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On Mersenne-Narayana and Mersenne-Narayana-Lucas Sequences

D. Maheswari∗, S. Devibala, M. A. Gopalan

abstract: The objective is to generate Mersenne-Narayana and Mersenne-Narayana-Lucas Sequences.
Third-order recurrence relations corresponding to Mersenne-Narayana and Mersenne-Narayana-Lucas Se-
quences are introduced. For the aforementioned sequences, recurrence relations, generating functions, and
Binet formulas are then found. These sequences have been verified through some well-known identities. Some
identities have been provided using the matrix approach. This paper presents the introduction of two novel se-
quences, specifically the Mersenne-Narayana and Mersenne-Narayana-Lucas Sequences, accompanied by their
respective recurrence relations, Binet formulas and some connected identities.
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1. Introduction

The Fibonacci sequence is the most popular positive integer series. This series, with different starting
circumstances, can be used to create numerous fundamental arrangements, including the Lucas, Pell,
Padovan and Jacobsthal sequences [1]- [4]. A number of the type Mn = 2n − 1, where n is an integer,
was first developed in 1644 by the French mathematician Marin Mersenne. The Mersenne sequences
have been investigated as part of numerous studies. The definition of Mersenne-Lucas sequences is
MLn = 2n + 1, n ≥ 2, with ML0 = 2, ML1 = 3. In [5]- [7] the Mersenne-Lucas sequences, including its
generating functions and Binet formulas were discussed.

The usual Mersenne sequence is defined as M0 = 0, M1 = 1 and Mn+1 = 3Mn − 2Mn−1, n ≥ 1

and with the initial parameters M0 = 2, M1 = 3, the Mersenne-Lucas sequence satisfies the same
recurrence relation.

The Narayana sequence is a third-order one and is defined as N0 = 0, N1 = N2 = 1 and Nn+1 =
Nn +Nn−2 for n ≥ 2

The Binet’s formula for the Narayana sequence is given by Nn = AΩn+Bµn+ϵn

∆

where Ω = 1+a+b
3 , µ =

1− 1
2 (a+b)−i

√
3
2 (a−b)

3 , ϵ =
1− 1

2 (a+b)+i

√
3
2 (a−b)

3 , a = 3

√
29+3

√
93

2 ,

b = 3

√
29−3

√
93

2 ,∆ = (Ω− µ)(Ω− ϵ)(µ− ϵ), A = (µ− ϵ)(1− µ− ϵ).

The Jacobsthal-Narayana and Jacobstal-Narayana-Lucas sequences were studied in [8], which inspired
us to embark on this article. One may refer to [9], [10] to know more on this context.

2. Main Definitions and Results

Definition 2.1 We define the Mersenne-Narayana sequence MNn by the recurrence relation MNn =
3MNn−1 − 2MNn−3, n ≥ 3 with the initial values MN0 = 0, MN1 =MN2 = 1.

The first few values of Mersenne-Narayana sequence are 0, 1, 1, 3, 7, 19, 51, 139, . . .
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Definition 2.2 The Mersenne-Narayana-Lucas sequence MNLn is defined by the recurrence relation
MNLn = 3MNLn−1 − 2MNLn−3, n ≥ 3 with the initial values MNL0 = 2, MNL1 =MNL2 = 3.
The first few values of Mersenne-Narayana sequence are 2, 3, 3, 5, 9, 21, 53, 141 . . .

According to our definitions, there is a third order linear homogeneous difference equation, with constant
coefficients, in the form

xn = 3xn−1 − 2xn−3. (2.1)

It can then explore a solution to the above equation as xn = φn, where φ is an unknown constant. On
the substitution of this linear solution into our difference equation, we obtain

φ3 = 3φ2 − 2. (2.2)

From the cubic formula for the roots, three independent solutions are obtained as follows:

ψ = 1− λ1 − i

ζ = 1 +

(
1 + i

√
3

2

)
λ1 +

(√
3 + i

2

)

τ = 1 +

(
1− i

√
3

2

)
λ1 +

(
−
√
3 + i

2

)
where i =

√
−1, λ1 = 3

√
i. Furthermore, a linear combination of the solutions in the above equations

satisfies equation (2.2). Hence, MNn = C1ψ
n + C2ζ

n + C3τ
n, with the initial terms given by

C1 + C2 + C3 = 0

ψC1 + ζC2 + τC3 = 1

ψ2C1 + ζ2C2 + τ2C3 = 1

and obtain the solution

C1 =
ψ − 2

(ψ − ζ) (ψ − τ)

C2 =
ζ − 2

(ζ − ψ) (ζ − τ)

C3 =
τ − 2

(τ − ψ) (τ − ζ)

Besides, repeating the same technique for the Mersenne-Narayana-Lucas sequence gives the solution

C1 =
3 (ψ − 2) + 2ζτ

(ψ − ζ) (ψ − τ)

C2 =
3 (ζ − 2) + 2ψγ

(ζ − ψ) (ζ − τ)

C3 = 3(τ−2)+2ψζ
(τ−ψ)(τ−ζ) respectively.

Theorem 2.1 (Binet’s formulas) Let n be any integer. Binet’s formula for the Mersenne-Narayana
sequence and the Mersenne-Narayana-Lucas sequence are

MNn =
ψ − 2

(ψ − ζ) (ψ − τ)
ψn +

ζ − 2

(ζ − ψ) (ζ − τ)
ζn +

τ − 2

(τ − ψ) (τ − β)
γn

and MNLn = 3(ψ−2)+2ζτ
(ψ−ζ)(ψ−τ)ψ

n + 3(ζ−2)+2ψτ
(ζ−ψ)(ζ−τ) ζ

n + 3(τ−2)+2ψζ
(τ−ψ)(τ−ζ) τ

n respectively.
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Remark 2.1 For ψ, ζ and τ some interesting properties between the roots of the cubic equation
x3 − 3x2 + 2 = 0 are given by

1. ψ + ζ + τ = 3

2. ψζτ = −2

3. ψζ + ζτ + ψτ = 0

4. K1 +K2 +K3 = 0

5. K1 +K2 = 2−τ
(γ−ψ)(τ−ζ)

6. K1 +K3 = 2−ζ
(ζ−ψ)(ζ−τ)

7. K2 +K3 = 2−ψ
(ψ−ζ)(ψ−τ)

where K1 = ψ−2
(ψ−ζ)(ψ−τ) , K2 = ζ−2

(ζ−ψ)(ζ−τ) , K3 = τ−2
(τ−ψ)(τ−ζ) .

Theorem 2.2 The generating functions for the Mersenne-Narayana sequence and the Mersenne-
Narayana-Lucas sequence are∑∞
r=0MNrx

r = x(1−2x)
1−3x+2x3 and

∑∞
r=0MNLrx

r = 2−3x−6x2

1−3x+2x3 respectively.

Proof:
Define g (x) =

∑∞
r=0MNrx

r. Then, summing the statements g (x) ,−3xg (x) ,
2x3g (x), with some mathematical manipulations, the proof can be completed.

Theorem 2.3 Let r > 0 be an integer and k be an arbitrary integer. Then,

MNr+k +MNr−k =

(
ψ2k + 1

)
(ψ − 2)ψr−k

(ψ − ζ) (ψ − τ)
+

(
ζ2k + 1

)
(ζ − 2) ζr−k

(ζ − ψ) (ζ − τ)

+

(
τ2k + 1

)
(τ − 2) τr−k

(τ − ψ) (τ − ζ)

MNr+k −MNr−k =

(
ψ2k − 1

)
(ψ − 2)ψr−k

(ψ − ζ) (ψ − τ)
+

(
ζ2k − 1

)
(ζ − 2) ζr−k

(ζ − ψ) (ζ − τ)

+

(
τ2k − 1

)
(τ − 2) τr−k

(τ − ψ) (τ − ζ)

MNLr+k +MNLr−k =
(3 (ψ − 2) + 2ζτ)

(
ψ2k + 1

)
ψr−k

(ψ − ζ) (ψ − τ)
+

(3 (ζ − 2) + 2ψτ)
(
ζ2k + 1

)
ζ
r−k

(ζ − ψ) (ζ − τ)

+
(3 (τ − 2) + 2ψζ)

(
τ2k + 1

)
τr−k

(τ − ψ) (τ − ζ)

MNLr+k −MNLr−k =
(3 (ψ − 2) + 2ζτ)

(
ψ2k − 1

)
ψr−k

(ψ − ζ) (ψ − τ)
+

(3 (ζ − 2) + 2ψτ)
(
ζ2k − 1

)
ζ
r−k

(ζ − ψ) (ζ − τ)

+
(3 (τ − 2) + 2ψζ)

(
τ2k − 1

)
τr−k

(τ − ψ) (τ − ζ)

In particular, for k = 1, we get the following cases:

MNr+1 +MNr−1 =

(
ψ2 + 1

)
(ψ − 2)ψr−1

(ψ − ζ) (ψ − τ)
+

(
ζ2 + 1

)
(ζ − 2)βr−1

(ζ − ψ) (ζ − τ)

+

(
τ2 + 1

)
(τ − 2) τr−1

(τ − ψ) (τ − ζ)

MNr+1 −MNr−1 =

(
ψ2 − 1

)
(ψ − 2)ψr−1

(ψ − ζ) (ψ − τ)
+

(
ζ2 − 1

)
(ζ − 2) ζr−1

(ζ − ψ) (ζ − τ)

+

(
τ2 − 1

)
(τ − 2) τr−1

(τ − ψ) (τ − ζ)
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MNLr+1 +MNLr−1 =
(3 (ψ − 2) + 2ζτ)

(
ψ2 + 1

)
ψr−1

(ψ − ζ) (ψ − τ)
+

(3 (ζ − 2) + 2ψτ)
(
ζ2 + 1

)
ζ
r−1

(ζ − ψ) (ζ − τ)

+
(3 (τ − 2) + 2ψζ)

(
τ2 + 1

)
τr−1

(τ − ψ) (τ − ζ)

MNLr+1 −MNLr−1 =
(3 (ψ − 2) + 2ζτ)

(
ψ2 − 1

)
ψr−1

(ψ − ζ) (ψ − τ)
+

(3 (ζ − 2) + 2ψτ)
(
ζ2 − 1

)
ζ
r−1

(β − ψ) (ζ − τ)

+
(3 (τ − 2) + 2ψζ)

(
τ2 − 1

)
τr−1

(τ − ψ) (τ − ζ)
.

Theorem 2.4 (Vajda identity) Let n, rand s be positive integers. Then, we have

MNn+rMNn+s −MNnMNn+r+s =
(ψ − 2) (τ − 2)

(ψ − ζ) (ζ − τ) (ψ − τ)2
(ψr − τr) (τs − ψs) (ψτ)n

+
(ψ − 2) (ζ − 2)

(ψ − τ) (ζ − τ) (ψ − ζ)2
(ψr − ζr) (ψs − ζs) (ψζ)n

+
(ζ − 2) (τ − 2)

(ψ − ζ) (ψ − τ) (ζ − τ)2
(ζr − τr) (ζs − τs) (ζτ)n

For r = −s, the Catalan’s identity is obtained:

MNn−sMNn+s −MN2
n =

(ψ − 2) (τ − 2)

(ψ − ζ) (ζ − τ) (ψ − τ)2
(τs − ψs)2(ψτ)n−s

−
(ψ − 2) (ζ − 2)

(ψ − τ) (ζ − τ) (ψ − ζ)2
(ψs − ζs)2(ψζ)n−s

−
(ζ − 2) (τ − 2)

(ψ − ζ) (ψ − τ) (ζ − τ)2
(ζs − τs)2(ζτ)n−s.

For s= −r = 1, the Cassini’s identity is obtained:

MNn−1MNn+1 −MN2
n =

(ψ − 2) (τ − 2)

(ψ − ζ) (ζ − τ)
(ψτ)n−1 −

(ψ − 2) (ζ − 2)

(ψ − τ) (ζ − τ)
(ψζ)n−1

−
(ζ − 2) (τ − 2)

(ψ − ζ) (ψ − τ)
(ζτ)n−1.

For s= m− n and r = 1, the d’Ocagne’s identity is obtained:

MNn+1MNm −MNnMNm+1 =
1

(ψ − ζ) (ζ − τ) (ψ − τ)
[(ψ − 2) (ζ − 2) (ψmζn − ψnζm)

+ (ζ − 2) (τ − 2) (ζmτn − ζnτm) + (ψ − 2) (τ − 2) (τmψn − τnψm)].

Definition 2.3 (Matrix approach) Define the matrix φ =

 0 1 0
0 0 −1
2 0 3

.
This is a spiral matrix that satisfies the characteristic equation φ3 − 3φ2 +2I = 0 where I is the identity
matrix. This result can be seen from the well-known Cayley Hamilton theorem.

Theorem 2.5 For any integer n, we have
|φ| = −2

|φn| = (−1)
n
2n = (−2)

n
.

Theorem 2.6 For the matrix φ, we have the matrix polynomial identity

φn+5 = 3φn+4 − φn+3 + φn+2 − 2φn

Proof: From the equation φ3 − 3φ2 + 2I = 0 we can write

I =
1

2
φ2 (3I − φ) =

1

2
φ2
(
3φ2 − φ3 + I − φ

)
I =

1

2

(
φ2 − φ3 + 3φ4 − φ5

)
Multiplying both sides of the above equality by φn, the proof is completed.
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Theorem 2.7 Let r ≥ 0 be an integer. Then, we have

MNr+5 = 3MNr+4 −MNr+3 +MNr+2 − 2MNr

and MNLr+5 = 3MNLr+4 −MNLr+3 +MNLr+2 − 2MNLr

Proof: We prove by induction on r.
Since, MN6 = 3MN5 −MN4 +MN3 − 2MN1, the result is true for r = 1.
Now based on the assumption that
MN t+5 = 3MN t+4 −MN t+3 +MN t+2 − 2MN t is satisfied for all t < r.
Then we write MNn+5 = 3MNn+4 − 2MNn+2

= 3 (3MNr+3 −MNr+2 +MNr+1 − 2MNr−1)− 2 (3MNr+1 −MNr +MNr−1 − 2MNr−3)

= 3 (3MNr+3 − 2MNr+1)− (3MNr+2 − 2MNr) + 3 (3MNr+1 − 2MNr−1)− 2 (3MNr−1 − 2MNr−3)

= 3MNr+4 −MNr+3 +MNr+2 − 2MNr which is the desired result.
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