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Second-Order Differential Subordination Applications for a Class of Analytic Function
Defined by Differential Operator
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ABSTRACT: In this work, we use the differential operator to establish a new class of analytic mappings and
derive certain subordination results.
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1. Introduction

Let € be complex plane and let 8 = {¢ : ( € € and |{] < 1} = 4\ {0} be an open unit disc in €.
Also let H(4) be a class of functions analytic in . For n € N={1,2,3,--- ,} and a € €, let Hla,n] be
a subclass of H (L) formed by functions of the form

f(():C+an§"+an+1<"+1+...

with Hy = H[0,1] and H = H|[1,1]. Suppose that A, is a class of all analytic functions of the form

oo

FO=¢+ > anl" (1.1)

k=n+1

within the unit disk that is open 4 with A; = A. A mapping f € H(4) is a one-to-one mapping called
as univalent in 4. Use S to demonstrate the subcategory of A generated by one-to-one mappings in il.
Suppose the mapping f € A to 4 onto a domain, which is convex as well as f is one-to-one, after that f
is referred to as a mapping which is convex. Taking

K:{feA:@‘E{1+<f,I;(C§)}>O, Ceu}

with the normalized conditions f(0) = 0 and f’(0) = 1 ,we represent the category or class of all convex
mappings demonstrated in . Suppose that the elements f and F' are in H(4). A mapping f is known
as subordinate to F'whether a Schwartz function exists w which is analytic in 4 and satisfying

lw(()] <1 and w(0)=0, (e,

so that

In this case, we write

fO=F() or f<F

Furthermore, if the function F is univalent in ${, then we get the following equivalence [2,6]:

f(Q) < F(Q) & f(0) = F(0) and f(U) < F(4L).
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The method of differential subordinations (also known as the method of admissible functions ) was first
introduced and the development of the theory was originated by Miller and Mocanu [7,8]. All details can
be found in the book by Miller and Mocanu [6]. In recent years, numerous authors studied the properties
of differential subordinations (see [1,3,10,12], etc.).

Let ¥ : €3 x {f — € and let g be univalent in 4. If u is analytic in 4 and satisfies the second-order
differential subordination

W (u(¢), Cu'(€), Cu” (€); ¢) < 9(¢), (1.2)

then u referred to as the differential subordination solution. The univalent mapping v is known as a
dominant of the primitive of the differential subordination or, simply, a dominant if v < v for all u
fulfilling (1.2). The dominant v; fulfilling v; < v for every dominants v of (1.2) referred to as the best
dominant of (1.2).

The linear multiplier differential operator Dy, f was defined in [4] as follows:

Zuf(C) = f(C)
Duf(€) = Duf(C) = p2® (F(C))" + 2p + D (F(C))" + Q)
231 = 2, (2,£(Q))

Zp1(C) = 2, (25711(0)

where ¢ > 0 and s € Ng = NU {0}.
If f is given by (1.1) then from the definition of the operator Z; f it is easy to see that

D51(Q) = C+ Y Lk, p, s)arc® (1.3)
k>2
where
Lk, py8) = K[k — 1) +1]°. (1.4)

We adopt the methods of [5] and introduce a new class by using the differential operator 2;

Definition 1.1 Let £, ;(a) is a class or category of mapping f € A fulfilling inequality as

R(2:1(¢) > a,

where ¢ € 4, 0 <a <1 and Z;f(C) is the operator for differential.

Lemma 1.1 [5] Let g be a convex mapping holding g(0) = a and consider v € €* := €\ {0} is a number
which is complex, having R{~y} > 0. If u € Hla,n] as well as

u(©) + %cu%o < 9(0), (1.5)

then

where

¢
Q) = —L [t g(t)dt, ¢ el
-/

The function v is convex and is the best dominant for subordination (1.5).
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Lemma 1.2 [9] Let ®{u} >0, neN and

n? +|uf® — n® — pi?|
AnR{p} '

Also let g be an analytic function in 8 with g(0) = 1. Suppose that

o)

If
U(C) =14+ u (" + UnJrlCn—H +

s analytic in Y and

u() + icu%o < 9(0),

then
u(¢) < v(¢),

where v is a solution of the differential equation
n
v(C) + ;Cv’(C) =9(¢), v(0)=1,

given by

¢
oo =t [gwar, Ceu

0

I
néw
Moreover, in terms of differential subordination (1.6), v is the most desirable dominant.
Lemma 1.3 [11] Assume that r is a convex mapping within $L also consider
9(¢) =7(¢) + nacr'(C), CeL
where oo >0 and n € N. If
w(¢) =7(0) + unC™ + up "+, (Y,

s holomorphic in 4 and
u(C) +acu’(¢) < g(¢), Cey,
then
u(¢) <r(¢)

This outcome is notable.

In the present paper, we use the subordination results from [5] and [9] to prove our main results.

2. Main Results

Theorem 2.1 The set £, s(a) is convez.

Proof: Let
fJ(C) :<+Zak7jcka C€u7 ,7: 17 ,m

£>2

be in the category £, s(v). Afterthat, using the definition 1.1, we obtain

RUTEHQOY) =R 1+ 5 (e o b | >

k>2

(1.6)

(2.1)
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For any positive numbers ¢1,¢2,¢3,- - , G in such a way
m
> =1
j=1

it is essential to demonstrate the mapping
m
9(Q) => _ifi(Q)
j=1

represents a component of £, ;(a), that means

R {(@ﬁg(())'} > a. (2.2)
Thus, we have
Dpg(Q) = C+ Y Llkpuys)§ Y sjany ¢ ¢~ (2.3)
k=2 j=1
If we differentiate (2.3) with respect to ¢, then we obtain
(Z39(Q) =1+ kL (k,p5)$ D Gawg ¢ ¢
k=2 j=1

Thus, we have

R{UZag(O)} =143 % {Z kL (k s)ak,jck—l}

k=2

>1+Zm:<j(a—1) [ by (2.2) ]

Hence, inequality (2.1) is true and we arrive at the desired result.
Hence the theorem is proved. O

Theorem 2.2 Let v be convex function in 4 with v(0) =1 and

1
v+1

9(¢) = v(¢) + '(¢), CedL

while v gives a number which is complex, holding R{~} > —1. If f € £, s(a) as well as X =T f, also

¢
NQ) =010 = L [ par (2.4)
0
then
(Z2,.(0) = 9(Q) (2.5)
implies that
(Z:R(€))" < v(¢)

This outcome is notable.
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Proof: Given equality (2.4), we are able to write as

¢
OR(C) = (7 + 1)/t7*1f(t)dt.

0

With respect to ¢, differentiate (2.6) we acquire

(MR(E) +¢R () = (v + DF(Q).

Additionally, when we apply operator &, to the above equation, we acquire
(NZR(Q) +C(ZR(Q) = (v + 1D f(C).
With respect to ¢ differentiate (2.7), further obtained as
(TENO) + UL = (T Q)
using equality (2.8)’s differential subordination provided by (2.5) yields
(ZENO) + UL < alC).

We define
u(¢) = (Z,X(0))".

Hence, as a result of simple computations, we get

axC”

y+1
v+ k
=1+u(+ul*+--, ue H[L1]

u(@) = ¢+ > Lk p,s)
k=2

Utilizing (2.10) in subordination (2.9) yields

1

Qs Ce

u(¢) +

1 , _
G <0 = (@) +

When applying Lemma 1.2, we write
u(¢) < ().

Thus, we obtained the desired result and v is the best dominant.
Hence the theorem is proved.

Example 2.1 If we choose in Theorem 2.2,

vy=1+1 and U(C)Z%,

then we get
(i+2)—((14+2)¢+2)¢
(1 +2)(1—¢)?

9(¢) =

If f e, (o) and R is given by

_ ¢
NQ) = Vi () =y [ Fs e

0

(2.6)

(2.9)

(2.10)
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Consequently, using Theorem 2.2, we discover

(t+2)—(E+2)¢+2)¢

(ZO) < a(0) = R
— (T < T

Theorem 2.3 Suppose R{v} > —1 and let

Lty 1P -+ 2
AR{y + 1} '

Assume g is holomorphic mapping in i holding g(0) =1 as well as

o)

Consequently f € £, s(a) as well as X = T}, f, which X demonstrated as (2.4), afterwards

(Z:1(€)) < 9(C) (2.11)

suggested as
(Z;R(0)" = v(0),

In this case,v represents the differential equation’s solution.

L0, w0 =1,

9(¢) =v(¢) + o

provided as

¢
o0 = L [ Orwar
0

Furthermore, for subordination (2.11), v is the most effective dominant.

Proof. The proof of the theorem is acquired by using the result of Theorem 2.2 and if we substitute n = 1
and g =+ 1 in Lemma 1.1.

Theorem 2.4 Suppose

14+ (2a—1)¢
=" > < 1 2.12
9() Tic o 0sec< (2.12)
holding condition g(0) =1 and is convez in L. If f € A and satisfies the differential subordination
(Z,.1(0)) =< 9(C),

then
21 —a)(vy + 7(v)
O ’

(Z;R() = 0v() = (2 = 1) +

while T is provided with the expression

¢
7(v) = / ti— 1dt (2.13)
0

as well as N can be found using equation (2.4). Also the mapping v which is best dominant as well as
CONVEL.
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Proof: If 4@ )¢
+ (2a —
=——— "2 0< 1
9(¢) Trc o 0se<th
Consequently, g is convex, and we may write using Theorem 2.3
(Z;R(€))" = (Q).

We obtained by utilising lemma 1.1

while 7 is provided by (2.13). Thus, we acquire

(Z;R() = 0v(C) = (20— 1) +

v is the most dominant and the mapping is convex.
Thus, the theorem is demonstrated. ]

Theorem 2.5 If 0 < 4 < 1,0 < a < 1,R{y} > —1,6 > 0, as well as X = Y f has been described with
(2.4), after that
TW(SMS(Q)) C 2%8(9)7

however

p = min R{u(Q)} = p(7.0) = (20 = 1) +2(1 - a)(3 + V7(7) (2.14)

|
While T be provided with (2.13).

Proof: Take the assumption with equation (2.12) provides g , f € £, s(a), as well as X = T, f is
described as (2.4). Afterwards g be convex and utilising Theorem 2.3, obtained us

2(1 = a)(y+ D7(v) (2.15)

(Z3R(Q)) <v(Q) = 2a—1) + Sy,

7 is provided by (2.13). Considering that v is convex, v({) which is symmetric with respect to the real
axis, as well as R{~v} > —1, we discover

R{UZNC) T = min R{o(Q)} = 7o)} = p(r,)
=Q2a—-1)+21—-a)(y+ 1)1 —a)r(y).
Based on inequality (2.15), it can be observed as
Ty (Lps(a)) C Lus(p),

however (2.14) provides p .
Consequently, proved the outcome of theorem. O
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Theorem 2.6 Suppose v considered as a conver mapping holding v(0) = 1 as well as g is a mapping in
such a way

9(¢) =v(C) +CV'(¢), (e
If f € A, then the subordination

(Z2,£(0)) = 9(0) (2.16)
implies that

@S

28 <o),
and the result is sharp.
Proof: Let Py

0 = 2L (217)

Differentiating (2.17), we find
(Z,£(Q)) = u(C) + ¢/ ().
We now compute u(¢). This gives
B gif(C) B C + ;::23(/% Hs S)aka
¢ ¢
=1+uC+ul®+--, ue H[1,1]. (2.18)

u(¢)

Equation (2.18) is used in subordination (2.16) to determine

u(C) + ¢u'(¢) = g(¢) = v(¢) + ¢v'(C).

Therefore, using Lemma 1.3, we deduce that

u(¢) < v(C)
That means 7 5(0)
£ < v({).
¢
v is the most effective dominant, and this outcome is notable.
Thus, the theorem is demonstrated. O

Example 2.2 If we put u = 0 as well as s = 1 in equality (1.3) also v(¢) = == in the previous Theorem

=
2.5, afterwards )
9(¢) = TESE
and
Z5F(C) = ¢+ Y Karck. (2.19)
k>2

With respect to ¢, we can take the differentiation of (2.19) and acquired
(Z6£(Q)) =1+ 2kar¢".

k>2
=1+u(+ul®+---, ueH[L1]
By using Theorem 2.5, we find )
1 I _
This yields
25 1(C) _ 1
¢ <v(() = ﬁ
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Theorem 2.7 Suppose
1+ (2a—1)¢

with g(0) =1 also 0 < o < 1, which is convex in L If f € A meets the requirements for the differential
subordination

¢el

(Z:1(C)) < 9(C), (2.20)

afterward,
2,f(C)
¢

Also the mapping v is the best dominant, which is convez.

Z0(Q) = (2a—1)+ 2= a)é”(l +9).

Proof: Let
75

: =1+uC+ul®+---, ue H[1,1]. (2.21)

u(z)
Differentiating (2.21), we find
(Z:1(Q)) = u({) + Cu'(2). (2.22)

The differential subordination (2.20) obtained by utilizing the equation (2.22),

(710 < o(6) = T2,

By using Lemmal.1l, we conclude

ul€) < v(¢) = %/g(t)dt ~(a—1)+ 2= a)én(l +0

We get the required outcome by using the equality (2.21).
Hence the theorem is proved. O

Corollary 2.1 Suppose f € £, s(«), after prove that
@S
R (*‘J;(O> > (20— 1) +2(1 — a)in(2).

Proof: If f from Definition 1.1 and f € £, s(«), then it gives that

R{Z:f)} >a, Ceil

That is comparable to

(7310 = 6) = 222 UE,
By using Theorem 2.7, we obtain
2, f(C) 2(1 — a)ln(1+¢)

R <v(()=02a—-1)+ R .

We deduce that since v(il) as symmetric along with the real axis as well as v is convex,

7:1(0) g o
are(c> > R(w(1) = (20 — 1) + 2(1 — a)in(2).
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Theorem 2.8 Suppose v considering as conver mapping with v(0) = 1 as well as g is the mapping
provided by the formula

9(¢) = v(¢) +¢V'(¢), ¢eiL
By taking f € A along with the differential subordination

CZ5 (O]
(G =@ cen 22
then %'f(()
7N(0) <v((), ¢ey,

as well as, this outcome is pronounced.

Proof: suppose the mapping f € A, reffered as of the form (1.1), considering

S _ ’7—’_1 k
Q;LN(C)_C+;$(kvu78)k+7akbk< ) Ceu

We now consider the function

ZL(k bk
B .@;f(c> B C+k§2 ( aM)S)ak kC

IR+ X Lk s) E arbick

k>2
1+ Z .i”(k,u, S)Gkbkckil

k>2

1+ Y Lk s) P arbeCht

k>2

u(¢)

In this case, we get
(Z;R(Q)

(w(Q))' = N

Then

% '
u(¢) +¢u'(¢) = {M} , (el (2.24)

We acquire by utilisig equality (2.24) in inequality (2.23)

u(C) + Cu'(¢) < g(¢) = v(¢) + ¢v'(C)

also, because of Lemma 1.3,

u(¢) < ().
That means
Z,f(C) < 0(0).
Z5R(C)
The outcome of theorem obtained. O
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