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Curve Theory on an Extended Manifold

Mohit Saxena and Mohammad Nazrul Islam Khan

ABSTRACT: A structure is an almost complex structure if J2 = —I, I in a complex manifold M, where J is a
tensor field of type (1,1) and I is the identity tensor field. Consider that ¥ M is the extended complex manifold
of the manifold M. The order of an extended complex manifold is k. In the extended complex manifold
kM, the extended almost complex structure satisfies the condition (Ji)?2 = —I. In this paper, we study some
properties of various lifts in an extended complex structure in an extended complex manifold ¥ M. We define
and study various properties of the submanifold ¥V of the extended complex manifold ¥ M. In addition, we
elaborated the conditions of the existing distributions of real dimensions of the extended complex manifold
kM. Finally, we define Haantje’s tensor on the extended complex manifold ¥ M.
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1. Introduction

The significance of lifting theory in differential geometry lies in its capacity to generalize geometric
structures on any manifold through the use of lift functions. The geometric structures, for example,
an almost complex structure, an almost product structure, on the base manifold admit lifts, namely,
the complete and vertical lifts, to the canonical extended manifold. Tekkoyun et. al. [1] studied the
geometric structures of an extended complex manifold * A of k-th order of the complex manifold M and
established higher-order vertical and complete lifts of functions, vector fields, and 1-forms on M to *M.
Tekkoyun and Civelek [2] investigated higher-order complete, vertical and horizontal lifts of the complex
structures on the complex manifold M to the extended complex manifold #M. Das and the author [3,4]
have studied almost r-contact structures on the tangent bundle using the complete and vertical lifts. The
geometric structures such as almost complex, metallic structure, almost Hermitian structure, etc., on the
manifold to the tangent bundle are studied by earlier investigators [5-11], [14,15,33] and [18-22].

Properties of the slant curve [24,29] were studied by J. E Lee and others, curvature and torsion on
Trans Sasakii manifold were well defined by Acet et. al. [13,16] and [25-28]. Geometry of null curves
were elaborately explained by Duggal et. al [30], mean curvature and slant curve was defined by J. E.
Lee et. al [31] .
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2. Preliminaries

Let M be a 2m-real dimensional manifold and ¥ M its k-th order extended manifold. A tensor field Jj
of type (1,1) on ¥ M is called an extended almost complex structure [23,32] on ¥ M if .Jj, is an endomorphism
of the tangent space Tp(¥M) such that (J)? = —I at every point p of *M. An extended manifold * M
with an extended almost complex structure Jy is called an extended almost complex manifold [1,16].

Suppose (X", ) is a system of real coordinates defined at any point p of ¥ M covered by neighborhood
FU and {52+, 59} is the natural base over the real field R of the tangent space Tp(*M) of *M. The
manifold *M is called an extended complex manifold if * M is covered by neighborhood *U and a local
coordinate system (R" $7%) defined in the neighborhood *U such that

0 0

Jk(w) = opr (2.1)
9] 0

Jk(awi) = o (2.2)

If kK = 0,.Jp is called an almost complex structure and a manifold °AM/ = M with an almost complex
structure Jy is said to be the complex manifold.
Let 2™ = X" 4+ 4R, i = v/—1 be an extended complex local coordinate system on a neighborhood *U

of any point p of ¥M. Then af”- = %{83"1‘ - iagri 1, a;?”‘ = %{agﬁ + i#} and the endomorphism Jj
is given by
0 .0 0 .0
Te(zm) = g Iulgr) = ~igem 23)

Let M be any complex manifold and M its k-th order extension. If f is a function on M, then the
functions f”k and f <" denote the vertical and complete lifts of the function f on M, respectively and
are given by [1,12,17)

f”k = foTMoT2Mo OTkilM, (2'4)

and
k

afe

827"7,'

ck Y ) af(‘k
f =z (827"1

iy, (25)
where 7 1M —* M*~1M is a canonical projection.

The extended properties for the vertical and complete lifts of the complex functions are given as
follows:

i) (fr9” = g (f9) =g
i) (f+9)° = [ +g7.(fa) =d_ OV g (2.6)
7=0

where f and g are complex functions and C7 represents the combination.

Let X be a complex vector field with the local expression N = ZOi% + Z0 8;?“. Then the local

expressions of the vertical and complete lifts of X to ¥ M are respectively given by

0

oF 700y 0F 704\ v®
W= (20 T+ (27 o (2.7)
and
k . k—r r 8 = k—r T 8
Ne = Or ZOZ v c : T ZO’L v c . 2.
CJ( ) 0z"t +C]( ) o0zt ( 8)

The extended properties for the vertical and complete lifts of the complex vector fields are given as
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follows:
i) (R+R)” = R AR (R+R)T =R+ R
i) N = R = )
i) (R = f“.N“,(fN)CTi‘)c;’f”‘”j.wj“"’, (2.9)
i) X (f7) = 0, N”(f”):m;fi RE(f) =RV (F) = (R,
v) RTRY] = 0, [RT R = R RTLRT] = [(RER] = R

where N, R are the complex vector fields and f is the complex function.

Let a be a complex 1-form with the local expression a = ag;dz% + O_ZOid_ZOi. Then the local expression
of the vertical and complete lifts of o to ¥ M are, respectively, given by

O[vk = (O[Oi)vdeOi + (aoi)vk(jZOi, (210)

and
k

af = (Ozoz‘)ckirwldzﬁ + (Oié()i)ckirvrdiri. (211)
The extended properties for the vertical and the complete lifts of complex 1-forms are given as follows
[1]:

Na+2)" = o+, (a+ N =a +27,

i) (fo)”

ror—j

r
fvravr’ (fa)cr _ Z erfcr_]v] ac v
=0

(2.12)

Let M be any complex manifold and * M its k-th order extension. If F be a tensor field of type (1,1).
Then

o (F) = (aF)", o (F") = (aF)"",
k k k k k k

FERT) = (FR), FU(RT) = (FR)Y, (2.13)

where X and « are a vector field and a 1-form respectively.

3. Frenet Curve in Extended Manifold

Let M be any complex manifold and *M its k-th order extension. If the tensor field F' of type (1,1)
on M satisfies the equation
F?4+1=0, (3.1)

where I is an identity tensor field. Then F' is called an almost complex structure on M [32].

Let T' : I — M = (¥M,g) be a Frenet curve in extended manifold *M with Frenet frame field
(T, N, B). Here defined T, N, B are tangent vector field, normal vector field and binormal vector field
respectively. Let us defined Levi Civita connection as v of (¥M,g). Frenet triples must satisfy the
following Frenet-Serret conditions

VrT = kN, VpN = —kT + 7B, V7B = —7N, (3.2)
where 7 and k = |V T| are the geodesic torsion and geodesic curvature of the I' respectively.

Shape of Frenet curve I' is helix if both x and 7 are constant.
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Now we recall the fundamental concept of contact metric geometry Let *M ba an extended manifold.
A contact form over extended manifold is a one form 7 such that dpAn # 1 on * M. An extended complex
manifold along with contact form 7 is called contact extended manifold. The Reeb vector field £ is a
unique vector field satisfies the equations

n(§) = 1,dn(¢x) = 0.
On the contact extended manifold (¥M,n),there exist two types of Frenet equation.

3.1. Frenet Equation of type 1

I' be a null curve on extended manifold and 7 be the vector field, Frenet frame is formed by two null
vectors € and 1 and so type 1 Frenet equation is defined subsequently. From g(§,&) = 0, g(&,n) = 1 so
9(Ve&, &) = 0 and g(Veé,n) = g(€,Ven) = h, where h is a smooth function on ¥M leads to the equation

Ve& = hé + 11, (3.3)
where T} is a non null tangent vector.

Now first curvature function defined by x; and defined as
p1 =T
and k1 = €1p1 where e; = +1. If w; is unit vector field along I" then we have
wy = pl_lTl.

Hence equation (3.3) become
vif = h£ + €1KR1W1. (34)

On generalising (3.4) we get Frenet equation of type 1.
3.2. Frenet equation of type 2

For null curve I" the pseudo orthonormal basis consist of £ and set of vectors Ly, L1 defined as

I, = Y + Wil L., = Wil + we
t— 7 = t+1_T7

V2
where w; and wy are vector fields from Frenet frame of type 1 for particular index t defined over M.
There are k — 1choice for L;. For specific value of L; the vector field will be null and curvature function
k1 is defined as

(3.5)

Vel — hé = k1 Ly (3.6)

where L is a null vector field along I and L, is perpendicular to &. If L, exists, then there must exist
Lo along T such that g(L1, L2) = 1. Equation (3.5) holds for ¢t = 1, so w; 4+ ws is perpendicular to & and
we have

ng = ]’Lf + kl(wl + (,UQ),

R1

V2

where ky = , implies that
VgN = —hN + ]ngl + kgo.)g + Sl

where S7 is a vector field perpendicular to £, N, w; and ws. let us have function S derived as

B2 = [|51]],

which is zero for any ¢t and we have
w3 = By 1S



CURVE THEORY ON AN EXTENDED MANIFOLD 5
on extended manifold *M along I' we have a Frenet frame of type 2.

A contact extended manifold *M together with contact metric structure is called extended contact
metric manifold satisfying the following equation

(Vxg)R = g(R+ AR, R)E — n(Y) (R + AN), (3.7)
for all X, Y € *M and h = Legyo-

4. Slant Curve in the Extended Manifold

Let ¥ M be an extended contact metric manifold. On ¥ M, their exist a Frenet curve I'(c), where o is
the arc length that parameterises the frenet curve. The Frenet curve is slant curve if it imparts a contact
angle ¢(o) and this angle defined as

cos ¢(o) = g(T'(0), ). (4.1)

For the Frenet curve as a slant of the fixed curvature the contact angle must be constant. If this angle is
90°, then curve is known as Legendre curve which is valid iff g(T'(0),&) = 0.

Now let us take a locally orthonormal field on the extended manifold ¥M as (R, O, €) satisfying the
condition n(X) = 0.

Let Frenet curve I' on extended manifold ¥M. considering the differentiation of equation (4.1) we
have
—§/sing = g(kN,€) + g(T, —0T) = kn(N). (4.2)

where 6 is a tensor such that g(67,¢) = n(N) and so by virtue of equation 4.2 we have the following
theorem:

Theorem 4.1 The Frenet curve I' in the extended manifold * M is a slant curve iff n(N) = 0.

Theorem 4.2 The Frenet curve I' on the extended manifold *M is a slant curve iff the ratio of torsion
and curvature is constant.

Proof: T, N and ¢ of a slant curve I'(0) has the form

T = sing[cosd(o)N+ sind(o)0R] + cospé, (4.3)
N = —sind(o)R+ cosdé(o)oN, (4.4)
& = cos¢T + singB. (4.5)

for some 6(c).Differentiating g(N, &) = 0 along I' and using Frenet-Serret formula, we have

kcosp + (—1 £ 7)sing = 0. (4.6)
The ratio of torsion and curvature is constant and if I" is a slant curve.
Proposition 4.1 If T is a slant curve, then its curvature 7 = +1.

4.1. Hopf Cylinder:

~ The Hopf cylinder over I' is the flat surface whose mean curvature is half of the geodesic curvature of
I, where Tis the Frenet curve whose inverse image is the flat surface over the extended manifold * M.

If the extended manifold is the unit sphere S® then Sp = 7~ 1(I"), where Sp is the inverse image and
II coincides with the Hopf fibering S2(1) — S2(4). In this case Sp is a small circle and its Hopf cylinder
is the constant mean curvature torus. On the contrary, if S is big circle, then Hopf cylinder is a Clifford
minimal torus.
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Mean Curvature Torus Clifford Minimal Torus

Now let us consider a slant curve I with the contact angle ¢ in an extended manifold. As

I'=7nol

is the projection of I onto ¥ M, then the length parameter & of T is

g

o=

sing (47)

. In the defined Frenet formula (7(5), N(7) of T is given by

T(5) = 7xT (o), N(G)=+m*N(0)

stng
For the Frenet curve over extended manifold, the signed curvature & is as

+1
— K
sin2d

R(0) = (o)

From equation (4.7) it is evident that projection I'(c) = 7(I'(0)) is the curve, where o is the arc length
and T is a horizontal lift of T, also the curvature k(o) = +r(c) So for the Hopf cylinder S = 7=1(T') the
Reeb vector field is tangent to S and S contains I'.

4.2. Biharmonic curve:
Over extended manifold * M Frenet curve I' is biharmonic if it satisfies

VAT + R(kN,T)T =0 (4.8)

Theorem 4.3 In any extended manifold Frenet biharmonic curve with constant holomorphic directional
curvature is a slant heliz satisfying

K2+ 12 =14 (H —1)sin*¢.
Any proper biharmonic curve in extended manifold satisfies the equation given in theorem 4.3 which

specify
keosp + (=1 £ 1)sing = 0.

5. Mean Curvature of Slant Curve

Let *M be an extended manifold and the frenet curve I'(¢) is defined over it such that

F=T():1— M
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Let us defined pullback vector bundle I'*T'M as

*TM = | Ty *M. (5.1)
o€l
The Levi Civita connection V on *M has further deduced the new connection VI on I'*T *M as
VLV =v.V (5.2)

The mean curvature vector field H of a curve I' in the extended manifold is

H=v.I'=kN (5.3)
Differentiating N = 6T along with the Frenet curve then
VoY = g(R, R)§ — n(R)N. (5.4)

Using equation (5.4) we have torsion 7 = 1.
For a slant curve in extended manifold *M along with equations (4.2), (4.3), (4.4) and (5.3), we get

Ve H = Ve, (5.5)
existence of equation (5.5) reveals that
2 = —vcosd,
K =0 (5.6)
KT = Vsing,,

hence we have the theorem

Theorem 5.1 If I' be the slant curve in the extended manifold, then tangent , normal and binormal
satisfy the equation .
Vvl = —k?T + &'N + k7B (5.7)

Theorem 5.2 Let I' be a slant curve on the extended manifold, then
1. ' is geodesic, then it has a mean curvature vector field iff v = 0.
1. If v = constant then T is heliz.

i If Vi H = v€, then I' is legendre curve iff Vi H =0

Theorem 5.3 Let I' be a slant curve in the extended manifold. Then
VeVl = 36k'T + (k" — k2 — k72N + (2&'7 + w7')B (5.8)

In extended manifold ¥ M slant curve I' satisfies Vi = v€ iff

3kk’ = wvcosd,
K"+ K+ kRt = 0 (5.9)
—(25'T + kT') = wsing,.

So we have the following theorem

Theorem 5.4 If T is a slant curve in the extended manifold * M, then T' has no proper mean curvature

field.

Proof: If v = v, # 0 but is a real constant. Considering equation (5.9)

2
K = g(uocosqbo)o +a (5.10)
where a is constant. Considering equations (5.9) and (5.10) it reflects contradiction in the assumption,

hence I' has no proper mean curvature field.
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