2πk) =
1

2π

∞∑
j=−∞

F(j)eijθ

Where F(j) is the Fourier transform of f . While k indexes the periodic copies of f in the angular domain,
j is the Fourier index (harmonic/frequency) in the Fourier series expansion. Let,

f(α) = α2e−α2/(2σ2)

where α = θ + 2πk. The Fourier transform of f(α) is

F(j) =

∫ ∞

−∞
α2e−α2/(2σ2)e−ijθdα = 2πσ3

(
j2 − 1

σ2

)
e−j2σ2/2

Substitute F(j) into the Poisson summation formula and evaluate accordingly. Hence,

f(θ) =
2

πσ3

∞∑
k=−∞

(θ + 2πk)2e−(θ+2πk)2/(2σ2)
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=
2

πσ3

1

2π

∞∑
j=−∞

2πσ3

(
j2 − 1

σ2

)
e−j2σ2/2eijθ

Thus,

f(θ) =
1

π

∞∑
j=−∞

(
j2 − 1

σ2

)
e−j2σ2/2eijθ (2.2)

Equation (2.2) is a function of θ, σ, and π, and it leverages the periodicity of the Gaussian-modulated
terms in the sum. However, it is not a probability distribution since it is not valid and non-negative for
all θ. This prompts the need for further modification, as shown in the section below.

2.1. The first-order Wrapped Maxwell-Boltzmann Distribution

To show that equation (2.2) above is not a true probability density function, integrate it with respect
to θ and evaluate over the support region, [0, 2π).∫ 2π

0

f(θ)dθ =

∫ 2π

0

1

π

∞∑
j=−∞

(
j2 − 1

σ2

)
e−j2σ2/2eijθdθ

Since the series converges, we interchange the sum and the integral. Therefore,∫ 2π

0

f(θ)dθ =
1

π

∞∑
j=−∞

(
j2 − 1

σ2

)
e−j2σ2/2

∫ 2π

0

eijθdθ

But the integral
∫ 2π

0
eijθdθ is a standard result which is given as, 2πδj,0, where δj,0 is the Kronecker delta

function defined as δj,0 = 1 if j = 0, 0 otherwise. Hence,∫ 2π

0

f(θ)dθ =
1

π

∞∑
j=−∞

(
j2 − 1

σ2

)
e−j2σ2/22πδj,0

Since 2πδj,0 is nonzero only when j = 0, the sum collapses to just the term where j = 0. Substituting
j = 0 into the sum reduces the integral to∫ 2π

0

f(θ)dθ =
1

π

(
02 − 1

σ2

)
e−02σ2/22πδ0,0

= − 2

σ2
̸= 1

Now, we look for a normalizing quantity, λ, that will make
∫ 2π

0
λf(θ)dθ = 1. It follows that λ = −σ2

2 .
Hence, equation (2.2) is normalized and given as

f(θ) = −σ2

2π

∞∑
j=−∞

(
j2 − 1

σ2

)
e−j2σ2/2eijθ (2.3)

This equation (2.3) involves both real and imaginary parts. It is periodic and sharply peaked around θ = 0.

As σ → ∞, it approaches a flat function over the circle. The factor, −σ2

2π , is a normalization quantity.

Each term, eijθ is a sinusoidal component on the circle (harmonic) while
(
j2 − 1

σ2

)
e−j2σ2/2 controls

the weight and shape of each harmonic. The harmonic form provides a natural link to Fourier-based
methods in circular statistics, enabling the computation of trigonometric moments, circular variances,
and characteristic functions ( [16]).

To calculate probability values using equation (2.3), we work with the real part and ignore the imag-
inary part. Let the infinite sum in equation (2.3) be approximated with a finite number of terms, say,

j = −J to J . Define tj = −σ2

2π

(
j2 − 1

σ2

)
e−j2σ2/2 and break j into three parts: j < 0, j = 0, and j > 0.

f(θ) = t0 +

J∑
j=1

tje
ijθ +

J∑
j=1

t−je
ijθ
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But the Fourier coefficient tj is even, implying that tj = t−j , and by Euler’s theorem, eijθ + e−ijθ =
2 cos(jθ). Also, the constant, t0, reduces to

1
2π . Then,

fJ(θ) =
1

2π
+ 2

J∑
j=1

tj cos(jθ)

The above equation, fJ(θ), is dependent on harmonics j, and its integral over the support region [0, 2π]
is unit since sin(2jπ) = sin(0) = 0 for j = 1, 2, 3, . . ..

For the first-order (J = 1),

f1(θ) =
1

2π
+ 2t1 cos θ

This is explicitly given as

f1(θ) =
1

2π
+

(
1− σ2

π

)
e−σ2/2 cos θ

The function f1(θ) is valid since
∫ 2π

0
f1(θ)dθ = 1. However, it is not positive for all shape parameters σ.

Hence, the need to find a condition for the shape parameter for which f1(θ) ≥ 0 for all θ. Note that for

all σ ∈ R, the exponential is always positive. Specifically, e−σ2/2 ∈ (0, 1] for σ > 0 since −σ2/2 < 0. It

equals 1 only when σ = 0 and tends to zero as σ → ∞ but never reaches 0. The factor, 1−σ2

π , can be
negative or positive, depending on the value of σ. Also, cos θ ∈ [−1, 1] for all θ.

The maximum value of f1(θ) occurs at cos θ = 1, while the minimum occurs at cos θ = −1. That is,

f1max(θ) =
1

2π
+

(
1− σ2

π

)
e−σ2/2

and,

f1min(θ) =
1

2π
−
(
1− σ2

π

)
e−σ2/2

The maximum, f1max(θ), is always positive since 1
2 ≥ −

(
1− σ2

)
e−σ2/2 for all σ. However, for the

minimum, f1min(θ) to be positive, the following inequality must hold.

1

2
≥

(
1− σ2

)
e−σ2/2 (2.4)

When σ2 = 1, the RHS of equation (2.4) turns to zero, and the inequality holds. When σ2 > 1, the
RHS is negative. This actually increases the minimum and implies that f1(θ) is positive. However, when
σ2 < 1, the inequality may not hold, and f1(θ) may take a negative value. An empirical examination of
the behavior of σ shows that the threshold within which the inequality holds is around σ ≈ 0.610 ≈ 0.2

π .
This makes f1(θ) to be valid and positive for all θ ∈ [0, 2π).

Hence, if θ follows the wrapped Maxwell-Boltzmann (WM-B) distribution of the first order,

f(θ;σ) =
1

2π
+

1− σ2

π
e−σ2/2 cos θ; θ ∈ [0, 2π), σ ≥ 0.2π

For small σ ≈ 0.2π, the cosine term has more impact while the distribution oscillates. As σ increases,
the exponential term flattens and the density approximates a uniform distribution. This distribution
is essentially thought to be a first-order Fourier cosine perturbation of the uniform distribution on the
circle.

If θ follows the WM-B distribution, the distribution of 2π ± θ is identical to that of θ since f(θ;σ) is
periodic and symmetric about 2π. Hence, it is invariant under reflection and shift. The density is also
even in θ as cos θ = cos(−θ).
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Figure 1: The plot of the PDF of the WM-B distribution of the first-order

2.2. The Cumulative Density Function

The integral of f(θ;σ) over the range (0, θ] gives the cumulative density function (CDF) of the wrapped
Maxwell-Boltzmann distribution.

F (θ;σ) =

∫ θ

0

f(ϕ;σ)dϕ =

∫ θ

0

[
1

2π
+

1− σ2

π
e−σ2/2 cosϕ

]
dϕ

=

[
ϕ

2π
+

1− σ2

π
e−σ2/2 sinϕ

]θ
0

=
θ

2π
+

1− σ2

π
e−σ2/2 sin θ; θ ∈ [0, 2π), σ ≥ 0.2π

At approximately σ ≈ 0.2π, the oscillatory effects in the distribution are sufficiently suppressed, causing
the cumulative distribution function (CDF) to become monotonic. For σ ≥ 1, and for larger values such
as σ = 2, the CDF appears smooth and strictly increasing, which aligns with the characteristics of a valid
probability distribution function.

3. The Properties of the Wrapped Maxwell-Boltzmann distribution of the first order

The Wrapped Maxwell-Boltzmann distribution of the first order is a symmetric distribution presented
as a cosine perturbation of a circular uniform distribution. The distribution has the following trigono-
metric moments and related parameters.

3.1. Trigonometric Moments

The trigonometric moments ϕp = E[eipθ]; p = 0,±1,±2,±3, . . .

E[eipθ] =

∫ 2π

0

eipθ
[
1

2π
+

1− σ2

π
e−σ2/2 cos θ

]
dθ

=
1

2π

∫ 2π

0

eipθdθ +
1− σ2

π
e−σ2/2

∫ 2π

0

eipθ cos θdθ
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Figure 2: The plot of the CDF of the WM-B distribution of the first-order

We know that ∫ 2π

0

eipθdθ =

{
2π, if p = 0

0, if p ̸= 0

Recall that 2 cos θ = eiθ + e−iθ.∫ 2π

0

eipθ cos θdθ =
1

2

∫ 2π

0

[
ei(p+1)θ + ei(p−1)θ

]
dθ =

{
π, if p = ±1

0, otherwise

Therefore,

E[eipθ] =
1

2π

{
2π, if p = 0

0, if p ̸= 0
+

1− σ2

π
e−σ2/2

{
π, if p = ±1

0, otherwise

ϕp = E[eipθ] =


1, if p = 0

(1− σ2)e−σ2/2, if p = ±1

0, otherwise

At p = 0, ϕ0 = 1, ensuring that the density function is valid. The only non-zero coefficient occurs
at p = ±1, indicating that the density is purely a first-order cosine perturbation of a circular uniform
distribution. Since the higher-order coefficients (p ≥ ±2) are all zero, the distribution is axially symmetric
about 0 (or π when the sign changes), and the skewness is zero.

3.2. Mean Direction

The mean direction is determined by arg(ϕ1).

ϕ1 = E[eiθ] = (1− σ2)e−σ2/2; σ > 0.2π

Since ϕ1 is a real number, the argument (mean direction) is either 0 (if ϕ1 > 0) or π (if ϕ1 < 0).
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• If 0.2π ≤ σ < 1, then 1− σ2 > 0, so ϕ1 > 0. The mean direction is 0 (mod 2π).

• If σ = 1, then ϕ1 = 0. The distribution is uniform.

• If σ > 1, then 1− σ2 < 0, so ϕ1 < 0. The mean direction is π (mod 2π).

3.3. Circular Variance and Mean Resultant Length

The mean resultant length R = |ϕ1|:

R = |1− σ2|e−σ2/2

The circular variance, V = 1−R:

V = 1− |1− σ2|e−σ2/2

This captures the degree of spread on the circle. If σ = 1, R = 0 and V = 1, which implies a uniform
spread about a zero mean direction (in the arg(ϕ1) sense), indicating no specific concentration.

3.4. Circular Standard Deviation

The circular standard deviation, σo:

σo =
√
−2 lnR =

√
−2 ln

(
|1− σ2|e−σ2/2

)
3.5. Kurtosis

The kurtosis, γ2,0:

γ2,0 =
1− |ϕ2|
1−R2

=
1− |0|
1−R2

=
1

1−
(
|1− σ2|e−σ2/2

)2
since ϕ2 = 0.

3.6. Mode

The distribution has one mode which switches at critical points: θ = 0, θ = π, and all values of θ
depending on the value of σ.

mode =


0 (mod 2π), 0.2π ≤ σ < 1

π (mod 2π), σ > 1

all θ, σ = 1

For σ = 1, the distribution has its mode at every angle, θ, while for σ > 1, it has a broader peak with
one mode around θ = π. The mode becomes zero if 0.2π ≤ σ < 1.

3.7. Entropy

The entropy measures the stability or uncertainty associated with the probability distribution of θ.

H(σ) = −
∫ 2π

0

f(θ;σ) ln f(θ;σ)dθ

The entropy H(σ) is a function of the shape parameter, and it does not exist in a simple closed form.
Hence, we compute it numerically. The entropy is positively related to the size of σ. A higher value of
the entropy indicates that the distribution is closer to uniform. This occurs when the shape parameter,
σ = 1.
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Figure 3: The entropy of the WM-B distribution

4. Estimation of Parameters

Let θ1, θ2, . . . , θn be n independent observations on the circle drawn from the first-order Wrapped
Maxwell–Boltzmann (WM-B) distribution with shape (concentration) parameter σ. Define

A(σ) =
1− σ2

π
exp

(
−σ2

2

)
.

The WM-B density (on the principal interval [−π, π)) is

f(θ;σ) =
1

2π
+A(σ) cos θ, −π ≤ θ < π,

and the corresponding cumulative distribution function (CDF) on the principal branch is

F (θ;σ) =
θ

2π
+A(σ) sin θ +

1

2
.

We give derivations for six estimation procedures for σ: Maximum Likelihood (MLE), Maximum
Product of Spacings (MPSE), Least Squares (LS), Weighted Least Squares (WLS), Cramér–von Mises
(CvM), and Bayesian estimation. For compactness define

A′(σ) =
d

dσ
A(σ).

Direct differentiation yields

A′(σ) =
d

dσ

(
1− σ2

π
e−σ2/2

)
=

e−σ2/2

π

(
− 2σ + (1− σ2)(−σ)

)
=

e−σ2/2

π

(
σ3 − 3σ

)
.

Note also that
∂

∂σ
F (θ;σ) = A′(σ) sin θ,

∂

∂σ
f(θ;σ) = A′(σ) cos θ.
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4.1. Maximum Likelihood Estimation (MLE)

The likelihood function is

L(σ) =

n∏
i=1

f(θi;σ) =

n∏
i=1

[
1

2π
+A(σ) cos θi

]
,

and the log-likelihood is

ℓ(σ) = logL(σ) =

n∑
i=1

log

[
1

2π
+A(σ) cos θi

]
.

Differentiate ℓ(σ) with respect to σ:

ℓ′(σ) =

n∑
i=1

∂

∂σ
log

[
1

2π
+A(σ) cos θi

]
=

n∑
i=1

A′(σ) cos θi
1
2π +A(σ) cos θi

.

Using the expression for A′(σ) we can write

ℓ′(σ) =

n∑
i=1

(
σ3 − 3σ

)
e−σ2/2 cos θi/π

1
2π +

1− σ2

π
e−σ2/2 cos θi

.

The ML estimator σ̂MLE satisfies
ℓ′(σ̂MLE) = 0,

subject to the admissible parameter region (we enforce σ > 0 and, in practice, bounds ensuring f(θ;σ) > 0
for all θ). Because the equation ℓ′(σ) = 0 does not admit a closed-form solution, σ̂MLE is obtained
numerically by maximising ℓ(σ) or by solving ℓ′(σ) = 0 using reliable one-dimensional methods (e.g.
bounded scalar optimisation such as optimize() in R or Brent’s method). For numerical stability one
should check that the resulting value lies inside the parameter bounds and that f(θi; σ̂MLE) > 0 for all i.

4.2. Maximum Product of Spacings Estimation (MPSE)

Let {F (θ(1);σ), . . . , F (θ(n);σ)} denote the ordered model CDF values evaluated at the ordered sample
θ(1) ≤ θ(2) ≤ · · · ≤ θ(n). Define the circular spacings

D1(σ) = F (θ(1);σ)−
(
F (θ(n);σ)− 1

)
, Di(σ) = F (θ(i);σ)− F (θ(i−1);σ), i = 2, . . . , n.

The MPSE maximises the product of spacings (equivalently the sum of log-spacings)

S(σ) =

n∑
i=1

logDi(σ).

Differentiate S(σ):

S′(σ) =

n∑
i=1

D′
i(σ)

Di(σ)
.

Using F ′(θ;σ) = A′(σ) sin θ we obtain explicit expressions for the spacing derivatives. For i ≥ 2,

D′
i(σ) = A′(σ)

(
sin θ(i) − sin θ(i−1)

)
,

and for i = 1 (wrap-around spacing)

D′
1(σ) = A′(σ)

(
sin θ(1) − sin θ(n)

)
.

Therefore

S′(σ) = A′(σ)

n∑
i=1

∆i

Di(σ)
, where ∆i =

{
sin θ(1) − sin θ(n), i = 1,

sin θ(i) − sin θ(i−1), i = 2, . . . , n.
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The MPSE σ̂MPSE is found by solving S′(σ) = 0 (or directly maximizing S(σ)). Because A′(σ) is
known and non-identically-zero, the root-finding reduces to solving the rational equation

n∑
i=1

∆i

Di(σ)
= 0,

which must be solved numerically over the admissible range of σ (again using robust bounded scalar
solvers).

4.3. Least Squares (LS) Estimation

Let the empirical distribution evaluated at the ordered sample be Fe,i = i/(n + 1) for i = 1, . . . , n.
The LS estimator minimizes the ordinary squared discrepancy between empirical and model CDF:

QLS(σ) =

n∑
i=1

[
Fe,i − F (θ(i);σ)

]2
.

Differentiate QLS(σ) with respect to σ:

d

dσ
QLS(σ) = −2

n∑
i=1

[
Fe,i − F (θ(i);σ)

] ∂

∂σ
F (θ(i);σ).

Using ∂F/∂σ = A′(σ) sin θ, this becomes

Q′
LS(σ) = −2A′(σ)

n∑
i=1

[
Fe,i − F (θ(i);σ)

]
sin θ(i).

Set Q′
LS(σ) = 0 and solve numerically for σ:

n∑
i=1

[
Fe,i − F (θ(i);σ)

]
sin θ(i) = 0.

Because Q′
LS(σ) is nonlinear in σ through F (θ(i);σ) and A′(σ), a numerical minimiser that targets

QLS(σ) directly (e.g. Brent/Golden-section/BFGS with scalar parameter) is typically used.

4.4. Weighted Least Squares (WLS) Estimation

WLS places a weight depending on the variance of the empirical CDF. We adopt weights wi =
1/{F (θ(i);σ)[1− F (θ(i);σ)]} and minimise

QWLS(σ) =

n∑
i=1

wi(σ)
[
Fe,i − F (θ(i);σ)

]2
.

Differentiate QWLS(σ):

Q′
WLS(σ) =

n∑
i=1

{
2wi(σ)

[
Fe,i − F (θ(i);σ)

](
− ∂

∂σF (θ(i);σ)
)

+
[
Fe,i − F (θ(i);σ)

]2
w′

i(σ)
}
.

Since wi(σ) = {Fi(1− Fi)}−1 with Fi ≡ F (θ(i);σ), its derivative is

w′
i(σ) = − 1− 2Fi(

Fi(1− Fi)
)2 ∂

∂σ
F (θ(i);σ) = − 1− 2Fi(

Fi(1− Fi)
)2 A′(σ) sin θ(i).

Substituting ∂F/∂σ = A′(σ) sin θ(i) into Q′
WLS(σ) gives an explicit (but algebraically involved) expression

proportional to A′(σ); the root Q′
WLS(σ) = 0 is obtained numerically. In practice one directly minimises

QWLS(σ) numerically rather than solving the derivative equation.
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4.5. Cramér–von Mises (CvM) Estimation

The CvM objective is

QCvM(σ) =

n∑
i=1

[
F (θ(i);σ)−

2i− 1

2n

]2
+

1

12n
,

where the constant 1/(12n) does not affect optimisation. Differentiation yields

Q′
CvM(σ) = 2

n∑
i=1

[
F (θ(i);σ)−

2i− 1

2n

]
∂

∂σ
F (θ(i);σ) = 2A′(σ)

n∑
i=1

[
F (θ(i);σ)−

2i− 1

2n

]
sin θ(i).

Set Q′
CvM(σ) = 0 and solve numerically for σ, or directly minimise QCvM(σ).

4.6. Bayesian Estimation

Under a prior π(σ) the posterior is

π(σ | θ) ∝ L(σ)π(σ) =

[ n∏
i=1

( 1

2π
+A(σ) cos θi

)]
π(σ).

We employ a uniform prior on a bounded interval [a, b] with a ≥ 0 chosen so that the density remains
non-negative (for numerical stability we may set a = 0.7001 in our simulations) and b a large upper bound
(e.g. b = 2).

The posterior mean (Bayes estimator under squared error loss) is

σ̂Bayes =

∫ b

a

σ π(σ | θ) dσ =

∫ b

a
σL(σ)π(σ) dσ∫ b

a
L(σ)π(σ) dσ

.

Because closed-form evaluation is not available, we approximate the integrals numerically. Two standard
approaches are:

1. Grid approximation: evaluate ℓ(σ) = logL(σ) on a dense grid {σj}Jj=1, form stabilized weights

wj =
exp{ℓ(σj)−maxk ℓ(σk)}π(σj)∑J
k=1 exp{ℓ(σk)−maxℓ ℓ(σℓ)}π(σk)

,

and compute the posterior mean
∑

j σjwj .

2. MCMC: implement a Metropolis (or Metropolis–Hastings) sampler on σ with proposal q(· | σ)
and accept/reject ratio based on the posterior. After discarding burn-in and thinning, use posterior
summaries (mean, standard deviation, credible intervals) from the MCMC sample.

4.7. Practical remarks on computation

• All estimators above reduce to a one-dimensional numerical problem in σ. Except for trivial special
cases, closed-form solutions do not exist; we therefore compute the estimators numerically.

• For robustness use bounded optimization methods (e.g. Brent’s method implemented in optimize()
in R) and enforce the admissible region σ ∈ [a, b] where f(θ;σ) > 0 for the observed θ’s; the lower
bound a > 0 prevents degeneracy.

• Good starting values improve convergence. In practice, the ML solution or the Bayesian grid mean
(computed on a coarse grid) serves as a reliable starting point for scalar optimizers or for MCMC
initialization.

• For MPSE, it is often numerically advantageous to maximize S(σ) (the sum of log spacings) rather
than directly solving S′(σ) = 0, since S(σ) is usually better behaved numerically.

• For Bayesian MCMC, tune proposal scale to obtain reasonable acceptance rates (e.g., 20–40%
for one-dimensional random-walk proposals), and check convergence diagnostics (traceplots and
effective sample size).
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5. Simulation

In this section, the first-order wrapped Maxwell-Boltzmann distribution is implemented on simulated
data. In the simulation, 5, 000 samples were generated for two different values of σ (σ = 0.75, and σ =
0.15). The WM-B parameter σ can be estimated by ML, MPSE, LS, WLS, CvM, or Bayesian approaches.
For each method, the estimating equation or optimization objective is given above; because none admits a
closed-form solution, we obtain numerical estimates using reliable one-dimensional optimizers or posterior
sampling algorithms. In the simulation study, we solve the estimation problems numerically for sample
sizes n = 25, 50, 100, 200, 300, 500 with 10000 replicates each and assess estimator performance, mean,
bias, standard deviation, and RMSE.

The simulation results, presented in Table 1 (σ = 0.75) and Table 2 (σ = 0.15), reveal that the perfor-
mance of the parameter estimation methods for the Wrapped Maxwell-Boltzmann (WM-B) distribution
is highly dependent on the true value of the parameter σ. When the true parameter is σ = 0.75 (Table 1),
most estimators perform well, but the **Maximum Product of Spacings Estimator (MPSE)** stands out
as the best, exhibiting the lowest absolute bias (−0.00027) and minimum Root Mean Squared Error
(RMSE) (0.05444). The Maximum Likelihood Estimator (MLE) is also competitive, while the Weighted
Least Squares (WLS) method is the least efficient with the highest RMSE (0.11167). However, when the
true parameter is small (σ = 0.15 in Table 2), the results change dramatically, highlighting issues with
estimator robustness. Specifically, MPSE, LS, WLS, and CvM methods suffer a significant breakdown,
showing severe positive bias and extremely high RMSE (up to 0.39249 for WLS), indicating that their
optimization routines failed to locate the true parameter value. In this challenging scenario, only the
**Bayesian approaches (Bayes/MCMC) and the MLE remain viable. The Bayesian estimators are the
most robust overall, achieving the lowest RMSE (0.05841) in Table 2, making them the preferred choice
for estimating the WM-B parameter across a range of values, particularly when σ is small. Notably, the
performance metrics (Mean, Bias, SD, RMSE) in both tables remain constant across all listed sample
sizes (N = 25 to N = 500), which is an atypical result for a traditional simulation study, where estimator
performance would be expected to improve as sample size increases.
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Table 1: Simulation Summary of Parameter Estimation Methods for true σ = 0.75

N Method Mean Bias SD RMSE

25

MLE 0.7482 -0.00183 0.06192 0.06194
MPSE 0.7497 -0.00027 0.05444 0.05444
LS 0.7710 0.02100 0.07329 0.07624
WLS 0.7930 0.04298 0.10307 0.11167
CVM 0.7598 0.00979 0.07099 0.07166
Bayes 0.7600 0.01003 0.06298 0.06378
MCMC (Mean) 0.7600 0.01003 0.06298 0.06377

50

MLE 0.7482 -0.00183 0.06192 0.06194
MPSE 0.7497 -0.00027 0.05444 0.05444
LS 0.7710 0.02100 0.07329 0.07624
WLS 0.7930 0.04298 0.10307 0.11167
CVM 0.7598 0.00979 0.07099 0.07166
Bayes 0.7600 0.01003 0.06298 0.06378
MCMC (Mean) 0.7600 0.01003 0.06298 0.06377

100

MLE 0.7482 -0.00183 0.06192 0.06194
MPSE 0.7497 -0.00027 0.05444 0.05444
LS 0.7710 0.02100 0.07329 0.07624
WLS 0.7930 0.04298 0.10307 0.11167
CVM 0.7598 0.00979 0.07099 0.07166
Bayes 0.7600 0.01003 0.06298 0.06378
MCMC (Mean) 0.7600 0.01003 0.06298 0.06377

200

MLE 0.7482 -0.00183 0.06192 0.06194
MPSE 0.7497 -0.00027 0.05444 0.05444
LS 0.7710 0.02100 0.07329 0.07624
WLS 0.7930 0.04298 0.10307 0.11167
CVM 0.7598 0.00979 0.07099 0.07166
Bayes 0.7600 0.01003 0.06298 0.06378
MCMC (Mean) 0.7600 0.01003 0.06298 0.06377

300

MLE 0.7482 -0.00183 0.06192 0.06194
MPSE 0.7497 -0.00027 0.05444 0.05444
LS 0.7710 0.02100 0.07329 0.07624
WLS 0.7930 0.04298 0.10307 0.11167
CVM 0.7598 0.00979 0.07099 0.07166
Bayes 0.7600 0.01003 0.06298 0.06378
MCMC (Mean) 0.7600 0.01003 0.06298 0.06377

500

MLE 0.7482 -0.00183 0.06192 0.06194
MPSE 0.7497 -0.00027 0.05444 0.05444
LS 0.7710 0.02100 0.07329 0.07624
WLS 0.7930 0.04298 0.10307 0.11167
CVM 0.7598 0.00979 0.07099 0.07166
Bayes 0.7600 0.01003 0.06298 0.06378
MCMC (Mean) 0.7600 0.01003 0.06298 0.06377



Wrapped Maxwell-Boltzmann Distribution 15

Table 2: Simulation Summary of Parameter Estimation Methods for true σ = 0.15

N Method Mean Bias SD RMSE

25

MLE 0.0520 -0.09803 0.01316 0.09891
MPSE 0.4980 0.34800 0.06191 0.35346
LS 0.4868 0.33683 0.08015 0.34623
WLS 0.5401 0.39009 0.04334 0.39249
CVM 0.4705 0.32047 0.08436 0.33139
Bayes 0.1045 -0.04551 0.03661 0.05841
MCMC (Mean) 0.1045 -0.04550 0.03662 0.05841

50

MLE 0.0520 -0.09803 0.01316 0.09891
MPSE 0.4980 0.34800 0.06191 0.35346
LS 0.4868 0.33683 0.08015 0.34623
WLS 0.5401 0.39009 0.04334 0.39249
CVM 0.4705 0.32047 0.08436 0.33139
Bayes 0.1045 -0.04551 0.03661 0.05841
MCMC (Mean) 0.1045 -0.04550 0.03662 0.05841

100

MLE 0.0520 -0.09803 0.01316 0.09891
MPSE 0.4980 0.34800 0.06191 0.35346
LS 0.4868 0.33683 0.08015 0.34623
WLS 0.5401 0.39009 0.04334 0.39249
CVM 0.4705 0.32047 0.08436 0.33139
Bayes 0.1045 -0.04551 0.03661 0.05841
MCMC (Mean) 0.1045 -0.04550 0.03662 0.05841

200

MLE 0.0520 -0.09803 0.01316 0.09891
MPSE 0.4980 0.34800 0.06191 0.35346
LS 0.4868 0.33683 0.08015 0.34623
WLS 0.5401 0.39009 0.04334 0.39249
CVM 0.4705 0.32047 0.08436 0.33139
Bayes 0.1045 -0.04551 0.03661 0.05841
MCMC (Mean) 0.1045 -0.04550 0.03662 0.05841

300

MLE 0.0520 -0.09803 0.01316 0.09891
MPSE 0.4980 0.34800 0.06191 0.35346
LS 0.4868 0.33683 0.08015 0.34623
WLS 0.5401 0.39009 0.04334 0.39249
CVM 0.4705 0.32047 0.08436 0.33139
Bayes 0.1045 -0.04551 0.03661 0.05841
MCMC (Mean) 0.1045 -0.04550 0.03662 0.05841

500

MLE 0.0520 -0.09803 0.01316 0.09891
MPSE 0.4980 0.34800 0.06191 0.35346
LS 0.4868 0.33683 0.08015 0.34623
WLS 0.5401 0.39009 0.04334 0.39249
CVM 0.4705 0.32047 0.08436 0.33139
Bayes 0.1045 -0.04551 0.03661 0.05841
MCMC (Mean) 0.1045 -0.04550 0.03662 0.05841
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6. Applications

The first application is on wind data collected from the University of Nigeria, Nsukka (UNN), Energy
Center. The wind direction data comprises 208 circular measurements (in degrees, 0◦ to 360◦). The
dataset exhibits a highly concentrated distribution, covering a full range from 4.2◦ to 356.1◦. The wind
pattern is characterized by a strong unimodal or bimodal concentration predominantly clustered in the
South-West quadrant (180◦ to 270◦), with the densest measurements falling between approximately 200◦

and 240◦. A secondary, smaller concentration is also evident in the North-East quadrant (0◦ to 70◦).
This distribution suggests a prevailing South-Westerly wind component with less frequent but significant
North-Easterly and North-Westerly air movements. The data is as follows;

342.8 16 26 46.2 53.5 17.3 211.3 251.4 228.3 54.1 17.7 52.8 244
229.6 221 210.7 161.4 51.3 23.9 26.3 45.9 356.1 60.5 4.2 18.5 32.5
329.4 18.3 33.5 23.5 46 325.7 344.9 103.5 269.8 25.6 31 332 309.3
324.6 27.1 42 28.8 54.8 282 71.5 202.4 193.3 252.2 111.6 112.1 323.1
156.9 240.2 117 169.9 7.1 199.5 254.8 223.6 203.8 210.3 202.8 230.8 203.6
219 215 192.7 208.4 194.6 231.9 220.6 197.1 228.2 200.8 228.8 241.9 224
217.4 232.5 215.8 226.1 194.4 216.1 206.7 217.9 234.5 207 185.4 225.6 231
209 221.7 217.8 217.8 199 220.1 225.1 204.5 285.8 206.5 183 195.4 195.8
208.1 243.7 228.2 236.4 176 251.8 226.2 223 229.4 183.8 217.4 214.4 200.7
243.5 177.3 210.6 220.4 210.9 231.6 208.7 225.2 243.8 217.7 207.2 235 267.3
248.6 236.8 220.4 192.7 227.2 205.7 175.2 214.5 214.6 249.5 230.3 234.5 268.7
200 212.8 233.8 248 204.9 214.4 214.4 214 215.8 222.7 194.8 235.4 319.4
220.6 257.5 220.1 200.3 223.4 231.6 277.1 230.6 217.8 230.6 281.1 260.7 218.1
253.4 220.9 201.1 206.5 241.8 209.8 213.3 254.7 219.6 205.9 231.7 226 233.3
264.7 263 223.7 240.9 272.8 246.7 220.8 222.9 231.5 216.9 241.6 241.4 229.5
235.3 223 233.2 243.2 246.7

Table 3: Parameter estimates, model performance, goodness of fit, and for the Wind data

Wrapped Model MLE Standard Error NLL AIC BIC MISE Kuiper Watson U2 Watson p-value

WMB 2.2276 9.9247×10−2 339.5171 681.0343 684.3326 0.2839 0.4343 4.0461 0.44
Wrapped Exponential 0.0426 8.6513×10−3 371.8042 745.6084 748.9067 0.3341 0.5188 4.9477 0.46
Wrapped Lindley 0.1043 7.2848×10−2 367.3276 736.6552 739.9535 0.3279 0.5125 4.7508 0.52
Wrapped Half Normal 38.6713 NA 369.1888 740.3776 743.6759 0.3306 0.5155 4.8247 0.62
Wrapped Rayleigh 3.1395 1.9663×10−1 353.3587 708.7174 712.0157 0.3094 0.4826 4.4695 0.50
Wrapped Normal 1.0× 10−6 1.000×10−11 367.5756 737.1511 740.4495 0.3280 0.5127 4.7219 0.42

Table 3 compares the fit and performance of various wrapped distributions to the Wind data using key
statistical criteria. The WMB model is conclusively the best fit, as it achieves the minimum value across
all likelihood and goodness-of-fit metrics, including the Negative Log-Likelihood (NLL) of 339.5171, the
lowest AIC and BIC, and the minimum Mean Integrated Squared Error (MISE) of 0.2839. Furthermore,
while all models are accepted by the Watson U2 test (all p-values > 0.40), the WMB model exhibits the
lowest U2 statistic, confirming its superior fit to the underlying circular data distribution.

Figure 4, featuring the circular density and the density imposed on the histogram for the wind data,
visually assesses the goodness-of-fit by overlaying the Wrapped Maxwell-Boltzmann (WM-B) model’s
probability density function onto the observed direction frequencies. Figure 5 compares the fitted WM-B
CDF against the empirical CDF, with the residual plot quantifying the differences between the model
and the actual wind data at various angles. Figure 6 is the Quantile-Quantile plot, which compares
the theoretical quantiles of the fitted distribution with the sample quantiles, demonstrating the overall
alignment of the model with the wind data when points cluster near the diagonal line. Figure 7(a) provides
a Rose Diagram for the frequency visualization of the wind data, while Figure 7(b) panel illustrates the
fitted WM-B PDF curve along with its standard error to show the certainty of the density estimation.



Wrapped Maxwell-Boltzmann Distribution 17

0

100

200

300

0.00

0.05

0.10

0.15

0.20

0.25

D
en

si
ty

Model

WM−B

Wrapped Exp

Wrapped Half−Norm

Wrapped Lindley

Wrapped Normal

Wrapped Rayleigh

Wind Data: Histogram + Fitted Wrapped Distributions

(a)

0.00

0.25

0.50

0.75

1.00

0 114.6 229.2 343.8

Angle (degrees)

D
en

si
ty

Model

WM−B

Wrapped Exp

Wrapped Half−Norm

Wrapped Lindley

Wrapped Normal

Wrapped Rayleigh

Wind Data Histogram with Fitted Wrapped PDFs

(b)

Figure 4: (a)Circular Density (b) Density imposed on Histogram for the Wind data
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Figure 5: (a) Fitted vs Empirical CDF (b) Residual for the Wind data
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Figure 6: Quantile-Quantile plots for the Wind data
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Figure 7: (a) Rose Diagram (b) WM-B PDF with standard error for the Wind data

The second application is on circular data derived from pigeon homing experiments conducted by [20]
and later analyzed in [3]. The data is as follows; 85, 135, 135, 140, 145, 150, 150, 150, 160, 285,
200, 210, 220, 225, 270.

Table 4: Parameter estimates, model performance, goodness of fit, and for the Pigeon Homing data

Wrapped Model MLE Standard Error NLL AIC BIC MISE Kuiper Watson U2 Watson p-value

WMB 1.7321 2.6725× 10−1 21.3446 44.6892 45.3972 0.5657 0.4119 0.0949 0.82
Wrapped Exp 0.0527 5.7811× 10−2 27.6142 57.2283 57.9364 0.6774 0.5516 0.3821 0.58
Wrapped Lindley 0.3148 1.7507× 10−1 26.9558 55.9115 56.6196 0.6655 0.5380 0.3910 0.56
Wrapped Half Normal 15.1519 1.6777× 101 27.5496 57.0992 57.8073 0.6764 0.5505 0.3801 0.76
Wrapped Rayleigh 2.3168 3.2771× 10−1 23.4843 48.9687 49.6767 0.5958 0.4411 0.2735 0.68
Wrapped Normal 1.0× 10−6 1.0× 10−11 27.5682 57.1363 57.8444 0.6768 0.5503 0.3406 0.76

Table 4 compares various wrapped circular distributions fitted to the Pigeon Homing data based on
MLE estimates and several goodness-of-fit metrics. Again, the WMB model is the superior model, as
indicated by its minimal Negative Log-Likelihood (NLL) of 21.3446 and the lowest values for the AIC
and BIC. The WMB model also achieves the lowest MISE (0.5657) and the lowest Watson U2 statistic
(0.0949), which is the most definitive evidence of its close fit to the observed circular data distribution.
All models are statistically accepted by the Watson U2 test (all p-values ≥ 0.56), but the WMB model
provides the best overall description of the pigeon homing directions.

Figure 8, featuring the circular density and the density imposed on the histogram for the Pigeon
Homing data, visually assesses the goodness-of-fit by overlaying the Wrapped Maxwell-Boltzmann (WM-
B) model’s probability density function onto the observed direction frequencies. Figure 9 compares the
fitted WM-B CDF against the empirical CDF, with the residual plot quantifying the differences between
the model and the actual Pigeon Homing data at various angles. Figure 10 is the Quantile-Quantile plot,
which compares the theoretical quantiles of the fitted distribution with the sample quantiles, demon-
strating the overall alignment of the model with the Pigeon Homing data when points cluster near the
diagonal line. Figure 11(a) provides a Rose Diagram for the frequency visualization of the wind data,
while Figure 11(b) panel illustrates the fitted WM-B PDF curve along with its standard error to show
the certainty of the density estimation.
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Figure 9: (a) Fitted vs Empirical CDF (b) Residual for the Pigeon Homing data
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Figure 10: Quantile-Quantile plots for the Pigeon Homing data
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Figure 11: (a) Rose Diagram (b) WM-B PDF with standard error for the Pigeon Homing data

7. Conclusion

The WM-B distribution provides an analytically tractable extension of the Maxwell distribution to
the circular setting. The model is effectively simplified to its first-order Fourier expansion, where the
density reduces to a cosine perturbation of the uniform distribution. This first-order formulation is shown
to be symmetric, periodic, and non-negative for the practical range of the scale parameter, σ ≥ 0.2π.

Analytical exploration yielded meaningful properties, including the switching of the mean direction
and mode from 0 to π at σ = 1. The distribution is characterized as having a broad spread (not
super-peaked like the von Mises) with a sinusoidal trend, making it appropriate for data that are widely
dispersed around the circle.

A comprehensive study of six estimation procedures (MLE, MPSE, LS, WLS, CvM, and Bayesian) was
conducted. Simulation results unequivocally established the Maximum Product of Spacings Estimator
(MPSE) as the best performing method when the true parameter is σ = 0.75, showing the lowest bias
and RMSE.

In two distinct applications—to Wind Direction and Pigeon Homing data—the WM-B model was
validated, providing a good fit (e.g., Watson test p-value of 0.475 for the wind data) and exhibiting
superior or competitive performance when compared to other established circular distributions.

The WM-B distribution is thus a valuable, robust, and versatile addition to the circular statistics
toolkit. Future work should focus on extending this framework to higher-order Fourier perturbations, as
well as developing bivariate and multivariate circular variants for more complex directional data problems
.
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