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Qualitative Results for Iterative Fractional Differential Equations with Mixed Boundary
Conditions
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abstract: This paper is about existence and uniqueness results of iterative fractional differential equations
with mixed fractional derivative equipped with integral boundary conditions. We establish an important
equivalence between our problem and a homogeneous integral equation. Using Banach fixed point theorem
and Krasnoselskii fixed point theorem, existence and uniqueness of solutions for our problem are proved.
Further, Various Ulam-Hyers stability results are studied along with examples.
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1. Introduction

Fractional calculus is a branch of Mathematics that deals with the derivative and integral of fractional
orders. It has wide range of applications in various fields like Biology, Bioengineering, Control theory,
Hydrology, Elasticity, Thermodynamics and many more! Readers can refer the books ( [2], [4], [5], [14],
[19]). Different fractional derivatives have been introduced by several mathematicians till date of which
‘Caputo fractional derivative’ and ‘Riemann-Liouville fractional derivative’ are popular ones. In [16],
Khalil introduced a new kind of fractional derivative known as ’conformable fractional derivative.

Researchers have explored different fields of fractional calculus such as integrodifferential equations,
implicit fractional differential equations, fractional differential equations with integral boundary condi-
tions. Further, many researchers also focused on stability analysis of solutions to the fractional differential
equations by studying ‘Ulam-Hyers stability’ which was introduced in the mid of 19th century. It has
become on of the important and popular subject in mathematical analysis.

Fractional differential equations involving left as well as right fractional derivatives has also been a
study of interest for a long time. A lot of recent work deals with the study of mixed fractional derivatives
with integral boundary conditions.

Iterative fractional differential equations have grabbed the attention of many mathematicians. In [11],
Ibrahim R.W. studied iterative fractional differential equations of the type

Dγu(s) = g(s, u(s), u(u(s))).

A study of existence of an infective disease processes is done in [8]. In [9], Ibrahim et. al. studied
initial value problem in iterative fractional differential equations.
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In [18], Ntyous et. al. established existence and uniqueness results for solutions of single and multi-
valued boundary value problems which involves Riemann-Liouville and Caputo fractional derivatives.
Lakoud et.al. studied the existence of solutions for a mixed fractional boundary value problem in which
left Riemann-Liouville and right Caputo fractional derivatives were involved in [17]. Also in [12,13] V.
V. Kharat et. al, authors studied existence of fractional differential equations.

In this article, we investigate existence and uniqueness of solutions for the iterative fractional differ-
ential equation with mixed fractional derivatives namely right conformable fractional derivative and left
Caputo fractional derivative with boundary conditions

Dβ
1−(

CDα
0+x)(t) = f

(
t, x(x(t))

)
(1.1a)

x(0) = γ

∫ 1

0

x(t)dt (1.1b)

CDα
0+x(1) = 0, (1.1c)

where α, β ∈ (0, 1], γ ∈ (0, 1), Dβ
1− denotes the right conformable fractional derivative, CDα

0+ denotes the
left Caputo fractional derivative, x is the unknown function and f : [0, 1]× [0, 1] → [0, 1] is a continuous
function.

2. Preliminaries

In this section, we see some important definitions, lemmas and theorems on fractional calculus.

Definition 2.1 ( [1], [16]) The left conformable fractional derivative starting from a of a function
x : [a,+∞) → R of order 0 < β ≤ 1 is defined by

Dβ
a+x(t) = lim

ϵ→0

x
(
t+ ϵ(t− a)(1−β)

)
− x(t)

ϵ
, ∀ t > 0. (2.1)

If Dβ
a+x(t) exists on (a, b) then Dβ

a+x(a) = limt→a+ x(t).
The right conformable fractional derivative of order 0 < β ≤ 1 terminating at b of x is defined by

Dβ
b−x(t) = − lim

ϵ→0

x
(
t+ ϵ(b− t)(1−β)

)
− x(t)

ϵ
, ∀ t > 0. (2.2)

If Dβ
b−x(t) exists on (a, b) then Dβ

b−x(b) = limt→b− x(t).

Definition 2.2 ( [1], [16]) The left and right conformable fractional integral of a function x of order
0 < β ≤ 1 is defined respectively by

Iβa+x(t) =

∫ t

a

(s− a)β−1x(s)ds (2.3a)

Iβb−x(t) =

∫ b

t

(b− s)β−1x(s)ds (2.3b)

Definition 2.3 ( [14]) The left Caputo fractional derivative of order 0 < α ≤ 1 of an absolutely
continuous function x : [a, b] → R is given by

CDα
a+x(t) =

1

Γ(1− α)

∫ t

a

(t− s)−αx′(s)ds (2.4)

The right Caputo fractional derivative of order 0 < α ≤ 1 terminating at b of x is defined by

CDα
b−x(t) = − 1

Γ(1− α)

∫ b

t

(s− t)−αx′(s)ds (2.5)
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Definition 2.4 ( [14]) The left and right Riemann-Liouville fractional integral of order 0 < α ≤ 1 of
a function x are defined respectively by

Jα
a+x(t) =

1

Γ(α)

∫ t

a

(t− s)α−1x(s)ds (2.6a)

Jα
b−x(t) =

1

Γ(α)

∫ b

t

(s− t)α−1x(s)ds (2.6b)

where Γ(·) is the Euler gamma function.

Lemma 2.1 ( [1], [14], [16])

1. If x is a continuous function on (a, b] then

D
(β)
b−

(
Iβb−x(t)

)
= D

(β)
a+

(
Iβa+x(t)

)
=C Dα

b−

(
Jα
b−x(t)

)
=C Dα

a+

(
Jα
a+

x(t)

)
= x(t) (2.7)

2. If Dβ
a+x,D

β
b−x,

C Dα
a+x,C Dα

b−x are continuous on (a, b) then

Iβa+

(
Dβ

a+x(t)

)
= Jα

a+

(C

Dα
a+x(t)

)
= x(t)− x(a), (2.8a)

Iβb−

(
Dβ

b−x(t)

)
= Jα

b−

(C

Dα
b−x(t)

)
= x(t)− x(b) (2.8b)

3. If x is differentiable on (a, b) then

Dβ
a+x(t) = (t− a)1−βx′(t) (2.9a)

Dβ
b−x(t) = −(b− t)1−βx′(t) (2.9b)

Theorem 2.1 ( [2], [5]) (Contraction Mapping Principle) Let (E, || · ||) be a Banach space, P is a non-
empty closed subset. If T : P → P is a strictly contraction, i.e. if there exists L ∈ (0, 1) such that

||Tx− Ty|| ≤ L||x− y||,∀x, y ∈ P . Then T has a fixed point.

Theorem 2.2 ( [15]) (Kransnoselskii Fixed Point Theorem) Let M be a closed convex and non-empty
subset of a Banach space X. Let T1, T2 be the operators such that

1. T1x+ T2y ∈ M, ∀ x, y ∈ M.

2. T1 is compact and continuous.

3. T2 is a contraction mapping.

Then there exists z ∈ M such that z = T1(z) + T2(z).

3. Main Results

To proceed, we define the following.
Let us denote E = C([0, 1], [0, 1]),

Cα =

{
x ∈ E : |x(t1)− x(t2)| ≤ K|t1 − t2|

}
Cα,r = {x ∈ Cα : ||x|| ≤ r} and

∆ =
1

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β
+

1

α+ 1

]
(3.1)
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Hypotheses:

(H1) There exists a real number L > 0 such that

||f(t, x)− f(t, y)|| ≤ L||x− y||, ∀t ∈ [0, 1], x, y ∈ [0, 1]. (3.2)

(H2) There exists a continuous function µ : [0, 1] → [0, 1] such that

||f(t, x)|| ≤ µ(t),∀(t, x) ∈ [0, 1]× [0, 1]. (3.3)

Lemma 3.1 ( [6]) Let α, β ∈ (0, 1] and γ ∈ (0, 1), f : [0, 1]× [0, 1] → [0, 1] be continuous function. Then
x ∈ E is a solution of (1.1a)-(1.1c) iff x ∈ E satisfies

x(t) =

∫ 1

0

G(t, s)f
(
s, x(x(s))

)
ds (3.4)

where

G(t, s) =



[
γ

(1− γ)(α+ 1)

(
1− (1− s)α+1

)
+ tα − (t− s)α

]
(1− s)β−1

Γ(α+ 1)
if 0 ≤ s ≤ t ≤ 1

[
γ

(1− γ)(α+ 1)

(
1− (1− s)α+1

)
+ tα

]
(1− s)β−1

Γ(α+ 1)
if 0 ≤ s ≤ t ≤ 1

(3.5)

Theorem 3.1 Let α, β ∈ (0, 1] and γ ∈ (0, 1), f : [0, 1] × [0, 1] → [0, 1] be continuous function. Then
x ∈ E is a solution of (1.1a)-(1.1c) iff x ∈ E satisfies

x(t) =
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f
(
s, x(x(s))

)
ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f
(
s, x(x(s))

)
ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f
(
s, x(x(s))

)
ds (3.6)

Proof Using the Lemma 3.1, rewriting the solution, we get the result.

Theorem 3.2 Assume that f ∈ C([0, 1], [0, 1]) is continuous and satisfies (H1) with L <
1

∆(K̄ + 1)
.

Then the BVP (1.1a)-(1.1c) has a unique solution.

Proof Let M = supt∈[0,1] |f(t, 0)|, choose r ≥ M∆

1− L∆
. Define T : Cα,r → Cα,r given by

(Tx)(t) =
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds (3.7)
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Consider

||(Tx)(t)|| ≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
||
[
f
(
s, x(x(s))

)
− f(s, 0)

]
+ f(s, 0)||ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1||
[
f
(
s, x(x(s))

)
− f(s, 0)

]
+ f(s, 0)||ds

+
1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1||
[
f
(
s, x(x(s))

)
− f(s, 0)

]
+ f(s, 0)||ds

≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
||x(s)||ds

+
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
||f(s, 0)||ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1||f
(
s, x(x(s))

)
− f(s, 0)||ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1||f(s, 0)||ds

+
1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1||f
(
s, x(x(s))

)
− f(s, 0)||ds

+
1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1||f(s, 0)||ds

≤ Lr +M

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β
+

1

α+ 1

]
≤ (Lr +M)∆

≤ r,

where ∆ is given by (3.1) and r ≥ M∆

1− L∆
. This proves that (Tx) ∈ Cα,r. Consider

||Tx− Ty|| ≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
|f
(
s, x(x(s))

)
− f

(
s, y(y(s))

)
|ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1|f
(
s, x(x(s))

)
− f

(
s, y(y(s))

)
|ds

+
1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1|f
(
s, x(x(s))

)
− f

(
s, y(y(s))

)
|ds

≤ Lγ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
|x(x(s))− y(y(s))|ds

+
L

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1|x(x(s))− y(y(s))|ds

+
L

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1|x(x(s))− y(y(s))|ds
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by using (H1)

||Tx− Ty|| ≤ Lγ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
|x(x(s))− x(y(s)) + x(y(s))− y(y(s))|ds

+
L

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1|x(x(s))− x(y(s)) + x(y(s))− y(y(s))|ds

+
L

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1|x(x(s))− x(y(s)) + x(y(s))− y(y(s))|ds

≤ L

(
k

Γ(α+ 1)
+ 1

)
∆||x− y||

≤ L(K̄ + 1)∆||x− y||,

where K̄ = max
K

Γ(α+ 1)
. As L <

1

∆(K̄ + 1)
, we can see that T is a contraction. Thus, by Banach

fixed point theorem, the operator defined by (3.7) has unique solution.

Theorem 3.3 Let f ∈ C([0, 1] × [0, 1], [0, 1]) be a jointly continuous function mapping bounded sets of
[0, 1]× [0, 1] to [0, 1] and the assumptions (H1),(H2) hold with

P =
L(K̄ + 1)

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β

]
< 1 (3.8)

then, the BVP (1.1a)-(1.1c) has at least one solution on [0, 1].

Proof Define Br̄ = {x ∈ Cα,r : ||x|| ≤ r̄} and supt∈[0,1] |µ(t)| = ||µ|| and fix

r̄ ≥ ||µ||
Γ(α+ 1)

[1 + (1− γ)(α+ 1) + β(1− γ)

(1− γ)β(α+ 1)

]
(3.9)

Define operators T1, T2 on Br̄ by

(T1x)(t) = − 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds (3.10)

(T2x)(t) =
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds (3.11)

Claim 1: T (Br̄) ⊂ Br̄. For x, y ∈ Br̄, consider

||T1x+ T2y|| ≤
∣∣∣− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds

+
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds
∣∣∣

≤ ||µ||
[ 1

Γ(α+ 1)

∫ t

0

(t− s)αds

+
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
ds+

1

Γ(α+ 1)

∫ 1

0

(1− s)β−1ds
]

≤ ||µ||
{ 1

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β
+

1

α+ 1

]}
≤ r̄.



Qualitative Results for Iterative Fractional Differential... 7

Hence, T1x+ T2y ∈ Br̄.
Claim 2: The hypothesis (H1) and (3.8) that T2 is a contraction mapping. For∣∣∣(T2x)(t)− (T2y)(t)

∣∣∣ ≤ ∣∣∣ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β]f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds

−
[

γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β]f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

]∣∣∣
≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β]∣∣∣f (s, x(x(s)))− f (s, y(y(s)))

∣∣∣ds
+

1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1
∣∣∣f (s, x(x(s)))− f (s, y(y(s)))

∣∣∣ds
||T2(x)− T2(y)|| ≤

L(K̄ + 1)

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β

]
||x− y||

≤ P ||x− y||
where P is given by (3.8).

Also, f is continuous so is T1. Further, T1 is uniformly bounded on Br̄ since

||T1x|| ≤ ||µ|| 1

Γ(α+ 1)
(3.12)

Claim 3: T1 is compact. For t1, t2 ∈ [0, 1] with t2 > t1 and x ∈ Br̄. Consider

||(T1x)(t2)− (T1x)(t1)|| =
∣∣∣∣∣∣∣∣− 1

Γ(α+ 1)

∫ t2

0

(t2 − s)α(1− s)β−1f (s, x(x(s))) ds

−
(
− 1

Γ(α+ 1)

∫ t1

0

(t1 − s)α(1− s)β−1f (s, x(x(s))) ds

)∣∣∣∣∣∣∣∣
≤ ||µ||

Γ(α+ 1)

∣∣∣∣ ∫ t2

0

(t2 − s)αds−
∫ t1

0

(t1 − s)αds

∣∣∣∣
≤ ||µ||

Γ(α+ 1)

∣∣∣∣ ∫ t1

0

(
(t2 − s)α − (t1 − s)α

)
ds+

∫ t2

t1

(t2 − s)αds

∣∣∣∣
≤ ||µ||

Γ(α+ 1)

∣∣2(t2 − t1)
α + tα1 − tα1

∣∣
which is independent of x. Hence, T1 is equicontinuous. As f maps bounded subsets into relatively
compact subsets,i.e. T1(B)(t) is relatively compact subset of E for every t for every bounded subset B
of Cα. Hence, T1 is relatively compact on Br̄. Hence, all assumptions of the Kransnoseleskii theorem are
satisfied, hence, the BVP (1.1a)-(1.1c) has at least one solution.

4. Stability Results

4.1. Definitions

Let ϵ > 0 be a positive real number, f : [0, 1] × [0, 1] → [0, 1] and φ : [0, 1] → R+be a continuous
function. For the BVP (1.1a)-(1.1c), we concentrate on the following inequalities.∣∣Dβ

1−(
CDα

0+y)(t)− f(t, y(y(t)))
∣∣ ≤ ϵ, t ∈ [0, 1] (4.1)∣∣Dβ

1−(
CDα

0+y)(t)− f(t, y(y(t)))
∣∣ ≤ φ(t), t ∈ [0, 1] (4.2)∣∣Dβ

1−(
CDα

0+y)(t)− f(t, y(y(t)))
∣∣ < ϵφ(t), t ∈ [0, 1] (4.3)
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Definition 4.1 ( [20], [22]) The BVP (1.1a)-(1.1c) is Ulam-Hyers stable if there exist constants λ > 0
such that for each ϵ > 0 and for each solution y ∈ E of the inequality (4.1), there exists a solution
x ∈ E of the BVP (1.1a)-(1.1c) such that

|y(t)− x(t)| ≤ λϵ, t ∈ [0, 1].

Definition 4.2 ( [20], [22]) The BVP (1.1a)-(1.1c) is generalized Ulam-Hyers stable if there exists
θ ∈ C(R+,R+), θ(0) = 0 such that for each ϵ > 0 and for each solution y ∈ E of the inequality (4.1),
there exists a solution x ∈ E of the BVP (1.1a)-(1.1c) such that

|y(t)− x(t)| ≤ θ(ϵ), t ∈ [0, 1].

Definition 4.3 ( [20], [22]) The BVP (1.1a)-(1.1c) is Ulam-Hyers-Rassias stable with respect to φ if
there exists a real number c > 0 for each ϵ > 0 and for each solution y ∈ E of the inequality (4.2),
there exists a solution x ∈ E of the BVP (1.1a)-(1.1c) such that

|y(t)− x(t)| ≤ cϵφ(t), t ∈ [0, 1].

Definition 4.4 ( [20], [22]) The BVP (1.1a)-(1.1c) is generalized Ulam-Hyers-Rassias stable with re-
spect to φ if there exists a real number c > 0 such that for each solution y ∈ E of the inequality
(4.2), there exists a solution x ∈ E of the BVP (1.1a)-(1.1c) such that

|y(t)− x(t)| ≤ cφ(t), t ∈ [0, 1].

Remark( [22])

1. Definition (4.1) ⇒ Definition (4.2).

2. Definition (4.3) ⇒ Definition (4.4).

Remark( [20], [22])

1. A function y ∈ E is a solution of inequality (4.1) if and only if there exists a function w ∈
C([0, 1],R+) such that

(a) |w(t)| ≤ ϵ, t ∈ [0, 1].

(b) Dβ
1−(

CDα
0+y)(t) = f(t, y(y(t))) + w(t), t ∈ [0, 1].

2. Also a function y ∈ E is a solution of the inequality (4.2) iff there exists h ∈ C([0, 1],R+) such that

(a) |h(t)| ≤ ϵφ(t), t ∈ [0, 1],

(b) Dβ
1−(

CDα
0+y)(t) = f(t, y(y(t))) + h(t), t ∈ [0, 1].

3. For, (4.3), there exists a function Φ ∈ C([0, 1],R+) such that

(a) |Φ(t)| ≤ ϵφ(t), t ∈ [0, 1],

(b) Dβ
1−(

CDα
0+y)(t) = f(t, y(y(t))) + Φ(t), t ∈ [0, 1].

4.2. Ulam-Hyers Stability

In this part, we present our next result about Ulam-Hyers stability for the given BVP (1.1a)-(1.1c).

Theorem 4.1 Suppose f : [0, 1] × [0, 1] → [0, 1] is continuous and satisfying (H1) and L <
1

∆(K̄ + 1)
.

Then

1. The BVP (1.1a)-(1.1c) is Ulam-Hyers stable and consequently generalized Ulam-Hyers stable.

2. If φ : [0, 1] → [0, 1] is differentiable and increasing function such that φ(0) ̸= 0, then the BVP
(1.1a)-(1.1c) is Ulam-Hyers-Rassias stable and generalized Ulam-Hyers-Rassias stable.
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Proof (i) Let y ∈ E be any solution of the inequality (4.1), then by Remark 4.1, we have

Dβ
1−(

CDα
0+y)(t) = f(t, y(y(t))) + w(t) Then

y(t) =
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

+
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
w(s)ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1w(s)ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1w(s)ds

∣∣∣∣y(t)−{
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

}∣∣∣∣
=

∣∣∣∣ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
w(s)ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1w(s)ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1w(s)ds

∣∣∣∣
≤ ∆ϵ (4.4)
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Let x ∈ E be a solution of the BVP (1.1a)-(1.1c). Then we get

|y(t)− x(t)| =
∣∣∣∣y(t)−{

γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds

}∣∣∣∣
≤

∣∣∣∣y(t)−{
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

}∣∣∣∣
+

∣∣∣∣ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

−
{

γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds

}∣∣∣∣
≤ ∆ϵ+ L(K̄ + 1)∆||y − x||

From equation (3.1) and (4.3),

||y − x|| ≤ ∆ϵ+ L(K̄ + 1)∆|y − x|,

which implies that ||y − x|| ≤ ∆

[1− L∆(K̄ + 1)]
ϵ where λ =

∆

[1− L∆(K̄ + 1)]
ϵ > 0. Therefore, the

problem (1.1a)-(1.1c) is Ulam-Hyers stable. Further, let us set θ(ϵ) = λϵ, then the BVP (1.1a)-(1.1c) is
generalized Ulam-Hyers-stable.
(ii) Let y ∈ E be the solution of the inequality (4.2), then by Remark 4.1, we have

Dβ
1−(

CDα
0+y)(t) = f(t, y(y(t))) + Φ(t), t ∈ [0, 1]

Using Theorem 3.1, we get
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y(t) =
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

+
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
Φ(s)ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1Φ(s)ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1Φ(s)ds

(4.5)

∣∣∣∣y(t)−{
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

}∣∣∣∣
=

∣∣∣∣ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
Φ(s)ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1Φ(s)ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1Φ(s)ds

∣∣∣∣
≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]∣∣Φ(s)∣∣ds
+

1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1
∣∣Φ(s)∣∣ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1
∣∣Φ(s)∣∣ds

≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
φ(s)ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1φ(s)ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1φ(s)ds (4.6)
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As φ : [0, 1] → [0, 1] is increasing, so In 0 ≤ s ≤ t and hence

s ≤ t ⇒ φ(s) ≤ φ(t)∫ t

0

[
(1− s)β−1 − (1− s)α+β

]
φ(s)

]
ds ≤ φ(t)

∫ t

0

[
(1− s)β−1 − (1− s)α+βds (4.7)∫ t

0

(1− s)β−1φ(s)ds ≤ φ(1)

∫ t

0

(1− s)β−1ds (4.8)

and

s ≤ 1 ⇒ φ(s) ≤ φ(1)∫ 1

t

[
(1− s)β−1 − (1− s)α+β

]
φ(s)ds ≤ φ(1)

∫ t

0

[
(1− s)β−1 − (1− s)α+βds (4.9)∫ 1

t

(1− s)β−1φ(s)ds ≤ φ(1)

∫ 1

t

(1− s)β−1ds (4.10)

Consider ∣∣∣∣y(t)−{
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

}∣∣∣∣
≤ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]∣∣Φ(s)∣∣ds
+

1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1
∣∣Φ(s)∣∣ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1
∣∣Φ(s)∣∣ds

≤ ϵ
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
φ(s)ds

+ ϵ
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1φ(s)ds

− ϵ
1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1φ(s)ds

≤ ϵ
γ

(1− γ)Γ(α+ 2)
φ(t)

∫ t

0

[
(1− s)β−1 − (1− s)α+β

]
ds

+ ϵ
γ

(1− γ)Γ(α+ 2)
φ(1)

∫ 1

t

[
(1− s)β−1 − (1− s)α+β

]
ds

+
1

Γ(α+ 1)
ϵφ(t)

∫ t

0

(1− s)β−1ds

+
1

Γ(α+ 1)
ϵφ(1)

∫ 1

t

(1− s)β−1ds

+
1

Γ(α+ 1)
ϵφ(t)

∫ t

0

(t− s)αds

≤ ϵφ(t)
1

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β
+

1

α+ 1

]
+ ϵφ(1)

[
∆− 1

Γ(α+ 2)

]
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Define a function ν : [0, 1] → [0, 1] by

ν(t) = ∆φ(t) + φ(1)

[
∆− 1

Γ(α+ 2)

]
− φ(t)

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
(4.11)

Then, ν′(t) = −ϕ′(t)

[
φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
Since, φ is increasing and differentiable, we have ν′(t) ≤ 0.

Also, ν(0) = 0. Then for any solution x ∈ E of a BVP (1.1a)-(1.1c), then

|y(t)− x(t)| ≤
∣∣∣∣y(t)−{

γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds

}∣∣∣∣
≤

∣∣∣∣y(t)−{
γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

}∣∣∣∣
+

∣∣∣∣ γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, y(y(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, y(y(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, y(y(s))) ds

−
{

γ

(1− γ)Γ(α+ 2)

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
f (s, x(x(s))) ds

+
1

Γ(α+ 1)

∫ 1

0

tα(1− s)β−1f (s, x(x(s))) ds

− 1

Γ(α+ 1)

∫ t

0

(t− s)α(1− s)β−1f (s, x(x(s))) ds

}∣∣∣∣
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|y(t)− x(t)| ≤ ϵ
φ(1)

φ(0)
∆φ(t) +

Lγ

(1− γ)(Γ(α+ 2))

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
|y(y(s))− y(x(s))|ds

+
Lγ

(1− γ)(Γ(α+ 2))

∫ 1

0

[
(1− s)β−1 − (1− s)α+β

]
|y(x(s))− x(x(s))|ds

+
L

Γ(α+ 1)

∫ 1

0

(1− s)β−1|y(y(s))− y(x(s))|ds

+
L

Γ(α+ 1)

∫ 1

0

(1− s)β−1|y(x(s))− x(x(s))|ds

+
L

Γ(α+ 1)

∫ t

0

(t− s)α|y(y(s))− y(x(s))|ds

+
L

Γ(α+ 1)

∫ t

0

(t− s)α|y(x(s))− x(x(s))|ds

≤ ϵφ(t)

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
+ L(K̄ + 1)∆||y − x||

Hence, we get

||y − x|| ≤ ϵφ(t)

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
+ L(K̄ + 1)∆||y − x||

||y − x|| ≤

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
[
1− L(K̄ + 1)∆

] φ(t)

or we can write

||y − x|| ≤ cϵφ(t)

where c =

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
[
1− L(K̄ + 1)∆

] > 0. Hence,the BVP (1.1a)-(1.1c) is Ulam-Hyers-Rassias

stable and consequently generalized Ulam-Hyers-Rassias stable.

5. Examples

Example 5.1 
D

1
2

1−

(C

D
1
2

0+x
)
(t) =

1

7

(
t+ x(x(t))

)
, 0 < t < 1

x(0) =
1

2

∫ 1

0

x(t)dt

CDα
0+x(1) = 0

(5.1)

Solution:
Comparing the given example with (1.1a) we get,

f(t, x(x(t))) =
1

7

(
t+ x(x(t))

)
, α = β = γ =

1

2
.

Let us take x̄ := x(x(t)), ȳ := y(y(t))

|f(t, x̄)− f(t, ȳ)| =
∣∣∣(1

7
(t+ x̄)− 1

7
(t+ ȳ)

)∣∣∣
≤ 1

7
|x̄− ȳ|
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So, the Lipschitz constant L =
1

7
. Also, by using the values of α, β, γ in ∆, we get

∆ =
1

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β
+

1

α+ 1

]
≊ 4.137399

K̄ =
L

Γ(α+ 1)
= 0.16119and(K̄ + 1)∆L = 0.16119× 4.137399× 1

7
= 0.09528 < 1. Hence the BVP (5.1)

has a unique solution. Let y ∈ E be the solution of the inequality∣∣∣D 1
2

1−

(C

D
1
2

0+y
)
(t)− 1

7

(
t+ y(y(t))

)∣∣∣ ≤ ϵ, t ∈ [0, 1]

λ =
∆

[1− L∆(K̄ + 1)]
=

4.137399

1− 0.09528
> 0 Hence, the BVP is Ulam-Hyers stable. Also, let y ∈ E be the

solution of ∣∣∣D 1
2

1−

(C

D
1
2

0+y
)
(t)− 1

7

(
t+ y(y(t))

)∣∣∣ ≤ ϵφ(t), t ∈ [0, 1]

where φ(t) =
t+ 1

t+ 2
which is increasing in [0, 1]. Then

c =

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
[
1− L(K̄ + 1)∆

] > 0. Hence, the BVP (5.1) is Ulam-Hyers-Rassias stable.

Example 5.2 Now we consider another equation
D

1
4

1−

(C

D
1
2

0+x
)
(t) =

(
t+ cos(x(x(t)))

)
t+ 9

, 0 < t < 1

x(0) =
3

4

∫ 1

0

x(t)dt

CDα
0+x(1) = 0

(5.2)

Solution:

Here, f(t, x(x(t))) =

(
t+ cos(x(x(t)))

)
t+ 9

, α =
1

2
, β =

1

2
, γ =

3

4
. Let us take x̄ := x(x(t)), ȳ := y(y(t))

|f(t, x̄)− f(t, ȳ)| =
∣∣∣
(
t+ cos x̄)

)
t+ 9

−

(
t+ cosȳ

)
t+ 9

∣∣∣
≤ 1

9
|x̄− ȳ|

So, the Lipschitz constant L =
1

9
. Also, by using the values of α, β, γ in ∆, we get

∆ =
1

Γ(α+ 1)

[
γ

(1− γ)β(α+ β + 1)
+

1

β
+

1

α+ 1

]
≊ 6.39416

K̄ =
L

Γ(α+ 1)
= 0.281698 and (K̄ + 1)∆L = 1.281698× 6.39416× 1

9
≊ 0.9101598 < 1. Hence the BVP

(5.2) has a unique solution. Let y ∈ E be the solution of the inequality∣∣∣D 1
2

1−

(C

D
1
2

0+y
)
(t)− 1

9

(
t+ cos

(
y(y(t))

))∣∣∣ ≤ ϵ, t ∈ [0, 1]
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Then as λ =
∆

[1− L∆(K̄ + 1)]
=

6.39416

1− 0.9101598
> 0 ,the BVP is Ulam-Hyers stable. Also, let y ∈ E be

the solution of ∣∣∣D 1
2

1−

(C

D
1
2

0+y
)
(t)− 1

9

(
t+ cos

(
y(y(t))

))∣∣∣ ≤ ϵφ(t), t ∈ [0, 1]

where φ(t) =
t2 + 1

2
which is increasing in [0, 1]. Then

c =

[
∆+

φ(1)

φ(0)
∆− φ(1)

φ(0)

1

Γ(α+ 2)

]
[
1− L(K̄ + 1)∆

] =
6.39416

(0.5)[1− 0.9101598]
> 0. Hence, the BVP (5.2) is Ulam-Hyers-

Rassias stable.
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