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Fixed Points of Mappings Satisfying Implicit F-Contractive Conditions

Hamid BEN.HSSAIN and Abdelhak EL HADDOUCHI

ABSTRACT: This paper presents a generalized fixed point theorem in metric spaces or ordered metric spaces
using an implicit relation to unify various F-contractive type mappings. Relying only on the strict monotonicity
of the auxiliary function F', the result extends previous work and includes corollaries that demonstrate its
generality. The approach simplifies the analysis by eliminating the need for separate proofs for each type of
contraction.
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1. Introduction and Preliminary

In 2012, Wardowski [15] introduced a new type of contractions called F-contraction as a generalization
of Banach contraction and prove a new fixed point theorem concerning F-contractions. In this way, he
defined a class of function F' as follows.

Consider F': (0,400) — R is a mapping satisfying the following conditions:

(Fy) F is strictly increasing.

(Fy) For each sequence {an}:z of positive numbers, lim «, =0 if and only if lim F (ay,) = —o0;
n—-+oo n—-+oo

(F3) There exists k € (0,1) such that lim o*F(a) = 0.
a—0t
We denote by F, the set of all functions satisfying the conditions (F})-(F3).
Wardowski [15] stated a modified version of the Banach contraction principle as follows.

Theorem 1.1 Let (X,d) be a complete metric space and T : X — X is a given mapping. Assume that
there exist T > 0 and a mapping F' € F such that for all x,y € X:

d(Tz,Ty) >0 = 7+ F(dTz,Ty)) < F(d(z,y)).
Then T has a unique fixed point in X.

Several fixed point results have been established by using F-contractions types, with F in F (see
[1,3,16] and references therein).

We recall the following two properties of sequences in metric spaces that have often been used,
sometimes implicitly, in proving fixed point results (see [12] for the first property and [10] for the second
one).

Lemma 1.1 Let (x,) be a Picard sequence of a self-map T in a metric space (X,d) (i.e., v, = Taxp_1,
neN). If d(xpt1,2n) < d(Tpn,Tn—1) holds for each n € N, then x,, # x,, whenever n # m.
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Lemma 1.2 Let (z,,) be a sequence in metric space ( X,d ) such that hlf d(zp,Tnt1) = 0. If (x,)
n—-+0oo

is not a Cauchy in ( X,d ), then there exists € > 0 and two sequences (ny) and (my) of positive integers
such that ni > my > k, and the sequences:

d (ank71‘mk) 7d (mnk-&-la zmk) ) d (ank7l‘mk_1) ) d (Ink+17 xmk—l) ) d (Ink+17 xmk+1) PR
tend to €, as k — +o0.

The existence of fixed points of self-mappings defined on certaint type of ordered sets plays an im-
portant role in the order theoretic approach. It has been initiated in 2004 by Ran and Reurings [11],
and further studied by Nieto and odriguez-Lépez [7]. Then, several interesting and valuable results have
appeared in this direction (see [2,3,8] and references therein).

An ordered metric space is defined as a 3-tuple (X, d, <), where:

e (X,d) is a metric space,
e (X, =) is partially ordered.

x,y € X are called comparable if < y or y < x holds. If (X, <X) be a partially ordered set, A self-
mapping 7" on X is called non-decreasing if Tz < Ty whenever z < y for all z,y € X. An ordered metric
space (X,d, =) is regular if, for every non-decreasing sequence (z,) in X convergent to some x € X, we
have z,, < z for all n € NU {0}.

Recently, using the two lemmas mentioned above and the fundamental property of a strictly increasing
function F', namely, that F' admits left and right limits at every point r in (0, +o0) satisfying F(r~) <
F(r) < F(rT), several works appear by proving and improving fixed point theorem using only the strict
monotonicity of F (see [4,5,6,9,13,14] and references therein).

2. Fixed Point Theorems in Metric Space

We begin by stating assumptions about the implicit relation, which generalize the specific types of
contractions discussed in the introduction.
Let @ the set of all continuous function ¢ : Ri — R such that:

(¢1) The function ¢ is non-decreasing in the fourth variable.

(¢2) for all u,v > 0, we have
o(v,v,u,u+v,0) < max{u,v}.

(¢3) For all u >0, ¢(u,0,0,u,u) = u.

Example 2.1 ¢ (t1,t2,t3,t4,15) = t1.

Example 2.2 ¢ (t1,t2,t3,ts,t5) = max {t1, 12,13, 455}

Example 2.3 ¢ (t1,to,t3,t4,t5) = t1 + Lmin {to, t3,t4,t5}, with L > 0.
Example 2.4 ¢ (t1,12,t3,ts,t5) = max {t1, 12,13, 2,2}

Theorem 2.1 Let (X,d) be a complete metric space and let T : X — X be a given mapping. If there exist
7 > 0 and a strictly increasing mapping F : (0,4+00) — R such that for all z,y € X, with d(Tz, Ty) > 0:

d(z,y),d(z,Tz),d(y, Ty),
T+ F(d(Tz, Ty)) < F <¢ < d(z,Ty). d(y, Tx) )) (2.1)

where ¢ € ©. If T or F is continuous, then T has a unique fixed point in X.
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Proof: Let 2y € X, and let (x,,) be the Picard sequence of initial point ¢, that is, x,, = T"xg = Txp_1.
If z,, = z,_1 for some n € N, then z,, is a fixed point of T. Throughout the proof, we assume that
Xy # xp—q for all n € N. According to (2.1), with = z,_; and y = z,, and since d(Tx,_1,Tx,) =
d(xp, Tpy1) > 0, we get

d Ly — 7mn 7d Ly — 7Txn7 7d mnyTxn I

This simplifies to

P (d(an, 5aen) < F (¢( d(@n1,20), d(T0-1,20), d(@n, Tur1), ))

d(wnflv anrl)v d(wrn {En)

Using (¢1) and the property of F', it follows that

e aa <P (o G E ) e

From (¢2), we deduce that
T+ F (d(Tn, Tnt1)) < F (max {d(zn, Tni1), d(Tn_1,7n)}) - (2.3)
If there exists n € N such that max {d(xn, Tp+1), d(Xn—1,2n)} = d(n, Tny1), then (2.3) becomes
T+ F(d(@n, tny1)) < F(d(zn, Tny1))

which is a contradiction with 7 > 0. Therefore, max {d(2n, Znt1),d(Tn-1,2n)} = d(p_1,2,) for all
n € N. Thus, from (2.3), we have

T+ F(d(zn, Tni1)) < F(d(zn-1,2,)) . (2.4)
Since 7 > 0 and F is strictly increasing, we deduce that
d(xn, Tnt1) < d(Tp-1,2,), neN.

It follows by Lemma 1.1 that x,, # x,,, whenever n # m. Also, the sequence ((d(x,, z,11)) must converge
to some d > 0 as well as d(zp,,2,11) > d for all n € NU{0}. If d > 0, then, passing to the limit when
n — 400 in (2.4), we get

T4+ F(dt) < F(d)

which is in contradiction with 7 > 0. Therefore, liIE d(Zp,Tp+1) = 0. Suppose now that () is not
n—-+oo

a Cauchy sequence and consider the sequences (my) and (ny) that satisfy conditions as in Lemma 1.2.
Since ng > my , it follows that @,,, # x,,, hence we can use contractive condition (2.1) with z = z,,
and y = x,,,. We obtain that

d xnkaxmk 7d xnk,Txnk 7d xmkaTxmk )

This simplifies to

A(xn,,, Ty, ), A( Ty, Ty ATy, T s
PP ) < F (o (G dan S Aot ) )
nE» XMy 9 mg s YNk

According to Lemma 1.2, the continuity of ¢ and (¢3), we obtain that

d(xnk7xmk)7d(mnkﬂxnk+1)7d(xmk?xmk+l)? >
— ¢ (£,0,0,e,6) =€
o M S # :



4 H. BEN.HSSAIN anp A. EL HADDOUCHI
as k — 4o0. Further, (2.5) yields
T+ F () < Fe)

which is in contradiction with 7 > 0. Hence, (x,,) is a Cauchy sequence and, since (X, d) is complete, it

converges to some z € X. If T' is continuous, since z,,+1 = Tz, we deduce that T'r = x. Now, we suppose

that F' is continuous. If there exists a sequence (ny) of natural numbers such that z,, 11 = Tx,, = Tz,

then kgrf Tny+1 = T, s0 Tx = x. Otherwise, there exists N € N such that z,41 =Tz, # Tz, Yn > N.
(oo}

Assume that Tx # z. According to (2.1), with z = x,,_1 and y = z, we have

T+fwﬂTahTw)§F(¢(du%ﬁijggzig?ﬁgT@7))'

This simplifies to

7+ F (d(2ns1,T2)) < F (qﬁ ( d(x"}zfg);f(}r;f g&lmf) " )) '

On taking limit as n — +oc0, we get
0,0,d(z, Tx),
From (¢2) and the property of F, we deduce that

7+ F(d(z,Tz)) < F (d(z,Tx)) .

which is in contradiction with 7 > 0. Therefore, Tx = .
Finally, suppose that z,y € X are two distinct fixed point of 7" in X. Since Tax = = # y = Ty, we

have
T+ F(d(Tz,Ty)) < F (¢ < d(z, %dgfy)T ;();?}%)Ty), )) .

This simplifies to
T4 F ) < F (o

7N
=
@ -
<
S~—
=y
< =)
8 <o
S~—
N~
"

From (¢3), we deduce that
T+ F(d(z,y)) < F(d(z,y)) -

which is in contradiction with 7 > 0. Therefore, x = y. O

Corollary 2.1 (Theorem 2.3 in [4]) Let (X,d) be a complete metric space and let T : X — X be a
given mapping. If there exist T > 0 and a strictly increasing mapping F : (0,400) — R such that for all
z,y € X, with d(Tx,Ty) > 0:

T+ F(d(Tz,Ty)) < F (d(z,y)) . (2.6)

Then T has a unique fized point in X.

Proof: Apply Theorem 2.1, with ¢ as in Example 2.1 and note that the condition (2.6) implies the
continuity of 7. O

Corollary 2.2 (Theorem 3.3 in [5]) Let (X,d) be a complete metric space and let T : X — X be a
given mapping. If there exist T > 0 and a strictly increasing mapping F : (0,400) — R such that for all
z,y € X, with d(Tx,Ty) > 0:

T+ F(d(Tz,Ty)) < F <max {d(x, v),d(z, Tz),d(y, Ty), d(z, Ty) ; d(y, Tx) }) '

If T or F is continuous, then T has a unique fixed point in X.
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Proof: Apply Theorem 2.1, with ¢ as in Example 2.2. O

Remark 2.1 Corollary 2.1 is a consequence of Corollary 2.2. Indeed, let x,y € X, with d(Tx,Ty) > 0.
If the condition of Corollary 2.1 is satisfied, then

T+ F(d(Tx, Ty)) < F (d(z,y)) -
Since d(x,y) < max{d(x,y),d(m,Tx)7d(y7Ty), W} and F is strictly increasing, it follows

that d(, Ty) + d(y, Tz) }) .
2

F(d(a,y)) < F (max {d@:, y). d(e, Ta), d(y, Ty),

Therefore

T+ F(d(Tz,Ty)) < F <max {d(x,y),d(x, T2),d(y, Ty), d(z,Ty) + d(y, Tx) }) .

2
Then the condition of Corollary 2.2 is satisfied, so we can get this conclusion.

Corollary 2.3 Let (X,d) be a complete metric space and let T : X — X be a given mapping. If
there exist T > 0 and a strictly increasing mapping F : (0,+00) — R such that for all z,y € X, with
d(Tz,Ty) > 0:

T+ F(d(Tz,Ty)) < F (d(z,y) + Lmin{d(z, Tz),d(y, Ty),d(z, Ty),d(y, Tx)}),

with L > 0. If T or F is continuous, then T has a unique fixed point in X.

Proof: Apply Theorem 2.1, with ¢ as in Example 2.3. O

Corollary 2.4 Let (X,d) be a complete metric space and let T : X — X be a given mapping. If
there exist T > 0 and a strictly increasing mapping F : (0,400) — R such that for all z,y € X, with
d(Tz, Ty) > 0:

T+ F(d(Tz, Ty)) < F (max {d(x, y),d(z, Tz),d(y, Ty), d(z,Ty) d(y,Tx) }) .

2 7 2
If T or F is continuous, then T has a unique fized point in X.

Proof: Apply Theorem 2.1, with ¢ as in Example 2.4. O

Example 2.5 Let X = {0,1,3}, d(z,y) = | — y|. Then (X,d) is a complete metric space. Define the
function T : X — X as follows: TO=T1=1 and T3 = 0.
First observe that

d(Tz,Ty) >0 <= [(z=0Ay=3)V(z=1Ay=3)V(z=3Ay=0)V(ze=3Ay=1)]

Case 1. x =0Ay =3. We have
d(T0,73) = 1.

And

d(0,T3) d(3,T
max {d((),?)), d(0,70),d(3,T3), (0’2 3), (3’2 0)} =3
Case 2. x =1 ANy =23. We have

d(T1,T3) = 1.
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max {d(1,3),d(1,T1),d(3’T3), d(1,T3) d(3,T1)} .,

2 72
Similarly, if t =3 Ny =0 as well asx =3 Ny =1, we get
d(Tz,Ty) = 1.

And,

e {d(z’ y),d(z, T), d(y, Ty), d(z,Ty) dly,Tz) }

2 7 2

Now, we see that in all cases, the condition

T+ F(d(Tz,Ty)) < F (max {d(x’y)vd(x,Tx),d(y7Ty), d(x,Ty) d(y,Tx) }) .

2 ’ 2
i.€,
T+ F(1) < F(3).
is possible for any strictly increasing function F, and any T € (0, F(3) — F(1)]. Therefore all conditions
of Corollary 2.4 are satisfied, then T has a unique fized point in X.

3. Fixed Point Theorems in Ordered Metric Space

Theorem 3.1 Let (X,d, <) be an ordered complete metric space and let T : X — X be a non-decreasing
mapping. If there exist 7 > 0 and a strictly increasing mapping F : (0,400) — R such that for all
comparable x,y € X, with d(Tx,Ty) > 0, the condition (2.1) is satisfied, with ¢ € ®. Suppose that:

(a) there exists xg € X such that xg < Txo;
(b) one of the following conditions is valid:

(b1) T is continuous;

(b2) X is regular and F is continuous.

Then T has a fized point. Moreover, the set of fized points of T is well ordered if and only if T has a
unique fized point.

Proof: Let xg € X be such that xg < Tzg, and let (z,) be the Picard sequence of initial point zq, that
is, ¢, = T"xg = Txp—1. If ©,, = x,_1 for some n € N, then z,, is a fixed point of 7. Throughout the
proof, we assume that x,, # x,_1 for all n € N. As T is non-decreasing and xg < Tz, we deduce that

2 T O A SR (3.1)

that is, z,,_1 and z,, are comparable for all n € N.

Proceeding as in the proof of Theorem 2.1, we obtain that z, is a Cauchy sequence. As X is a
complete ordered metric space there exists x € X such that x,, —  as n — 4oo. If T is continuous,
since z,4+1 = Tx,, we deduce that Tx = x. Now, we suppose that X is regular and F' is continuous.
Since X is regular, from (3.1), we deduce that x,, and x are comparable. If there exists a sequence (ny)
of natural numbers such that x,,,+1 = T'z,, = Tz, then 2141_1 Tnp+1 = &, 50 Tx = z. Otherwise, there

(oo}

exists N € N such that z, 11 = Tz, # Tz, Vn > N. Assume that Tz # x.

Proceeding again as in the proof of Theorem 2.1, we get that Tz = x.

Finally, assume that the set of fixed points of T" is well ordered and suppose that x,y € X are two
distinct fixed point of T in X.

Proceeding again as in the proof of Theorem 2.1, we get that z = y. Conversely, if T" has a unique
fixed point, then the set of fixed points of T', being a singleton, is well ordered. O

Similarly, for each example of function ¢ € ®, we obtain a fixed point result for F-contractive mappings
in ordered metric spaces
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