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ABSTRACT: This study advances the Type II Topp-Leone half-logistic distribution by introducing a scale
parameter, enhancing its flexibility and applicability to real-world datasets. We introduce this refined model
as the extended Type II Topp-Leone half-logistic distribution and thoroughly derive its statistical proper-
ties, including the hazard function, reliability function, odds function, quantile function, order statistics, and
entropy, providing a comprehensive theoretical framework. Parameter estimation was conducted using 16
diverse strategies, validated through extensive simulations across varying sample sizes and metrics, affirming
the consistency of all estimates. Among these, the Kolmogorov method emerged as superior, demonstrating
exceptional estimation accuracy and robustness. Applying the extended model to real-life datasets, specifically
focusing on the failure times of repairable items in reliability engineering, revealed that it substantially out-
performed existing models, as demonstrated by various performance metrics. This study offers a powerful and
versatile tool for modelling complex phenomena in reliability engineering, enhancing maintenance scheduling
and reliability assessments. The extended Type II Topp-Leone half-logistic distribution sets a new standard
in reliability analysis, providing deeper insights and more reliable predictions for engineering applications.
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1. Introduction

Probability distributions are fundamental to statistical analysis, providing essential frameworks for
modeling and interpreting diverse phenomena across various scientific and practical domains (for more
on the importance of probability distributions, see [1,2]). Examples such as the Gamma, Exponential,
Weibull, Gompertz, and Rayleigh distributions have long been instrumental in modeling real-world phe-
nomena. However, the rapid increase in the volume and complexity of emerging datasets has exposed
the limitations of these traditional distributions, often rendering them inadequate for fitting such diverse
and complex datasets. This has prompted researchers to explore innovative methods for extending and
adapting these distributions to better accommodate the nuances of contemporary data.

One promising approach involves extending classical distributions by introducing additional param-
eters, such as scale, location, shape, and transmuted parameters, enhancing flexibility and adaptability.
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Studies have demonstrated that these extensions significantly improve the ability of existing distributions
to model real-world complexities; see references [3], [4], [5], [6], [7], [8], [9], [10].

This study explores an enhancement to the Type II Topp-Leone Half-Logistic (77T LH L) distribution,
initially proposed by [11]. Although the T;;TLHL distribution is promising as a versatile model, its sole
reliance on a shape parameter limits its ability to accommodate datasets with complex characteristics.
To address this limitation, we introduce the Extended Type II Topp-Leone Half-Logistic (Er,,rrH1)
distribution, which introduces a scale parameter to the original T7;T L H L distribution. This enhancement
aims to fill a critical gap in the literature by providing a more adaptable and implementable statistical
model, potentially improving accuracy in today’s data-rich environments.

The motivation for this study is twofold. First, extending the Type II Topp Leone half-logistic distri-
bution by introducing a scale parameter significantly enhances its flexibility, making it more adaptable
to datasets with diverse characteristics. To validate this enhancement, we applied 16 different parame-
ter estimation methods and conducted a comprehensive simulation study to evaluate their performance
under various conditions. This rigorous testing ensures the robustness and reliability of our proposed
model. Second, we applied the extended model to two real-life datasets involving the failure times of
repairable items in reliability engineering. Accurate modeling of failure times is crucial for designing ef-
fective maintenance schedules and improving product reliability. The distribution can also be applied to
a wide range of practical data across various fields, including biomedical sciences, environmental studies,
and physics. Our study aims to contribute to the statistical literature by offering a robust and versatile
tool for tackling complex data challenges across various domains.

The following are the objectives of this paper:

e To propose an extension of the T;;TLH L model by incorporating a scale parameter to improve its
flexibility and adaptability.

e To compute statistical properties of the model, such as the quantile function, moments, moment-
generating function, survival function, hazard function, Rényi entropy, and order statistics.

e To employ sixteen different estimation methods to estimate the parameters of the distribution.
These methods include maximum likelihood estimation, Anderson-Darling, Cramér-von Mises, max-
imum product of spacings, least squares, percentile, right-tail Anderson-Darling, weighted least
squares, left-tail Anderson-Darling, minimum spacing absolute distance, minimum spacing absolute-
log distance, Anderson-Darling left-tail second order, Kolmogorov, minimum spacing square dis-
tance, minimum spacing square-log distance, and minimum spacing Linex distance.

e To conduct a simulation study to investigate the consistency of the estimates obtained from the
various estimation techniques.

e To demonstrate that the proposed model provides a better fit compared to several established
models, such as the Type II Topp-Leone half-logistic (HL), the exponentiated generalized standard
HL, the exponentiated HL, the Topp-Leone Fréchet, the Type II half-logistic Weibull, and the
Poisson generalized HL models.

The article is structured as follows: Section 2 outlines the formulation of the ET;;T LH L distribution.
Section 3 explores the primary statistical properties of the model. A description of the sixteen estimation
methods is provided in Section 4. Section 5 details simulation studies that validate the consistency of the
estimates. The application of the new distribution is illustrated through the analysis of two real datasets
in Section 6. Lastly, Section 7 presents the concluding insights derived from the study.

2. Model Formulation

In 2023, Adubisi and Adubisi [11] derived a novel distribution called type IT Topp Leone half logistic
(Tr;TLHL) distribution. Its cumulative distribution function (CDF) is defined as follows
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and its probability density function (PDF) is given by
r(z) =495 (e* — 1) ' (e® + 1)_25_1 . (2.2)

Now, we will add a new scale parameter to the CDF (2.1), to have a new statistical model called
extended Tr/TLHL (ET;;TLHL), its CDF is given by

2 §
Pla)=1-[1- (1= 5, v>0 (2.3)
x - 677374»1 7'7;7 7’7 ) -

and its PDF is defined as follows
(@) = 425y (" —1) €M7 (7" +1)7* 7" (2.4)

Both of PDF and CDF Plots of the ET ;T LH L distribution are presented in Figure 1.
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Figure 1: PDF and CDF Plots of the ET7;TLH L distribution

3. Statistical Properties

This section explores various properties of the ET7;T LH L distribution, including its significant rep-
resentations, moments, moment-generating function, order statistics, entropy, survival function, hazard
function, quantile function, and odds function.

Quantile function

The quantile function indeed plays a pivotal role in statistics. It allows us to identify specific points
within a distribution corresponding to given probabilities. This function helps determine various impor-
tant values such as medians, quartiles, and percentiles. These values are crucial in describing the spread
and central tendency of data. Moreover, the quantile function is essential for various statistical tech-
niques, including accurate simulation methods like Monte Carlo simulations. More discussion on quantile
function can be found in the works of [12,13,14]. The quantile function of ET /T LHL distribution is
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calculated as:

15\ 2
1-— (1 —(1—u) )
1
Q (u) = —~log . (3.1)
Y 1/5 ]
(1 —(1-w) ) +1
The numerical representation for the proposed model quantile function is presented in Table 1.
Table 1: Quantiles for different values of § and ~
u|d=05~v=03]|6d=25~v=34|6=02,7v=2.1]|5=45~v=3.0
0.1 3.3994 0.2391 0.6328 0.2596
0.2 4.1758 0.2590 0.8952 0.2750
0.3 5.0122 0.2781 1.1980 0.2892
0.4 5.9725 0.2979 1.5553 0.3037
0.5 7.1194 0.3200 1.9840 0.3194
0.6 8.5442 0.3459 2.5129 0.3374
0.7 10.4094 0.3783 3.1969 0.3594
0.8 13.0729 0.4231 4.1621 0.3891
0.9 17.6693 0.4992 5.8124 0.4382
The median for the ET;TLHL distribution is obtained by substituting u = 0.5 in (3.1) as:
Ls Ly
1—(1—(1—0.5) )
1
Median = ——log i . (3.2)
gl )
1/6
(1—(1—0.5) ) +1

Reliability, hazard, and odd functions

The reliability function quantifies the likelihood that an item will continue to function beyond a
designated time threshold. The reliability function of the ET; ;T LH L distribution is derived as:

s(z) = (1 - (;5:1)2)5 (3.3)

The hazard function represents the conditional probability density that an event will occur at a specific
time, given that the event has not occurred up to that time. The hazard function of the ET;;TLHL
distribution is computed as:

)72571

hz) = 425y (exp(yz) — 1) exp(dyz) (exp(yz) + 1
2\ ¢

1—exp(—vyx)

(1 - (exp(*pw)ll) >

Both of survival and hazard plots of the ET ;T LH L distribution are presented in Figure 2.

(3.4)
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Figure 2: Survival and Hazard Plots of the ET7;TLH L distribution

The odd function of ET ;T LH L distribution is calculated as:

O(x) = = <1_(6_W+1)

6
(]_ —_ (1—5*71 )2>
e~ vr41

1)

(3.5)

Linear representation

The CDF of our proposed model is written by

o\ 0
1—e™ "
F(x):l—(l—(ew_’_l)) , x, 0, 7> 0,

Then, by using a suitable series to simplify our model statistical properties calculations, we have the
ETTLHL CDF as follows

=15 [ () -]

v
v=0

co 2v oo
B 20\ (AN [2v4+w—1 vbhtw  —p(htw)e
=380 () (0) (T e,
v=0 h=0 w=0

00 2v

=1- Z Z P e HETIT, (3.6)

v,w=0 h=0

s = 8o () () (201

Due to the convergence of series in Equation (3.6), we can have a simple version of our proposed
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model PDF as follows

o) 2v

= 3 > Wnuluh+ w)ertre, (3.7)

v, w=0 h=0

where U, p, ,, = ( 2}3 ) ( i ) ( 2v +£)_ 1 )(—1)“+h+w

Moment

Moments play a pivotal role in capturing the essence of a distribution’s characteristics. For a random
variable X, moments are precisely defined as its expected values. These moments serve as fundamental
descriptors that encapsulate the statistical properties and shape of the distribution, providing crucial
insights into its behavior and variability.

For the ET;;TLHL distribution, the r-th model is derived as follows:

o) 2v

fr = Z Z ‘I’v,h,w/ & [p(h + w)]e HPF0Iz gy
0

v, w=0 h=0

00 2v

B L(r+1)
pr= >3 Uy o (3.8)

v, w=0 h=0

Tables 2 and 3 showcase the statistical computation of the first four moments, variance(Var), skewness
(Sk), and kurtosis(Ky ) for the ET; TLHL distribution at various parameter values of v and ¢ . Results
of the skewness and kurtosis values indicates that the distribution is positively skewed and platykurtic
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Table 2: Outcome of statistical measures p}, uh, ph, 1}, Var, Sg , Ky for the ETTLHL distribution
v 4 1 o 8 114 Var Sk Ky
2.5 1.5 0.6283 0.5324 0.5638 0.7174 0.1376 1.1032 4.9556

1.7 0.5846 0.4579 0.4452 0.5165 0.1161 1.0540 4.7509
1.9 0.5489 0.4015 0.3625 0.3885 0.1001 1.0135 4.5859
2.1 0.5189 0.3573 0.3023 0.3022 0.0879 0.9798 4.4510
2.3 04933 0.3218 0.2569 0.2415 0.0783 0.9513 4.3390
2.5 04712 0.2926 0.2218 0.1973 0.0705 0.9269 4.245
2.7 0.4518 0.2683 0.1939 0.1640 0.0641 0.9059 4.1650
2.9 0.4345 0.2476 0.1714 0.1385 0.0588 0.8875 4.0962
23 1.5 0.6829 0.6290 0.7241 1.0014 0.1626 1.1032 4.9556
1.7 0.6355 0.5410 0.5717 0.7211 0.1371 1.0540 4.7509
1.9 0.5966 0.4743 0.4655 0.5423 0.1183 1.0135 4.5859
2.1 0.5641 0.4221 0.3882 0.4219 0.1039 0.9798 4.4510
2.3 0.5363 0.3802 0.3300 0.3371 0.0925 0.9513 4.3390
2.5 0.5122 0.3457 0.2848 0.2754 0.0834 0.9269 4.2450
2.7 0.4910 0.3170 0.2490 0.2290 0.0758 0.9059 4.1650
2.9 04723 0.2926 0.2201 0.1933 0.0695 0.8875 4.0962
20 1.5 0.7853 0.8319 1.1012 1.7514 0.2150 1.1032 4.9556
1.7 0.7308 0.7155 0.8696 1.2612 0.1814 1.0540 4.7509
1.9 0.6861 0.6273 0.7081 0.9486 0.1565 1.0135 4.5859
2.1 0.6487 0.5583 0.5905 0.7379 0.1374 0.9798 4.4510
2.3 0.6167 0.5028 0.5019 0.5897 0.1224 0.9513 4.3390
2.5 0.5890 0.4572 0.4332 0.4816 0.1100 0.9269 4.245
2.7 0.5647 0.4192 0.3788 0.4005 0.1003 0.9059 4.1650
2.9 0.5432 0.3870 0.3348 0.3382 0.0919 0.8875 4.0962
1.5 1.5 1.0471 1.4789 2.6104 5.5355 0.3823 1.1032 4.9556
1.7 09744 1.2721 2.0612 3.9860 0.3225 1.0540 4.7509
1.9 0.9148 1.1153 1.6784 2.9980 0.2783 1.0135 4.5859
2.1 0.8649 0.9925 1.3997 2.3324 0.2444 0.9798 4.4510
2.3 0.8223 0.8939 1.1897 1.8639 0.2176 0.9513 4.3390
2.5 0.7853 0.8129 1.0270 1.5223 0.1960 0.9269 4.245
2.7 0.7530 0.7453 0.8980 1.2660 0.1783 0.9059 4.1650
29 0.7242 0.6880 0.7937 1.0690 0.1634 0.8875 4.0962
1.3 1.5 1.2083 1.9690 4.0101 9.8119 0.5090 1.1032 4.9556
1.7 1.1243 1.6936 3.1665 7.0654 0.4293 1.0540 4.7509
1.9 1.0556 1.4849 2.5784 5.3141 0.3705 1.0135 4.5859
2.1 0.9980 1.3214 2.1502 4.1342 0.3254 0.9798 4.4510
2.3 0.9488 1.1901 1.8276 3.3038 0.2898 0.9513 4.3390
2.5 09062 1.0823 1.5776 2.6984 0.2610 0.9269 4.245
2.7 0.8688 0.9923 1.3795 2.2441 0.2374 0.9059 4.1650
29 0.8357 09160 1.2193 1.8948 0.2176 0.8875 4.0962
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Table 3: Outcome of statistical measures p}, uh, ph, 1}, Var, Sg , Ky for the ETTLHL distribution
v 9 H 145 143 iy Var Sk Ky
3.2 04 1.1497 2.0162 4.9011 15.4908 0.6943 1.7045 7.6740

0.6 0.8670 1.0935 1.8472 3.9730 0.3418 1.5328 6.8770
0.8 0.7185 0.7295 0.9681 1.6058 0.2133 1.3939 6.2377
1.0 0.625 0.5415 0.6023 0.8253 0.1508  1.2850 5.7458
1.2 0.5597 0.4284 0.4156  0.4908 0.1151  1.1996 5.3688
1.4 0.5109 0.3535 0.3069 0.3215 0.0924 1.1318 5.0770
1.6 0.4729 0.3005 0.2378 0.2253 0.0769 1.0773 4.8475
1.8 0.4421 0.2611 0.1909 0.1661 0.0656  1.0328 4.6641
3.6 04 1.0219 1.5930 3.4422 9.6708 0.5486  1.7045 7.6740
0.6 0.7706 0.8640 1.2974  2.4803 0.2700 1.5328 6.8770
0.8 0.6386 0.5764 0.6799 1.0025 0.1685 1.3939 6.2377
1.0 0.5555 0.4278 0.4230 0.5152 0.1192  1.2850 5.7458
1.2 0.4975 0.3385 0.2919 0.3064 0.0910 1.1996 5.3688
1.4 0.4542 0.2793 0.2156  0.2007 0.0730 1.1318 5.0770
1.6 0.4203 0.2374 0.1670 0.1407 0.0607 1.0773 4.8475
1.8 0.3930 0.2063 0.1341 0.1037 0.0518 1.0328 4.6641
4.0 04 09197 1.2903 2.5093 6.3450 0.4444  1.7045 7.6740
0.6 0.6936 0.6998 0.9458 1.6273 0.2187 1.5328 6.8770
0.8 0.5748 0.4669 0.4956 0.6577 0.1365 1.3939 6.2377
1.0 0.5000 0.3465 0.3084 0.3380 0.0965 1.2850 5.7458
1.2 0.4477 0.2742 0.2128 0.2010 0.0737 1.1996 5.3688
1.4 0.4087 0.2262 0.1571 0.1316 0.0591 1.1318 5.0770
1.6 0.3783 0.1923 0.1217 0.0923 0.0492 1.0773 4.8475
1.8 0.3537 0.1671 0.0977  0.0680 0.0420 1.0328 4.6641
44 04 0.8361 1.0664 1.8853 4.3337 0.3672  1.7045 7.6740
0.6 0.6305 0.5784 0.7106 1.1115 0.1808 1.5328 6.8770
0.8 0.5225 0.3859 0.3724  0.4492 0.1128 1.3939 6.2377
1.0 0.4545 0.2864 0.2317 0.2309 0.0798  1.2850 5.7458
1.2 0.4070 0.2266 0.1598 0.1373 0.0609 1.1996 5.3688
1.4 0.3716 0.1870 0.1180 0.0899 0.0489 1.1318 5.0770
1.6 0.3439 0.1589 0.0915 0.0630 0.0406  1.0773 4.8475
1.8 0.3215 0.1381 0.0734 0.0464 0.0347 1.0328 4.6641
4.8 04 0.7664 0.8961 1.4521  3.0599 0.3086 1.7045 7.6740
0.6 0.5780 0.4860 0.5473  0.7847 0.1519 1.5328 6.8770
0.8 0.4790 0.3242 0.2868 0.3172 0.0948 1.3939 6.2377
1.0 0.4166 0.2406 0.1784 0.16303 0.06706 1.2850 5.7458
1.2 0.3731 0.1904 0.1231 0.0969 0.0511  1.1996 5.3688
1.4 0.3406 0.1571 0.0909 0.0635 0.0410 1.1318 5.0770
1.6 0.3152 0.1335 0.0704 0.0445 0.0341  1.0773 4.8475
1.8 0.2947 0.1160 0.0565 0.0328 0.0291 1.0328 4.6641

Moment generating function

The moment generating function (MGF) of a continuous random variable x is defined as:

o

M) = [ e fas

— 00
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using the written form in (3.7), the MGF of the ET;;TLH L distribution is obtained as follows:

D B DL

v, w=0 h=0

> w(h 4+ w)

Order statistic

The PDF of the Kth order statistic for a random sample of size n from a distribution F(X) and an
associated pdf f(x) is given by:

fom = (@) [F (@) = F (@),

(k=1 (n—k)!
The kth order statistic of the ET;;TLH L distribution is given as:

o) k—1 o 2 ek
N W 1= Z Z bv,nwe " h+w>$] [ Z Z(bv,h,we*“(hﬁﬂ)w

v, w=0 h=0 v, w=0 h=0

i Z \IJU h, w h + w)] —p(h4w)x )

v,w=0 h=0

fk:n

Entropy

Entropy serves as a profound metric quantifying the degree of uncertainty or disorder within a distri-
bution: heightened entropy signifies amplified unpredictability or indeterminacy in the potential outcomes
of a random variable. This pivotal concept lies at the heart of information theory, wielding significant
influence across diverse disciplines including statistics, physics, and computer science. The Renyi entropy,
a variant of entropy, is generally expressed as:

)= ylos [ f@)do

The Renyi entropy of the ET ;T LH L distribution can be computed as follows:

S Pop LA

v, w=0 h=0

I, (z

A
{ (h+w)]e —u(h+w)xr,

let, B = [[u(h +w)]e-rh+w)z],

A
A

00 2v
= lz Z\Ijv,h,w

v, w=0 h=0

I, (z) = ( i Z%m) log/ﬁ’\dx : (3.10)

v,w=0 h=0
4. Estimation Methods

In this section, sixteen different estimation techniques are used to estimate the parameters § and v of
the proposed model ET;;TLHL. These methods, some of which have been discussed in earlier studies
(see, [15]; [16]; [17] ), are presented as follows.
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Method of maximum likelihood (MLE)

The MLE technique estimates this subsection’s ET;;TLHLD parameters. Let x1,...,x, are n ob-
served sample from PDF (2.4). The log-likelihood density function of ET;;TLHLD can be expressed as
below:

L(x;6,v) = ndlog(4) + nlog(dvy) + Zlog(e”i — 1)+ oy Z x; — (20 +1) Zlog(em +1).
i=1

=1 i=1

The log-likelihood function can be maximized to determine the MLEs $ and 4 of the parameters § and
~ using some optimization package in R, Python, Matlab, etc. software.

Method of Anderson-Darling (ADE)

The ADE is selected for its sensitivity to deviations from the assumed distribution. For the
ET; i TLHLD, the ADE can be obtained by optimizing the following function with respect to the pa-
rameters of the model.

n

A(z;)) = —n— % 2(21 — 1) [log F(x;.) + log S(Tn—i—1.n)]

Method of Cramer-von-Mises (CVME)

In parameter estimation using the CVME method, the goal is to find the parameter values of a
theoretical distribution that minimizes the Cramér-von Mises statistic. It is chosen for its sensitivity to
differences in the CDF and its ability to detect departure from the assumed distribution. This involves
optimizing the parameters to achieve the best possible fit between the observed data and the theoretical
distribution.

1 i 2 — 172
C(xz) = ﬂ + Z [F(xzn) - m
=1

Method of maximum product of spacings (MPSE)

The MPS is a nonparametric estimation method used in statistics to estimate the parameters of the
probability model and is suitable when the underlying distribution is not known. The Estimation Method
of MPS involves maximizing the product of the observed spacings between ordered data points. This
method is particularly employed when estimating parameters for continuous probability distributions.

1 n+1
1 (3:1) = 7% 1 Z log Ii(a:i),
i=1

where I;(z;) = F(2in) — F(2i—1:0), F(20:n) =0 and F(zy41:0) = 1.
Method of least squares

The method of LSE is a statistical technique used to estimate the parameters of a mathematical
model by minimizing the sum of the squares of the differences between observed and predicted values. It
is selected for its simplicity and ease of interpretation.

n

Vi) =Y [Flaw) - | g

i=1
Method of percentile (PEM)

The PEM is an approach for estimating model parameters by equating population percentiles (as
functions of the parameters) to sample percentiles.

7

i=1
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Method of right-tail Anderson Darling (RTAD)

The Estimation Method RTAD involves determining the parameters of a statistical distribution. This
method is chosen to specifically assess the fit of the model in the right tail of the distribution, typically
a CDF, by optimizing the right-tail version of the ADE statistic.

n 1 n
R(z;) :g—2ZF(xm _ﬁz (26 — 1) log S(x.n)

Method of weighted least squares (WLSE)

WLSE is a statistical method used to estimate the parameters of a probability model, where varying
weights are assigned to each observation. WLSE is used when certain data points are considered more
important or reliable than others, allowing for a more nuanced estimation.

=30 n—zi—’l—)m [F(x"”)_ ni1r‘

i=1

Method of left tail Anderson Darling (LTADE)

The LTAD estimation method refers to approaches used to estimate the parameters of a distribution,
particularly focusing on the left tail, based on the ADE statistic. The ADE statistic is a measure of how
well a given distribution fits a set of data. By minimizing the CDF of ET;;TLHLD for ordered random
variables, we can estimate the parameters of the suggested model. It complements the right-tail method
by examining deviations in the opposite tail, providing a more comprehensive evaluation of model fit.

L(z;) = —gn +2 Z F(zin) — % Z(Qz —1)log F(x;.)

i=1
Minimum spacing absolute distance (MSADE)

Because of its simplicity and ability to capture the spacing between data points, it can be useful for
parameter estimation. If we have an ordered sample denoted as Xi.,,..., Xp.n from ET;;TLHLD, the
minimum spacing absolute distance estimates can be derived by minimizing the following function

n+1

Z\z*7~

Minimum spacing absolute-log distance (MSALDE)

This method extends the minimum spacing approach by considering the logarithm of the distances,
which can be useful for handling data with varying scales. Using this estimation method, we can estimate
the model parameters by minimizing the following expression

n+1

Z |log I; — log 1\

Anderson Darling left tail second order (ADLTSOE

This method is chosen to explore second-order effects in the left tail of the distribution, providing a
more detailed analysis. The ET;TLHLD distribution parameters can be derived for Left-Tail Second-
Order estimation using the ADLTSOE, achieved by minimizing the following function.

LTS =2 log F(x;) + %ZM

i=1 i=1
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Kolmogorov Method (KME)

For its simplicity and effectiveness in assessing the maximum deviations between empirical and the-
oretical distributions. The Kolmogorov estimators for the parameters of the ET;;TLHLD distribution
can be obtained by optimizing the following expression.

KM = MAX |2 — P(ai), Plag) — =2

1<i<n | N n

Minimum spacing square distance

The minimum spacing square distance estimation (MSSDE) is employed to obtain our suggested
model estimators by optimizing the following equation.

n+1 1

_ o 2
d)(aci) - Z(Iz ’I’L+1) .

i=1
Minimum spacing square-log distance

The minimum spacing square distance estimation (MSSLDE) is employed to obtain our suggested
model estimators by minimizing the following equation.

n+1

2
1

i=1

Minimum spacing linex distance

The minimum spacing linex distance estimation (MSLNDE) is employed to obtain our suggested
model estimators by minimizing the following equation.

n+1 ; . 1
A(zi):Z[el W_(Ii_TM)_l]'

i=1
5. Simulation

This section compares the performance of several estimation approaches for estimating the parameters
of the proposed model using a vast quantity of simulated data. In our simulation, we used the suggested
model quantity function to create random data sets for various sample sizes (n = 25,100, 200, 350, 450
and 600). This section will investigate our model estimators’ performance and behavior. Furthermore, we
will assess the performance of varlous estimating strategies using a Varlety of metrlcs such as such as aver-

age of bias (|Bms( =1 ZZ 1 |B BYJ), mean squared errors (MSE = ¢ Zz 1(B B)?), mean relative
errors (MRE = + Zi:l |B — B|/B), average absolute difference (Dgps = -7 Zi:l ijl |F(z:5|B) —

F(x;; |§)|), maximum absolute difference (Djpe0 = %Zle max |F(z;;|B) — F(xw|§)|), and average
J
squared absolute error (ASAFE = ZZ 1 If‘_i‘l | ), where x; are the ascending ordered observations and

B = (4,7).

Tables 4 through 8 present the results of simulating the specified model parameter with 16 estimation
approaches. Figures 3 through 8 visually show the data from Table 5. It is critical to stress that
all parameter estimates for the proposed distribution are accurate and near to their real values. The
estimation methodologies provided are exact. As n increases, all of the forecasted metrics for each scenario
are expected to fall. All estimating approaches do exceptionally well in predicting the appropriate model
estimators. With a total score of 31.0, Table 9 shows that KE is the best for the factors we analyzed
followed by MLE with a score of 98.5. Table 9 displays the total rankings for all estimating procedures.
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Figure 3: Graphical representation for BIAS values presented in Table 5.
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Figure 4: Graphical representation for MSE values presented in Table 5.
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Figure 5: Graphical representation for

MRE values presented in Table 5.
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Figure 6: Graphical representation for Dgps and D, values presented in Table 5.
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Figure 8: Graphical representation for ASAE values presented in Table 5.
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Table 4: Numerical values of simulation

measures for § = 0.25, v = 0.75.
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Table 5: Numerical values of simulation

EXTENDED TYPE-II TOPP-LEONE HALF-LOGISTIC DISTRIBUTION

measures for § = 1.25, v = 2.0.
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Table 6: Numerical values of simulation

measures for § = 0.75, v = 1.5.
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Table 7: Numerical values of simulation measures for 6 = 0.5, v = 1.0.
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Table 9: Partial and overall ranks for all estimation methods of our proposed model.
Parameter n MLE ADE CVME MPSE OLSE PCE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
6=0.25 v=075 25 10.0 3.0 6.0 13.0 7.0 8.0 2.0 11.0 9.0 4.0 5.0 14.0 1.0 16.0 12.0 15.0
100 2.0 3.0 13.0 4.0 11.0 12.0 9.0 8.0 10.0 5.0 6.0 15.0 1.0 16.0 7.0 14.0
200 2.0 6.0 10.0 3.0 11.0 14.0 4.0 7.0 12.0 5.0 8.0 16.0 1.0 13.0 9.0 15.0
350 2.0 4.0 10.0 3.0 11.0 14.0 5.5 8.0 12.0 7.0 5.5 16.0 1.0 15.0 9.0 13.0
450 2.0 4.0 11.0 3.0 10.0 14.0 5.0 8.0 12.0 9.0 7.0 16.0 1.0 15.0 6.0 13.0
600 3.0 5.0 9.0 2.0 10.0 14.0 4.0 7.0 12.0 11.0 8.0 16.0 1.0 15.0 6.0 13.0
60=1.25 =20 25 5.0 8.0 2.5 12.0 15.0 11.0 4.0 9.0 13.0 2.5 7.0 16.0 1.0 6.0 14.0 10.0
100 2.0 11.0 9.0 5.0 12.0 13.0 3.0 10.0 15.0 4.0 8.0 16.0 1.0 7.0 14.0 6.0
200 4.0 9.0 14.0 6.0 13.0 10.0 2.0 5.0 15.0 3.0 12.0 16.0 1.0 7.0 11.0 8.0
350 3.0 7.0 13.0 2.0 14.0 12.0 4.5 9.0 15.0 4.5 10.0 16.0 1.0 8.0 11.0 6.0
450 3.0 7.0 13.0 2.0 14.0 11.0 4.0 9.0 15.0 5.5 12.0 16.0 1.0 8.0 10.0 5.5
600 4.0 6.0 13.0 2.0 14.0 11.0 3.0 10.0 15.0 5.0 12.0 16.0 1.0 8.0 9.0 7.0
0=0.75 yv=15 25 2.0 3.5 5.0 6.0 13.0 12.0 11.0 10.0 15.0 3.5 8.0 16.0 1.0 7.0 14.0 9.0
100 3.0 11.0 10.0 5.5 13.0 14.0 2.0 5.5 15.0 4.0 9.0 16.0 1.0 8.0 12.0 7.0
200 6.0 5.0 11.0 3.0 13.0 14.0 2.0 8.0 15.0 4.0 10.0 16.0 1.0 9.0 12.0 7.0
350 4.0 3.0 10.5 2.0 14.0 13.0 5.0 7.0 15.0 6.0 12.0 16.0 1.0 8.0 9.0 10.5
450 3.0 7.0 10.0 2.0 12.0 11.0 4.0 5.5 15.0 5.5 9.0 16.0 1.0 13.0 8.0 14.0
600 3.0 4.0 12.0 2.0 11.0 13.0 6.0 7.0 14.0 8.0 10.0 16.0 1.0 15.0 5.0 9.0
=05, v=1.0 25 6.5 2.0 11.0 12.0 13.0 14.0 4.0 9.0 15.0 3.0 6.5 16.0 1.0 10.0 8.0 5.0
100 4.0 8.0 9.0 3.0 11.0 15.0 2.0 6.0 14.0 5.0 13.0 16.0 1.0 7.0 12.0 10.0
200 4.0 6.0 8.0 3.0 12.0 14.0 7.0 2.0 15.0 5.0 11.0 16.0 1.0 13.0 9.0 10.0
350 2.0 4.0 8.0 3.0 11.0 13.0 5.0 6.0 12.0 10.0 7.0 16.0 1.0 14.0 9.0 15.0
450 3.0 4.0 7.0 1.0 8.0 14.0 6.0 5.0 12.0 9.0 11.0 16.0 2.0 15.0 10.0 13.0
600 3.0 6.0 8.0 2.0 11.0 13.0 4.0 5.0 12.0 10.0 9.0 16.0 1.0 15.0 7.0 14.0
=10, v=0.5 25 2.0 6.0 7.0 11.0 8.0 12.0 3.0 9.5 13.0 4.0 5.0 14.0 1.0 15.0 9.5 16.0
100 2.0 4.0 11.0 8.0 12.0 10.0 5.5 7.0 14.0 3.0 5.5 16.0 1.0 15.0 9.0 13.0
200 2.0 6.0 12.0 4.5 10.0 13.0 3.0 7.0 15.0 4.5 8.0 16.0 1.0 14.0 10.0 10.0
350 2.0 7.0 13.0 3.0 9.5 11.0 5.5 4.0 15.0 5.5 8.0 16.0 1.0 12.0 9.5 14.0
450 3.0 7.5 11.0 2.0 14.0 10.0 4.5 6.0 15.0 4.5 7.5 16.0 1.0 12.0 9.0 13.0
600 2.0 9.0 14.0 3.0 13.0 11.0 4.0 6.0 15.0 5.0 8.0 16.0 1.0 12.0 7.0 10.0
Z Ranks 98.5 176.0 301.0 133.0 350.5 371.0 133.5 216.5 411.0 165.0 258.0 475.0 31.0 348.0 287.0 325.0
Overall Rank 2 6 10 3 13 14 4 7 15 5 8 16 1 12 9 11

6. Real Data Analysis

To demonstrate the effectiveness of the proposed model, we have utilized two real-world data sets from
reliability engineering. The subsequent evaluation, application, and analysis of our model are detailed

below.

We selected several existing models that share similar characteristics and use Topp-Leone and half-
logistic (HL) base functions to compare our model. The models chosen for this comparison include:

e Type II Topp Leone half logistic (T7;TLH L) distribution defined by [11].

e The exponentiated generalized standard HLD (EGSHLD), developed by Cordeiro et al. [18].

e The exponentiated HLD (EHL), proposed by Seo and Kang [19].

e Topp Leone Frechet (TLF) distribution defined by [20].
e The Type-II half logistic Weibull distribution (HLWD), created by Hassan et al. [21].

e The PHLD, developed by Krishnarani [22].

e The Poisson generalized HLD (PGHLD), introduced by Muhammad and Liu [23].

These models were selected for their relevance and compatibility with the HLD base function framework,
providing a robust basis for comparison with our proposed model.

First data:

A complete set of skewed-to-right data contains the 50 items put into use at t = 0 (time=t) and failure

times in weeks [24] are given:

1.578, 1.582, 1.858, 2.595, 2.710, 2.899, 2.940, 3.087, 3.669, 3.848, 4.740, 4.848, 5.170, 5.783, 5.866, 5.872,
6.152, 6.406, 6.839, 7.042, 7.187, 7.262, 7.466, 7.479, 7.481, 8.292, 8.443, 8.475, 8.587, 9.053, 9.172, 9.229,
9.352, 10.046, 11.182,11.270, 11.490, 11.623, 11.848, 12.695, 14.369, 14.812, 15.662, 16.296, 16.410, 17.181,

17.675, 19.742, 29.022, 29.047

We applied basic exploratory data analysis techniques to examine the dataset under study, with the
results displayed in Figure 9. The left side shows a box plot, while the right side presents a total-time-
on-test (TTT) plot. From the box plot, we observed that the data are skewed right. To understand the
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Figure 9: Box and TTT plots of first data

nature of the hazard function, we used the TTT plot as described by Aarset [25]. The TTT plot reveals
a concave curve, indicating that the hazard function is increasing.

Table 10: MLEs with their SE of the first data

Model parameter SE parameter SE parameter SE
ET TLHL(S,7) 0.7073 0.4975 0.2689 0.1232 - -
TTLHL(9) 0.1263 0.0179 - - - -
EGSHL(p,9) 0.1856 0.0284 2.2517 0.4861 - -
EHL(), 6) 0.2155 0.0282 1.9810 0.4146 - -
PGHL(S, 6, \) 0.0786 0.0421 1.9147 0.3373 6.5895 4.2551
TLF(6,9) 17.8838  3.0508 0.7910 0.0635 - -
HLW(\, 6, 0) 0.0609 0.1177 1.2769 0.5711 1.9682 1.5795
PHL(B, 0) 0.0587 0.0248 1.3796 0.1534 - -

Table 11: Model adequacy and goodness of fit test statistics for the first data

Models 2logL AIC BIC CAIC HQIC KS p(KS) CVM p(CVM) AD _ p(AD)
ET;TLHL 3042370 308.2370 312.0611  308.4819  309.6932 0.0633 0.9807 0.0300 _ 0.9773 _ 0.2148  0.9858
TTLHL 310.7232 3127232 314.6352 312.8032 313.4513 0.1666 0.1109 0.2813  0.1527  1.5198  0.1719
EGSHL 304.2670  308.4067 312.8911  308.5119  309.8233  0.0702 0.9516 0.0355  0.9564  0.2490  0.9709
EHL 304.4564  308.4564  312.2804 308.7013  309.9126  0.0720 0.9410  0.0306  0.9752  0.2368  0.9769
PGHL 304.7506  310.7506  316.4867 311.2506 312.9349  0.0690 0.9579  0.0288  0.9808  0.2146  0.9859
TLF 315.0641  319.0641  322.8882  319.3090  320.5203 0.1489  0.1967  0.2276  0.2201  1.3481  0.2172
HLW 304.0419  310.0419 3157779  310.5419  312.2262 0.0665 0.9693  0.0333  0.9653  0.2419  0.9744
PHL 307.2536  311.2536  315.0776  311.4985 312.7098 0.0943 0.7304 0.0570  0.8352  0.4197  0.8283

Second data:
The following skewed to the right, a dataset presents the time between failures for repairable item
1.43, 0.11, 0.71, 0.77, 2.63, 1.49, 3.46, 2.46, 0.59, 0.74, 1.23, 0.94, 4.36, 0.40, 1.74, 4.73, 2.23, 0.45, 0.70,
1.06, 1.46, 0.30, 1.82, 2.37, 0.63, 1.23, 1.24, 1.97, 1.86, 1.17
Similarly, the results are presented in Figure 12 for the second dataset. A box plot is displayed on the
left, and a TTT plot is shown on the right. The box plot indicates that the data are right-skewed. The
TTT plot also shows a convex curve, indicating that the distribution of the data points has an increasing
hazard function.

The parameters (0,7) of the proposed distribution are estimated using the ML method, implemented
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Figure 10: PDF plots of the models under comparison and CDF of ET;TLHLD for the first data
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Figure 12: Box and TTT plots of second data
Table 12: MLEs with their SE of the second data

Model parameter SE parameter SE parameter SE

ET;/TLHL(S,7) 0.3669 0.3073 2.5377 1.5463 - -

TTLHL(S) 1.4617 0.2669 — - — -

EGSHL(, ¢) 1.1795 0.2552 1.5614 0.4095 - -

EHL(), 0) 1.1516 0.2041 1.5601 0.3997 - -

PGHL(S,0,)\) 0.3204 0.7997 1.5787 0.5350 8.3332 24.7711

TLF(0,9) 1.4990 0.3091 0.7966 0.1063 - -

HLW (), 6,96) 0.4271 0.5437 1.3906 0.7733 1.3781 1.2515

PHL(S,6) 0.7623 0.1670 1.2368 0.1802 - -

Table 13: Model adequacy and goodness of fit test statistics for the second data

Models “2logL AIC BIC CAIC ___HQIC KS p(KS) CVM p(CVM) AD _ p(AD)
ET;TLHL 79.2242 83.2242 86.0266 83.6380 84.1207 _0.0700 0.9985 0.0166 _ 0.9993 _ 0.1245 _ 0.9998
TTLHL 81.4030 83.4030 84.8042 83.5364 83.8513 0.1427 0.5744 0.1019  0.5784  0.6792  0.5751
EGSHL 79.5580  83.5589  86.3613  83.9727 84.4554 0.0782  0.9930  0.0226  0.9947  0.1700  0.9966
EHL 79.5062  83.5062  86.3086  83.9200 84.4027 0.0784  0.9928 0.0210  0.9966  0.1619  0.9976
PGHL 79.6249  85.6249  89.8285  86.4820 86.9696 0.0713  0.998  0.0194  0.9979  0.1484  0.9988
TLF 88.0817 92.0817 94.8841 92.4955 92.9782 0.1320 0.6731 0.1207  0.4949  0.8077 0.4744
HLW 79.2804  85.1194  89.3230  85.9765 86.4641 0.0769  0.9913  0.0169  0.9903  0.1296  0.9906
PHL 80.4345 84.4345 87.2369 84.8483 85.3310 0.0793  0.9916 0.0309  0.9750  0.2434  0.9737
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Figure 13: PDF plots of the models under comparison and CDF ET;;TLHLD of the second data
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through the ‘maxLik‘ package as described by Henningsen and Toomet [26]. This estimation is performed
using R programming software [27], with further details available in Peng [28]. Additionally, the afore-
mentioned candidate distributions and the ET;;TLHLD are fitted to the datasets under study. The
MLEs and their corresponding standard errors (SEs) are calculated, with the results presented in Tables
10 and 12, respectively.

Model Selection

To determine the best model among the candidates, we used several standard criteria: log-likelihood
(—2log L), Akaike’s information criterion (AIC), Bayesian information criterion (BIC), corrected AIC
(CAIC), Hannan-Quinn information criterion (HQIC) and goodness-of-fit test statistics, including Kolmogorov-
Smirnov (KS) test, AD test, and CVM test. The corresponding p-values for these tests are denoted
as p(KS), p(AD), and p(CV M), respectively. The best model is identified by the smallest values of
(=2log L), AIC, BIC, CAIC, HQIC, KS, AD, and CVM, and the largest p-values, as recommended by
Burnham and Anderson [29].

The results in Tables 11 and 13 show that the proposed ET;;T LH LD outperforms the other candidate
models. This conclusion is further supported by the graphical representations of the fitted PDF and CDF
shown in Figures 10 and 13, where the ET ;T LHLD provides the best fit for the data. Additionally,
we have displayed the probability-probability (PP) plots of all models under study in Figures 11 and 14,
respectively, for both data sets. It is observed that the proposed model yields better fits.

To evaluate the validity of the model, we have calculated the KS distances are 0.0635 and 0.1020
between the fitted distribution function and empirical distribution function, and its corresponding p —
values are 0.7812 and 0.9822, respectively, for both datasets (see other metrics AD and CVM also), using
the parameters estimated by the ML method. These results showed that the ET;TLHLD fits the data
very well.

We calculated the KS distances between the fitted distribution function and the empirical distribution
function for both datasets to evaluate the model’s validity. The KS distances are 0.0635 and 0.1020,
with corresponding p-values of 0.7812 and 0.9822, respectively. These calculations used the parameters
estimated by the ML method. The results indicate that the ET;;TLH LD model fits the data very well
(see other metrics, AD and CVM, also in Tables 11 and 13).

7. Conclusion

This study successfully extended the Type IT Topp-Leone half-logistic distribution by incorporating a
scale parameter, significantly enhancing its flexibility and applicability for modeling real-world datasets.
The newly introduced extended Type II Topp-Leone half-logistic distribution encompasses a comprehen-
sive set of derived statistical properties, including the hazard function, reliability function, odds function,
quantile function, order statistics, and entropy. This provides a robust theoretical framework that deep-
ens our understanding of this versatile distribution. Our parameter estimation process, which utilizes
16 different strategies and is validated through extensive simulations across varying sample sizes and
metrics, confirms the consistency and accuracy of the estimates. Notably, the Kolmogorov method ex-
celled by producing the most reliable and accurate estimates. The practical utility of the extended model
was demonstrated through its application to two real-life datasets, particularly in analyzing the failure
times of repairable items in reliability engineering. The results highlighted the model’s exceptional per-
formance, as it substantially outperformed existing models in terms of fit. This superior performance
underscores the model’s potential to significantly enhance maintenance scheduling and reliability assess-
ments, offering a powerful and versatile tool for reliability engineers. This study broadens the scope of
statistical modeling in reliability engineering. It paves the way for future research to explore and exploit
the potential of this refined distribution in other complex phenomena across various fields.

Data availability

The corresponding author can provide the datasets created and/or studied during the current work
upon reasonable request.
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