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The Generalized ¢-Operator ., and its Applications in g-Integrals
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ABSTRACT: In this paper, we use the generalzed g-operator ,®s to generalize some well-known g¢-integrals
such as Askey-beta Integral, Anderws-Askey Integral, Gasper integral and Askey-Roy integral.
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1. Defintions and Basic Results
We'll follow the notations that used in [17] with assuming that |¢| < 1.
Let a be a complex variable. The g-shifted factorial is defined by [1,2,14]
n—1 00
(@o=1, (a;q)n=]]1-ag", H (1 - aq")
k=0 k=0
and adopting the following compact notation for the multiple g-shifted factorial [9,30,31]:
(a1s--ariQn = (a13@)n - - - (ar; Qs

where n is an integer or co.

The basic hypergeometric series ¢ is defined by [17,18,34]:

a1y .\ Q
r¢s(a1a"'aar;blv“',bs;qwr): T‘¢S ! " 4, T
bi,...,bs
e} 1 14s—
Z G,l q (araq)k |:(—1)kq(g)j| s T.,L,k7
— ( 171, koo (bs; @)k

where r,s € N; aq,...,a,,b1,...,bs € C; and none of the denominator factors evaluate to zero. The

above series is absolutely convergent for all x € Cif r < s+ 1, for || < 1 if r = s+ 1 and for z = 0 if
r>s+ 1
The most important case of the above series is when r = s+ 1 [6,7,8]

. . A1y...,0541 |
S+1¢S(a17"'aas+17b1a"'ab57qam>: S+1¢S ( b7l ’ b aq7x)
yeo.y0s

— (a3 - (as13Q)k b
- kz::(' Ve (015K - (bs; Qx |z| < 1.
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The g-binomial coefficient is given as [19,20,25]

n M7 if0<k<mn
el = (@ Dk (@ Dn—k
0, otherwise,
where n, k € N.
The following equation will be used in this paper [26,27,32]:

(@;@)n—k = _ (6@ (7g)kq(§)fnk

(@F="/a;q)k \ a

)

where n and k are integers.
The Cauchy identity is given by [3,4,21]

i(a;q)k r o (a739)

= —""—, J|z| <1
Pl CH (%3 0)oc

Euler found the following special case of Cauchy identity [5,33,39]:
> ((.))fﬂk = (T:¢)o0-
k=0 q;4)k
¢-Chu-Vandermonde’s identity [17,28] is
qg "0 n (¢/b;q)n
¢ < 145 cq b) =
2 = / (C; Q)n
The operator 6 is defined as [29,37]

0@y =TI,

In 1997, Chen and Liu [13] defined the g-exponential operator E(bf) as follows:

< (pg)nq(3)
pon) = 3 S0

n=0

Chen and Liu [13] proved the following result:
Eb9){(at; @)oo} = (at,btq) .

In 2007, Fang [15] defined the Cauchy operator 1 ®g ( E i q, 09> as follows:

1¢>0< f 4, —c9> - i (e Q)”(—ca)".

= (4 0)n

Fang proved the following results:

Theorem 1.1 [15] Let 1Pg < E 1 q, —c@) be defined as in (1.7) then:

b t; a [e'e] t7 7bt1 o0 ba ) t
1%( B ;q,—09){(a as;q) }:(a as, bet: q) 3¢2( s/wq/a ;q,q>,

(aw; q) (aw, ct; q)oo q/ct,q/aw

provided that s/w = q~™ and |cst/w| < 1.
b (bes, as; Q) oo
o g —ch q)as) = 245 Do
1 O( 4 C){(QS,Q) } (Cs;q>oo

provided that |cs| < 1.
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The series ¢, is defined as [11,38,43]:
Aty Qr R N ATV T )
rfs ( b1, ..., bs ,q,x) _ng() (q,b1,---,bs;Q)n v

Note that when r = s+ 1, we have 41905 = s+10s.

—-N
In 2010, Zhang and Yang [43] construct the finite g-Exponential Operator 5E; [ 7 ¥ i q, dG] with
two parameters as:
-N N (—N .
q ) w (q ) 'lU, q)n n
E i q, d@} = = (dO)". 1.10
ST > e (1.10)

Zhang and Yang [43] proved the following results:

-N

Theorem 1.2 [43]. Let gEl[ q U,w ;q,d@] be defined as in (1.10), then

_N .
N, w v N (as,at; q)oo
E i, ——q" 0| § —V———
2 1[ v TR ]{ (aw; q) oo
as, at; v/w; N, w, ) t
_ Voo (/Wi N ( ¢ w, s/u, qfat q>’ (1.11)

(aw; @)oo (v;q)N q/au, ¢ Nw/v

provided that |aw| < 1.

-N

2E1|: e U’w ;q,dG}{(at;q)oo} = (at;q)oo 291 ( e U’w 1 q, —dt)7 (1.12)

provided that |dt] < 1.

u

In 2016, Li and Tan [24] introduced the generalized g-exponential operator E[ v qQ; tﬂ} with three

parameters as:
o0

q;tG} Z (v,u:)r (1.13)

E[ U,V
w (¢, w;q)n

n=0

Li and Tan proved the following results:

, U

Theorem 1.3 [24]. LetE[ v

q’te} { (xb' @)oo }
_ (zc, xza; q oo ZZ (v,u;q) n+k (a/b,q/cx; q)k (_1)n(tc)n-s-kq—(’;‘)—nk7 (1.14)

(@b @)oo 2= 1= (Wi Dtk (G Dn (4, 0/20;q)k

q; tG} be defined as in (1.13), then

E{u,v
w

provided that |xb| < 1.

In 2019, Saad and Khalaf [35] defined the generalized g-operator ,®g ( %l’ o ’ZT 1q, —09) as follows:
1’ «..yUg
o0 k _
a1,... 0 (—ch) k(4 I4s—r
Lo [ ) =S W, [—1 2} : 1.15
(5 ia-o) > i [0t (1.15)
(a1, ar; Q)
where W, = —— "=~
F (blv"'vbs;q)k

The following known operators can be obtained by specializing the values of the arguments in the
g-operator @4 (1.15):
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1. When r = s = 0 and ¢ = —b, we get the g-exponential operator E(bf) defined by Chen and Liu

[13] in 1998.

2. Setting r = 1, s = 0 and a; = b, we obtain the g-exponential operator ;P ( f :q, —c@) defined

by Fang [15] in 2007.

N

3. Letting r = 2,s = 1, (a1,a2,b1,¢) = (¢, w,v,—d), we obtain the finite g-exponential operator

with two parameters 5 [ 9 v’ v i q, d@] defined by Zhang and Yang [43] in 2010.

4. Finally, when r = 2,5 = 1, (a1,a2,b1,¢) = (u,v,w,—t), we get the generalized g-exponential

operator with three parameters E[ u{Uv |q; tG] defined by Li and Tan [24] in 2016.
Saad and Khalaf [35] gave the following result:

Theorem 1.4 [35]. Let ,®; ( A1y -5 Or iq, —69> be defined as in (1.15), then

bi,... by

A1y .., Qp ) B . oS} (Ct)k ’2“ lis—r
" < b by O ‘ce> {(ats g)ock = (ats a)oe 3 Wi (1))

In 2023, Saad and Khalaf [36] obtained following results for the operator ,®,

Theorem 1.5 [36]. Let ,®; ( Uyeerr Or iq, —c@) be defined as in (1.15), then

bi,... by

a a (au, at, ax; q) (au, at, az; @) o o= o=
(I) 1yee-yUpr | _ 9 ) 9 ) [e'e] _ 3 5 5 %) W o
ne ( by,....bs T TC ) { (av, aw; q) o } (av, aw; @) oo ZZZ ki

i=0 k=0 j=0

e k+j+iw g (PP (u/w,q/at; q); t i(t/v;q)j
* (<o) (¢ Q) [( D ! } (¢ q/aw; q); <v> (¢:9);
. \a/a;q)ji
(q/av; (I)j+i ’
provided that max{|av|, |aw|} < 1.

Corollary 1.1 [36].

ay, .. (au,at;q)oe | (au,at; q)oo aad 4 (ct)®
Tq)s( bi,... by T 6){ (aw; q)oo } (aw; q)oo ;;Wkﬂ O
] i oy ] o,

Provided that |law| < 1.

(1.16)

(1.17)

(1.18)

The following operator identities can be obtained by specializing the parameter values in the operator

identities (1.16) and (1.18):

e By setting r = s = 0 and ¢ = —b in (1.16), we get Theorem 2.9. obtained in Chen and Liu [13]

(equation (1.6).

e Setting r =1, s = 0 and a; = b in (1.16), we get Theorem 1.3. obtained in Fang [15] (equation

(1.9)).
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Settingr =2,s=1,a; = ¢V, as =w, by = v and ¢ = —d in (1.18), we get Theorem 2.1 obtained
by Zhang and Yang [43] (equation (1.12)).

Setting r =1, s =0, a; = b, u = s in (1.18), we get Theorem 1.1. obtained by Fang [15] (equation
(1.8)).

Setting r = 2, s = 1, (ay,as,b1,¢) = (¢, w,v, % ¢") and u = s in (1.18), then by using (1.4) and

’ tw

(1.1), we get Theorem 2.3 obtained by Zhang and Yang [43] (equation (1.11)).

e Setting r = 2, s = 1, (a1,a2,b1,¢,a,u,t,w) = (u,v,w,—t,x,a,c,b) in (1.18), we get Theorem 3
obtained by Li and Tan [24] (equation(1.14).

2. The ¢-Integral
Jackson [22,23] and Thomae [40,41] introduced the g-integral

o0

/0 Ftdet = (1— )3 Fla")a,

n=0

and Jackson gave the more general definition

/abf(t)dqt — /Obf(t)dqt - /Oaf(t)dqt

| @t =att =0 flaaye
n=0

where

Jackson defined an integral on (0, 00) as

| i =0 3 s

n=—oo

The bilateral g-integral is defined by

o)

/ T it =0-a) 3 @) + - "

n=—oo

The Askey-beta integral [10] is stated as follows:
/OO (atabt7q)oo d 2(1 - q)(q2;q2)go(de7Q/deaa/eu _a/d7 b/€7 _b/da Q)oo

t= . 2.1
oo (—dt et;q)oo ! (d%,e2,q?/d?,q?/€?; ¢°) o (q, —ab/deq; q) o 21)

In 1998, Chen and Liu [13] used the operator E(cf) to find an extension for the Askey-beta integral
(2.1) as follows:

Theorem 2.1 [13]. Let E(cf) be defined as in (1.5), then

/°° (at, bt, ct; q) oo
oo (—dt,et, —abet/deq?; q) oo
2(1 - q) (q2; q2)go(q/de, dea a/ev _b/d7 b/ea _a/d7 0/67 _C/d; Q)oo

dyt

= . 2.2
(e?,d?,q*/€*,¢*/d? ¢*) oo (q, —ac/deq, —ab/deq, —bc/deq; q) o 22)
Gasper integral [16] is given by
i/” (pe??/d, qde™" /i, pee™, ge® Jep, abedfe’; g)oc
21 ). (aet?,be? ce= de=?, fel?; q) oo
_ (abed, pe/d, dq/pc, p, q/ p, acdf, bedf'; q) o (2.3)

(q,bc,bd, ac, ad, fe, fd;q)oo
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provided that max {|a|, |d|, ||, ]b]} < 1.
In 2005, Zhang and Wang [42] used the operator E(df) to obtain an extension for Gasper integral
(2.3) as follows:

Theorem 2.2 [42]. Let E(df) be defined as in (1.5), then

L7 (pe®/d, qde™ [, pee”", qe™ [ ep, abedf e q) oo
2m - (aei97 bei97 Ce_wa de_wv few; Q)oo
bedf, qfac, q/ad
X 3¢2< e~ a, ¢ Jacdg q;q |do
(abed, pc/d, dq/ e, p, q/ i, acdf, bedf, bedg, cdf g, acdg/q; q)

= >, 2.4
(g, ac,ad, be,bd, cf, df , cg, dg, abc?d? fg/q; q) oo (24)

Andrews-Askey integral [12] is stated as follows:

/d (av/c,qr/di @), d(1 —q)(q,c/d,dq/c,abed:q)

— S 2.5
(az, b g 0" (be.bd,adaci e (2:5)

provided that max {|al|, |b], ||, |d|} < 1.

In 2014, Cao [12] used the operator ]E{ wr

v
:q, —] to obtain an extension for Andrews-Askey
v wrt

integral (2.5) as follows:

Theorem 2.3 [12]. Let IE[ w;}r i g, vt] be defined as in (1.10), then
wr

/d(qt/d,qt/C;q)m 4%{ r,w,c/t,q/ad - }dqt

(bt, at; q)oo q/ad, qrw/v
d(1 = g)(g,da/c,c/d, abed, vfwr,v;q)es . [ wyr . whe
_ : 21 (g — | (2.6)
(be, bd, ac, ad,v/w,v/7;q) 0o v wr

In this paper, we use the generalized g-operator ,.®, to give a generalization for Askey-beta Integral,
Anderws-Askey Integral and Gasper integral.

3. Applications of the ¢g-Operator ,®, in ¢-Integrals

A1y...,0p
)

by,...,bs

a generalization for some well-known integrals.

In this section, we act the operator , @, ( q, —c@) with respect to the parameter a to find

3.1. Generalization of Askey-beta Integral

We construct a generalization of the Askey-beta integral (2.1) by applying the operator ,®¢ to both
sides of the Askey-beta integral and using (1.18).

Theorem 3.1 (Generalization of Askey-beta integral). Given Askey-beta integral (2.1), then

/_OO ( 0 Qe _ (0, ~D]00G; Doe 57§ (C0I0AC0 0/0 05 [ 1yog] "

o (mdtetiq)os  (awiq)oe = (g,0/aw;q);
k 14+s—1r X
e
— 91 - )(q2;q2)§o(de,q/d6,b/6, —b/d; 9)oe (a/e, a/d D)oo ii 1)/dw, ge/a;q);
(d,€%,¢%/d*, ¢* /€% oo (@i @)oo (awi@)oo  ‘Zim  (954/aw;q);

< (/e [(-17a®] " Wi 1L O [(Cayeq®] 7 grate=n, (3.1)

Gk
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Proof: Rewrite Askey-beta integral (2.1) as follows:

* (M 9)
/ (—(dteqt)'q)(at’ —ab/deq; q)oodqt
2(1 - q)(¢%;¢*)% (de, q/de,bje, —b/d; q) oo
= —a/d;q) oo
(d2,e%,q?/d?, ¢ /€% 42) oo (45 @) o (a/e, —a/d:q)

Multiplying both sides of the above equation by ﬁ, we get
aw; q)oo

b

/OO (bt; q) o (at,—ab/deq;q)ood ;

[e’e] (7dt76t;Q)oo (aw;Q)oo K

2(1 — q)(¢% ¢*)% (de, q/de,b/e, —b/d; q) s (a/e, —a/d; q)
(d%,e2,¢%/d?, 4 /e?; %) oo (45 @) o (aw; q) oo

Acting the operator ,®, ( Zl’ Y Zr iq, —f0> on both sides of the above equation yielding
1y---s0s

< (9w ai,...,ar (at, —ab/deq; q) oo

— P, LR iq,—f0 d,t

/Oo (—dt, et; q) oo bi,....bs 1 ! (aw; q) oo !
— (1 _ q) (q2;q2)go(de,q/de,b/e7—b/d; q)oo
(d2,e%,q2/d?, 4%/ €% 42) 0o (45 @) oo

ar, .- Qr M
><,.<I>s( br,... by D fe){ (aw; q) oo '

By using (1.18), we get

LS (bt;Q)oo (at,—ab/deq;Q)oo 0o o0 (_b/wdeqﬂ/at;Q)j il q\i (;) s—r -
/ W; @)oo ZZ (¢, q/aw; q); (/) {( 1)’q ] Wi

oo (—dt,et; @)oo (a s

oy o (@42 (de,q/de,ble,<b/ds )os (a/e,~a/diq)oc
=21-9) (€%, ¢*/d?,¢* /€% ®)oc (G D)oo (aW; @)oo

= ((—1)/dw, ge/a; q); < e Dk
XZZ(( 1)/d ,CI/ ’q)J(f/e)] |:(_1)jq(2)i| Wk+j((']qc;/q))k

— = (@q/aw;q);

[(_1)k (,;)} I4s—r pere—y

<

X

e Setting r = s =0 in (3.1) and by using (1.3), we get Theorem 6.3. obtained by Chen and Liu [13]
(equation (2.2).
3.2. Generalization of Gasper Integral

The following generalization of the Gasper integral is obtained by applying the operator ,®; to both
sides of the Gasper integral (2.3) and utilizing the equations (1.17) and (1.18):
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Theorem 3.2 (Generalization of Gasper Integral). Given Andrews-Askey integral (2.3), then

i/” (abcdfeie,ac,ad,uew/d,qde_w/u,c,ue_w,qew/cu;q)ocde
27 (av, ae®® bei? ce=0 de=0 feif;q)
k
NN (=1)%q\?/ )kq(Q) otivi (*ri+iy157T (bedf, q/ac; q);
X Wy i gd k+]+l [(_1) +]+zq( 3 ):| \bedy, 9/a¢ 9)i
Z;kzojzg o (GO (4, 9/ac; q);

e\ (c/viq); (g/ad;q)j+i
: (U> (,9); (q/av;q)j+i
_ (ue/d, dq/ pc, p1, q/ 1, abed, acdf, bedf s q) oo ii bcd/v q/acdf;q);

(Qa bC, bd7 fC, fd7 av; q)oo §=0 k=0 Qa q/av, Q)J
iN7S—T k k s=T .
< (gt [(-17a ] Wy L [t e, (32

provided that max {|al, |b], ||, |d|, |v|} < 1,ecdp # 0.

Proof: Rewrite Gasper integral (2.3) as

LT (ue'?/d, qde™ [, cue™", qe" fep, s q)oo (abedfe”, ac, ad; q) o
2m J_, (bei?, ce=t, de=1?, fe'f; q) oo (ae'?; @)oo

_ (pe/d, dq/pe, p, q/ 1, acdf'; )
(q,bc,bd, fe, fd; q)oo

do

(abed, bedf ) oo

1
Multiplying both sides of the above equation by ﬁ and by acting the operator
av; q)oo
Py ( C;l’ Y ZT 1 q, —g9) on both sides of the above equation, we obtain
1y-+-5Ys

L7 (ue®/d, qde™ /i, cpe™, ge™ fep; 4) oo
2w - (beiﬁ’ Ce_iea de_i97 feie; q)oo
a1,...,0G; (abedfe , ac, ad; q) oo
7Py B 1q, —gb . df
% ( bi,...,b, LTI ) { (av,ae®; q) oo

_ (ue/d, dg/pc, p,q/p, bedf's q)oo o (G (abed, acdf'; q) oo
(.00, bd, fe, fdi @)oo " ° N\ buy..ibs DT (@)
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By using (1.17) and (1.18), we get

oo o X

1 (™ (ue/d,qde™" [, cpe™ qe® /cp; @)oo (abedfe'? ac, ad @)oo
— : . - - = do 1% i
(b6197 06720’ d6710’ f620; q)oo (CL’U, aezﬁ Z Z Z ktj+i

2 J_ .

1=0 k=0 j=0

kviti [(_yk+adi (R0 (*qu(g) (bedf, q/ac;q)i (c\i
(g™ [( DT (G k. (g:q/ac®;q); (v)
. (e/vi9); (q/ad; q) 44
(,9); (q/av;q)jti
_ (ue/d,dg/pc, 1, q/ 1, bedf; q) o (abcd acdf; q) s ii bcd/v q/acdf; q),
((I7 bC, bd7 fca fd7 q)oo av q =0 k=0 Q7 q/CLU, Q)J

x (gedf)? [(1)jq@)r_rwkﬂ(<gq"fg[ 18] RO kier),

1 /Tr (adefeiev ac, ad, Mew/dv qde™ " /Ma cpe 197 qe“’/c,u, Q)oo
2m (av,aet? be? ce=0 de=0 fei?; q)oo

do

% o oo k(%) Ceesns—r (be aea);
X ZI;)ZOWk+J+Z gd k+]+z( ( ) q [(_1)k+3+zq( 2 )} M

— 4 q)k (¢,q/ae’;q);

e\ (c/viq); (q¢/ad;q)jti
. (U) (¢,9); (q/av;q)jti

 (pe/d, dq/pc, p, q/ p, abed, acdf, bedf'; ) oo ii bcd/v q/acdf;q);
B (q,bc,bd, fe, fd, av; q)oo (¢,q9/av;q);

1+s—r X
_1)kq(§)} qkj(s—r).

x (geds Y [(=17aD] Wiy,

e Letting v = r = s = 0 in (3.2) and by using (1.2) and (1.3) we obtain Theorem 4.1. obtained in
Zhang and Wang [42] (equation (2.4).

3.3. Generalization of Andrews-Askey Integral

By using the operator ,.® to both sides of the Andrews-Askey integral (2.5), and by employing (1.18)
and (1.16), we obtain the following generalization of the Andrews-Askey integral:

Theorem 3.3 (Generalization of Andrews-Askey integral). Given Andrews-Askey integral (2.5), then

/ ac, qzr/c, qw/d 7)oo Z (gq) { 1yl )}HHW/C ((C/x;q)k dy

(az,bx; q)oo q/az;q)k

_ d( - q)(a, dg/c, C/d7 abed; q)oo (@)’“ {(_1)%(’;)}1“""“/ (be; @)

(ad, be, bd, cd; q) o k (a/ad; )’ (3.3)

provided that max {|acl, |ad|, |bc|,|bd|} < 1.

Proof: Rewrite Andrews-Askey integral (2.5) as follows:

* (gz/c,qr/di q)oo (ac,ad; oo, (1 — q)(q,dg/c, c/d; @)oo .
/c (b3 q) oo (az;q) oo dgw = (be, bd; q) oo (abed; q)
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A1y...,0p

bi,... by

d
(qz/c,qz/d; q) oo A1y...,Qp (ac, ad; q) oo
N s g — e
/c (b3 q) 0 bi... by 1 90 (az; q) oo do
d(1 —q)(g.dg/c,c/d; q) o ai,...,a,
— P ) ) o . )
(bC, bd’ q)oo =S bl, e bs 54, ga {(adev q)OO}

Acting the operator ., ( q, —g@) on both sides of the above equation yielding

By using (1.18) and (1.16), we obtain

/ (gz/c,qx/d; q) oo (ac, ad; q)os ii (¢/x,q/ad; Q)j( 0y

(b ) oo (ar;q)0 == (q,9/az;q);

(g5 9)
TR TR NS XV I A R
B (be, bd; @) oo (abed; q)‘)o];) (@ Dn [ 1)%q } Wi.
M e c/x Q/a'd Q)J il _1\i (é) s=r
/C (az,bx; q)oo ]z:z:;) (g,q/ax;q); (94) [( 1)’q ]

(9D T _1yeg ()] grits=n)
X Wi ——— |(=1)"¢\2 ¢V dx
k+j (@ q)x [( ) } q

~d(1—q)(q,dq/c,c/d,abed; q) gbcd k() 14s—r
= . .
(ac,ad, be, bd; q) oo Z (@ q [ q+: } Wi,

k=0

d

e Settingr=2,s=1,a; =7, a3 = w, by =v and ¢ = —v/wrt in (3.3), then by using (1.1) and (1.4)
we get Theorem 15 obtained by Cao [12] (equation (2.6).
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