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Applications of the Neutrosophic Poisson Distribution to Biunivalent Functions Involving
Chebyshev Polynomials and g-Derivative Operator
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ABSTRACT: In this paper, we use the g-derivative operator to present a new subclass of analytic and bi-
univalent functions defined in the open unit disk associated with generalised neutrosophic Poisson distribution
series and Chebyshev polynomials. We obtain the bounds of the initial two coefficients and the Fekete Szego
problem for this class.
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1. Introduction

lem We denote by A the collection of functions, which are analytic in the open unit disk D = {z €
C: |z| < 1} of the form

f(2) :z—l—Zanz”. (1.1)
n=2

which satisfies the normalized condition f(0) = f/(0) —1 = 0. We also denote by S the sub-collection of
the set A consisting of functions which are univalent (one-one) in . The Koebe one-quarter theorem [10]
asserts that the image of D under each univalent function f in S contains a disk of radius 1/4. According
to this, every function f € S has an inverse map f~!, defined by

U fR) =2 {zeD}
and

st =w. {lul <rlfin( =}

where
g(w) = fHw) = w — agw? + (243 — az)w® — (5a3 — 5asas + as)w* + ... (1.2)

A function f € A is said to be bi-univalent in D if both f and its inverse f~! are univalent in D. Let
¥ stand for the class of bi-univalent functions in I given by (1.1). For more basic results one may refer
to [16,2,8,12] and the results by Srivastava et al.[25,26].

With a view to recalling the principle of subordination between analytic functions, let the functions
f and g be analytic in . We say that the function f is subordinate to ¢ if there exists a Schwarz
function w, which is analytic in D with w(0) = 0 and |w(z)| < 1(z € D), such that f(z) = g(w(z)). This
subordination relation is denoted by f(z) < g(z) for z € D.

It is well known that, if the function ¢ is univalent in D, then (see [18])

f(2) < g(z) <= [(0) = g(0) and f(D) C g(D).

2020 Mathematics Subject Classification: 30C50, 30C45.
Submitted October 13, 2025. Published June 05, 2026.

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.79510

2 NANDINI P. ET AL.

For ¢ € (0,1), the Jackson g-derivative of a function f € A is given by (see [14,15])

J(2)f(a2) 0
D)= e Jor 27 (1)
1/(0) for z=0.
From (1.3), we have
(o)
D,f(z)=1+ Z[n]qanzn_l, (1.4)
n=2
1—q" _
where [n], = e If ¢ —» 17, then [n], — n.

In this paper, we used Chebyshev polynomials and it play a considerable role in numerical analysis.
We know that the Chebyshev polynomials are four kinds. The most of books and research articles
related to specific orthogonal polynomials of Chebyshev family contain essentially results of Chebyshev
polynomials of first and second kinds T, (t) and U, (¢) and their numerous uses in different applications,
see [9,11,17,20]. The Chebyshev polynomials of the first and second kinds are orthogonal for ¢ € [—1, 1]
and defined as follows:

Definition 1.1 The Chebyshev polynomials of the first kind are defined by the following recurrence
relation:

To(t) =1, Ti(t) =t,
Tot1(t) = 2tT, () — Thmq(2).
The first few of the Chebyshev polynomials of the first kind are
To(t) =2t — 1, Ty(t) =4t> —3t, Ty(t) =8t* -8t +1,... (1.5)

The generating function for the Chebyshev polynomials of the first kind, T, (¢), is given by:

oo

F(z,t) = Z T,(t)z"

n=0

1—tz

:71_2&_’_22 for zeD.

Definition 1.2 The Chebyshev polynomials of the second kind are defined by the following recurrence
relation:
Uo(t) =1, Ui(t) = 2t,

Upi1(t) = 2tU, (1) — Up_1(2).
The first few of the Chebyshev polynomials of the second kind are
Us(t) =4t — 1, Us(t) =8t> —4t, Uy(t) = 16t* — 126> + 1, ... (1.6)
The generating function for the Chebyshev polynomials of the second kind, U, (t), is given by:

1

:71—27524“22 for zeD.

H(z,t) = Z Un(t)z"
n=0

The Chebyshev polynomials of the first and second kinds are connected by the following relations:

dT,(t)
dt

= nUn 1 (t); To(t) = Un(t) — tUn_1(t);  2T(t) = Up(t) — Un_s(t).

A variable z is said to have Poisson distribution if it takes the values 0,1, 2,3, ... with probabilities

—m —m —m
_ e e e
e ™ m—, mi— 3

1 o1 Mg
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respectively, where m is called the parameter. Thus

Pa=r=""5— r=0123....
T

Recently, Porwal [21] introduced a power series whose coefficients are probabilities of Poisson distribution
0 mn—1
K(m,z) =z+nz::2me_mz" for m>0, zeD. (1.7)

We note that, by ratio test, the radius of convergence of the above series is infinity.

The concept of neutrosophic theory was introduced by Smarandache in 1995. This new field of
philosophy is a generalisation of both intrinsic and fuzzy logic. Fuzzy logic is a new branch of philosophy
that provides a new foundation for dealing with issues that have indeterminate data (see [23,1,24,13]
for neutrosophic numbers) and the references therein. The application of neutrosophic crisp sets theory
with the classical probability distributions particularly Poisson distribution, Exponential distribution and
uniform distribution, which opens way for handling problems involving the classical distributions and at
the same time contain data not specified accurately. Neutrosophic Poisson distribution of a discrete
variable X is a classical Poisson distribution of x, but its parameter is imprecise. For example, m can be
set with two or more elements. A variable x is said to be a neutrosophic Poisson distribution if it takes
values 0,1,2,... the probability e=™, mNel;mN ) mi’; "N ... respectively and my is called distribution
parameters which are equal to the expected values and the variance. Hence,

o k=012

That is
NE(xz) =NV (z) =my

and N = d+ I (where d is determinate part and I is an indeterminate part) is a neutrosophic statistical
number (see [23]). Now we modify (1.7) as follows

K(m Z) 2+ i (mN)n_l e~ MmN N (1 8)
N;Z) = T . .
— (n—1)!
We define a linear operator by
0 (m )nfl
Iy f(2) = K(mn,2) * f(2) =z + Z SN emmng 2" for z €D, (1.9)

where * denote the convolution (or Hadamard product) of two series.

This linear operator possesses an elegant structure combining exponential generating functions and
combinatorial coefficients, with the factor e™"~ suggesting a connection to the Poisson distribution. This
form enables the construction of new sub classes of analytic and bi-univalent functions, facilitating the
study of coefficient estimates, growth, and distortion properties. The operator’s formulation allows for
meaningful subordination conditions and links to probabilistic and geometric function theory, thereby
enriching the analytical framework and offering deep insight into the behavior of complex functions.

Motivated by earlier studies on bi-univalent functions[12,22,27] and present investigation of
bi-univalent functions associated with various polynomials and neutrosophic poisson distribution as well
as by many recent works on the Fekete-Szego functional and other coefficient estimates (see [3,19]). In
this work we present and investigate a new subclass Mx(a, B, mp,t,q) of the function class ¥ involving
g-derivative operator related with Neutrosophic-poisson distribution and Chebyshev polynomials.
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Definition 1.3 For 0 < a < 1,0 < g <1 and t € (0,1], a function f € ¥ is said to be in the class
Nu(a, B, mp, t) if it satisfies the subordinations

LSy U ST [ Belny G + Bo(eliny )
e T A TP ) R AT ]* { 0 B 12) + By F(2))

< g = A
and
[0 | w0 O BTy () + B, aw)))
=) P gty 7T ) } [ @ = Bl () 1 BTy ()

1

— =: H(w,t
<1—2tw—|—wz (w;?)

where the function g = f~! is given by (1.2).

The g-analogue to the function class Myx(a, 5, mn,t) is provided in the following manner:

Definition 1.4 For0<a<1,0<3<1,t€(0,1] and 0 < ¢ < 1, a function f € ¥ is said to be in
the class Ns(a, B, mn, t,q) if it satisfies the subordinations

Dy(2Dy(Imy (2))) Dy(Iny /(2)) (1= 8)2Dy(Iny (2)) + B2Dg(2Dy(Imy f(2))
(1) {5 Dylmn f2) T AT ) }”[ (L= B)lmn 1 () + B2y F(2)) }
< H(z,t)
and
1 DDyl 9()) - wDg(Umyg(w)] [(1— B)wDq(lmy g(w)) + B Dq(wDq(Imy ()
(=2 {B Dalmng@) T gw) }“‘{ (1= B) L 9(w) + B D (I g(w)) }

< H(w,t)

where the function g = f~! is given by (1.2).
Using the suitably fixed parameters a and 3, we state the following subclasses :

Definition 1.5 Fora=0,0<3<1,t€(0,1] and 0 < ¢ < 1, a function f € ¥ is said to be in the
class My (8, my, t, q) if it satisfies the subordination

Dq(2Dq(Imy f(2))) 2Dq(Im y £(2)) 1 e
|:6 Dyg(Imy f(2)) +1=p) Iy f(2) :| 1—2tz+22 H(z1)
e Dg(wDg(Imy g(w))) Dy(Im n g(w)) 1
qg\Wlq(Impyn g(w WDy g(w B y
{5 Dq(Imy g(w)) +1=h) Imyg(w) } T merer A

where the function g = f~1 is given by (1.2).

Definition 1.6 Fora=1,0<8<1,,t€(0,1] and 0 < ¢ < 1, a function f € ¥ is said to be in the
class Bx (8, mny,t,q) if it satisfies the subordination

[(1 — B)2Dg(Imy f(2)) + ﬁqu(qu(ImNﬂz)))} 1 e H(=1)
(1= B)Imy £(2) + BzDg(Imy £(2)) 1—2tz422 7
and
[<1 — B)YwDqy(Im y g(w)) + BwDy (quUmNg(w)))} 1 . Hw, 1)
(1 = B)Imy g(w) + BwDy (I g(w)) 1—2twtw2

where the function g = f~! is given by (1.2).
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Definition 1.7 Fora=0or1l,8=0,t€ (0,1] and 0 < ¢ < 1, a function f € ¥ is said to be in the
class Gx(my, t, q) if it satisfies the subordinations

1

2Dg(Imy f(2)) B
{ ;{me(z) 1—2tz+22 H(z,t)
" Dy(Imy g(w)) 1
w my g\w -
[ ;mNg(w) } 1—2tw+w? H(w,t).

where the function g = f~1 is given by (1.2)

Definition 1.8 Fora=0or1l,f=1,¢t€ (0,1] and 0 < ¢ < 1, a function f € ¥ is said to be in the
class Bs(mp,t, q) if it satisfies the subordinations

Dq(2Dg(Imy f(2))) 1 e
|: Dq(Imy f(2)) } = 1— 2tz + 22 =t H(z,1)
" Dyg(wDq(Imy 9(w))) 1
q\WLlg(Impn g(Ww o y
[ Dq(Im  g(w)) } 1—2tw+w? H(w,t)

where the function g = f~! is given by (1.2).

2. Main Results

In this section, we determine the certain coefficient estimates and the Fekete—Szego-type inequalities
for functions in the class Ns(«, 8, mn,t, q).

Theorem 2.1 For0<a<1,0<8<1,t€(0,1] and0< g < 1, let f € Ng(a, B, mn,t,q). Then
2t\/2t

laz| <
\/’{mzNe‘mN (¢ +¢*)[1+B(a+¢*)] — ¢(mn, q)} 4t2 + g?m3 e "N 1+ Bg)?

and
4t 8t?
las| < —5

mie=w (g + @1+ Bla+ )] | mi e g1+ BaP

where
p(mn,q) = qmie™™ (1 —a)[1+ B(¢* +29)] + (e + q)(1 + Bg)°) (2.1)

Proof: Let f € Mx(a, 8, mnt,q). Then there are two analytic functions u,v : D — D such that such
that

— o [ gP2EPaUmy f(2))) o 2DqUmy f(2)) (1 = B)2Dq(Imy f(2)) + BzDq(2DqUmn S _ (0
-y [pPAETL P DD 1 1y 200 oD | MR e o e S | — e
and
_ o [gPa(@wDq(Imy g(w))) _ 3y WPeUmyg)) | [ = BwDg(Imy g(w)) + BwDq(wDq(Imy 9(w)))
e [ 1 5y e | [ et ]
= H(v(w),1),
where the analytic functions u and v are given by
w(z) = urz + ugz? +uzz® + ..., (2.2)
and
v(w) = viw + vow? + vzw? + ..., (2.3)

with (0) = v(0) = 0 and max{|u(z)|, |v(w)|} < 1 for z,w € D.
Or, equivalently, that

Dq(ZDq(InLN f(Z)))
Dq(Imy f(2))

(1-a)|8

+(1-B) ZDq(Ime(Z))} + |:(1 — B)2Dq(Imy f(2)) + B2Dq(2Dq(Imy f(2)))

Iy f(2) (1= B)Imy f(2) + BzDq(Imy f(2)) (2.4)
=1+ Ui (t)u(z) + Uz (t)u?(2) + ...
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Dy(wDy(Imy o)) - wDqy(myg(w)
Dylmng@) T gw) |+

(1 = B)wDg(Imyg(w)) + BwDg(wDq(Im y g(w)))
(1 = B)my g(w) + BwDq(Imy g(w))
=1+ Ui (t)v(w) + Us(t)v?(w) + .(25)

(1-a)|8

From (2.2), (2.3), (2.4), and (2.5), we have

Dy (2Dg(Imy f(2))) zD (Ime(Z))]
1 _ q q 1 _ q
-a) [5 Dyl f(2) TG
o {(1 — B)2Dg(Iny f(2)) + Bqu(qu(Ime(z)))] (2.6)
=14+ Uy (t)urz + [Uy (t)ug + Us(t)ui]2?...
and
DD (I 9(w))) WDy 9w))] . [(L— B)wDq(Imy (1)) + BuDq(wDq(Imy a(w))
=) B D g+ a(w) [+ ( B) Ly 9(w) + B D (I 9(w))

+ Ur (t)yv1w + [Ur (t)va + Us (t)v2]w? + (2:7)

It is well known that, if
max{|u(z)|, [v(w)|} <1, z,weD,

then
lujl <1 and |v;|<1 VjeN (2.8)

Now, by comparing the corresponding coefficients in (2.6) and (2.7) and after some simplification, we get

mye”"Nq[l + Bqlas = Uy (t)uq, (2.9)
2 2
q%e_mN {1+ B¢+ )} [2)qas — qm¥e™ ™~ {(1 — a)(1+ B(¢* + 2q)) + (1 + Bq)* } a3 (2.10)
= Ur(t)ug + Us(t)uf,
—mpye”""Nq[l + Bqlae = U (t)v: (2.11)
qT5te N [L+ Bla + )] [2a(203 - as) - gm¥e™™ N {(1 - a)(1+ Blg* +20)) + a1 + B)*} a3 (2.12)
=U; (t)vg + Uz(t)vf
It follows from (2.9) and (2.11)
Uy = —U1 (213)
and
2my eV (1 + B)*al = (U1 (1)) (uf + o7). (2.14)
If we add (2.10) and (2.12), we get
2 2
2 {”;Ve_"”v [1+B(q +a*)]2)g — miye™™ {(1 = a)[1 + B(¢* +29)] + (1 + Bq)z}} a (2.15)

= U (t)(ug + v) + Uz(t) (uf + v}).

We substitute the value of u? + v? from (2.14) into the right-hand side of (2.15), it reduce the following
relation

2q{;e"”[1+6(q+q N2y —mie™ ™ {1~ @)1+ B(g +2q)]+a<1+5q)2}}<U1<t)>2a2

- 2m?\,e_qu2(1 + Bq)*Us(t)a3 = (U1(t))? (uz + v2),
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it is equivalent to

a; = (1) (2 + v2) (2.16)
2 {75 =N 14 Blg + (2o — mAe R (1 o)L+ B(a® + 20)] + o1+ BaP%) } (U1 (1))

— 2¢2m% e N [1 + Bq]2Ua (1)

From (2.16), we use the relations (1.6) and (2.8) and obtain

2t\/2t

\/Hm;“e”“v (a+a®)1+B(g+¢*)] — e(mn, q)} 442 + g>mF e [1 + ﬁqP‘

las| <

where ¢(my, q) is given by (2.1). Now, we subtract (2.12) from (2.10) and get the following relation

mive™ ™ (g +¢*)[1+ Blg + ¢*)l(as — a3) = Ur()(uz — v2) + Ua(t) (uf — 7). (2.17)
From (2.17), we use the relations that (2.13) and (2.14) and obtain
a5 = Ui (t)(ug — va) (UL(8))*(uf + v})

mie="N (g + @)1+ B(g+¢%)]  mZe™Ng2[1 + Bgl?
Thus by applying (1.6), we obtain

03] < 4t N 8t? .

T mie ™ (g + @)1+ Bg+ )] mZe mNg2[1 + Bg]?

In the next theorem, we present the Fekete-Szegd inequality for the class Ms(a, B, mp, t, q).

Theorem 2.2 For 0 < a<1,0<8<1,t€(0,1],0<g<1and p € R, let f € A be in the class
Ns(a, B,mpy,t,q). Then

2 2 ; lw—1] <R

m

9 LLe”™N (¢+4¢2)[1+8(q+4?))
laz — pa3| < 8t°|u—1| ; lp—1] >N

H@e*mw<q+q2>[1+ﬂ(q+q2>]—so<mw7q)}4t2+q2m%ve*m?v [1+6q2|

where
2
mie "N q®[1+8q)°

2
Y + DN e (g + ¢?)[1+ Blg + )] — p(mn, q)‘

%%6me (¢+¢*)1+B(qg+¢%)]

Proof: It follows from (2.16) and (2.17) that
o Ui (t)(uz — v2) o \2
WIHE = E e Al aar ] T
U1 (1) (u2 — v2)
m2,e~™mN (g + ¢2)[1 + B(q + ¢?)]

(UL()? (u2 + v2) (1 — )
2q {@e—’w [+ B(a + a)][2lg — m3e™™N (1 — )1+ Bla® +20)] + a1 + /3q]2)} (U1 (t))?

— 2¢2m%,e” "N [1 + Bq)2Us(1)

+

- Lo I, t) + —5 ! u3
2 N e=mn (g + ¢2)[1 + B(q + ¢2)]

+ (ﬁw H-— - ) } ,
—Le~™mN (g +¢2)[1 + B(q + ¢?)]
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where

(1 — p)at?

19(:“‘7t) = 2 :
{mTNe’mN (a+¢*»)[1+ B(g+ ¢*)] — p(mn, q)} 482 + g2me "N 1 + )2
Then, in view (1.6), we conclude that
> 2 ; 0< I t)| < o -
T eT™N (44%) [1+B(a+4%)] TR MmN (g+q2)[1+8(a+a2)]
lag — pa3| < 42 ¢ 2
2 2t|9(n, 1); [9(1, )] >+ 2

m

N =™ N (q+¢2)[14+8(q+42)]

Taking ¢ = 1 in Theorem 2.2, we led to the following corollary.

Corollary 2.1 For 0 < a<1,0<8<1,t€(0,1],0<¢<1 and p € R, let f € A be in the class
Ns (o, B,mpy,t,q). Then

2t
‘(13—6l§| < — .

TremmN (g + )1+ (g + ¢?)]

3. Concluding Remarks and Observations

In the present paper, we obtained the upper bounds of initial Taylor coefficients of a new class of

bi-univalent functions connected with the Neutrosophic Poisson distribution and Chebyshev polynomials.
Also, we discussed the Fekete-Szegé inequality. Further, by fixing o =0, a =1, =0, and 8 = 1, we
can state the above results for function classes given by the definitions 1.5, 1.6, 1.7, and 1.8.
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