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1. Introduction

The measurement of the distance between two points is not always exact. During measurement, some
errors may occur. These errors may be slightly positive, slightly negative, or sometimes zero. If error
is zero, then it corresponds to the metric. To account for these, a positive error is subtracted and a
negative error is added during determining the exact value of the distance function. These errors may
play a significant role during measurement.

In order to overcome the difficulty, whenever error is added in metric, Mohamed Jleli and Bessem Samet
[7] gave the notion of a perturbed metric space. Perturbed metric spaces represent a useful and practical
improvement over the metric spaces. The significance of perturbed metric spaces lies across a wide range
of mathematical and applied disciplines.

Even though for small positive errors, the structure of these spaces still retains the properties of metric
spaces. In this way, perturbed metric spaces help to bridge the gap between the mathematical models
and real-world situations, where exact distance are not measurable.

In 2025, Mohamed Jleli and Bessem Samet [7] introduced a more general form of distance function,
known as perturbed metric space as follows :

Definition 1.1. Let D,P : X x X — [0,00) be two given functions. The function D is called a
perturbed metric on X with respect to P, if the function

D—-—P: X xX =R,
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defined by the relation
(D - P)(.’E,y) = D((E,y) - P(l’,y),

for all z,y,z € X, is a exact metric on X, i.e., for all z,y, z € X, it satisfies the following conditions

(i) (D —=P)(z,y) = 0;
(ii) (D — P)(z,y) =0 if and only if z = y;
(iii) (D = P)(z,y) = (D — P)(y,x);
(iv) (D = P)(z,y) < (D = P)(x,2) + (D = P)(2,y)

P is called a perturbing function and D = d + P be an perturbed metric.
The set X endowed with D and perturbed function P denoted by (X, D, P) is known as perturbed metric
spaces.

Notice that a perturbed metric on X is not necessarily a metric on X. But a metric is always perturbed
metric when perturbed error is zero.

Example 1.1. Let D : R xR — [0,00) be the mapping defined by
D(z,y) = |z —y| + 2*y*, for all z,y € R.
Then D is a perturbed metric on R with respect to the perturbed mapping
P:R xR —[0,00)

given by
P(z,y) =a*y", z,ycR.

In this case, the exact metric is the mapping d : R x R — [0, 00) defined by
d(JC,y) = D(I, y) - P(I7y) ) where

d(z,y) = lv—y|, xyeck

Here we note that D is not necessarily a metric, because D(1,1) =1 # 0 as z = y, but D is perturbed
metric on X with respect to perturbed function P.

We now introduce topological structure in perturbed metric space.

The topological structure of the perturbed metric space (X, D, P) corresponds to the balls in metric
spaces and is induced by the exact metric d = D — P. That is, the topology 7p p on X is defined as:

Tp,p =Tq¢ ={U C X | Vz € U, Ir > 0 such that By(z,r) CU},
where the open ball with respect to d is given by:

Ba(z,r) ={y € X | d(z,y) = D(x,y) — P(z,y) <r}.

Definition 1.2. Let (X, D, P) be a perturbed metric space with perturbed function P. A sequence {z,}
in X is said to be

(i) perturbed convergent sequence, if {x,} is convergent in the metric space (X, d), where d = D — P is
the exact metric.
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(ii) perturbed Cauchy sequence, if {x,} is a Cauchy sequence in the metric space (X, d).

A mapping T defined on (X, D, P) is a perturbed continuous mapping, if T is continuous with respect to
the exact metric d.

We recall some elementary properties of perturbed metric spaces [7] .
Proposition 1.1. [7] Let D, P,@ : X x X — [0,00) be three given mappings and a > 0.

(i) If (X, D, P) and (X, D, Q) be two perturbed metric spaces, then (X, D, P%Q) is a perturbed metric
space.

(ii) If (X, D, P) is a perturbed metric space, then (X, aD,aP) is a perturbed metric space.

Here for the convenience of readers, we provide the proof of the proposition 1.1.

Proof.
(i) Since D — P and D — @ are two metrics on X, then

P+Q
2

S0 =P +(D-Q)=D -

is a metric on X, which proves (i).
(ii) Since D — P is a metric on X and « > 0, then
a(D - P)=aD —aP
is a metric on X, which proves (ii).
2. Preliminaries

We first recall some notions of weakly commuting, compatible, and related mappings that are useful in
the development of our main results in perturbed metric spaces.

Definition 2.1. [5] Two self-mappings f and g be of a perturbed metric space (X, D, P) are said to
be weakly commuting if
D(fgz,gfz) < D(gx, fx) for all z € X.

Definition 2.2. [6] Let S and T be two mappings of a perturbed metric space (X, D, P) into itself.
Then S and T are called compatible if and only if

lim D(STz,,TSz,) =0,

n— oo

whenever {x,}2°; is a sequence in X such that

lim Sz, = lim Tz, =t for somet e X.
n—oo n—oo

Example 2.1. [6] Let D:R xR — [0,00) be the mapping defined by
D(x,y) = |z —y| + 2*y*, for all z,y € R.
Then D is a perturbed metric on R with respect to the perturbed function
P:R xR —[0,00)

given by
P(x’ y) = $2y47 ‘T’y € R'
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Let S,7 : X — X be defined by Sz = § and Tz = £, for all x € X, where X = [0,00). Taking the

sequence {z,} as z, = +,n > 0, such that

lim Sx, = lim Tx, =t for somet e X,
n—oo n—oo

then S and T are said to be compatible

lim D(STz,,TSz,) =0.

n— oo

Definition 2.3. [4] A pair of maps A and S is called a weakly compatible pair if they commute at
coincidence points.
Remark 2.1. [6] Weakly compatible maps need not be compatible.

Example 2.2. Let X =[2,20] and D : R x R — [2,20] be the mapping defined by
D(z,y) = |z —y| + 2%y, for all z,y € R.
Then D is a perturbed metric on R with respect to the perturbed function
P:R xR —[2,20]

given by
P(z,y) = 2%*, x,ycR.

Defining S,T : X — X as below:

12, if2<z<5

2 ifzx=20r>5
Sz = pao=sor Te=a—3, ifz>5
6 if2<ax<5. .

x, if x = 2.

The mappings S and T are non-compatible since sequence {z,} defined by
{z,} =5+ (%), n > 1. Then Tx,, — 2, Sz, — 2. But they are weakly compatible since they commute
at coincidence point x = 2. But they are not compatible at that point.

Definition 2.4. [5] A pair of self-mappings (f, g) of a perturbed metric space (X, D, P) is said to be
R-weakly commuting if there exists some R > 0 such that

D(fgx,gfx) < RD(fz,gx), forallx € X.

Definition 2.5. [5] A pair of self-mappings (f,g) of a perturbed metric space (X, D, P) is said to be
(i) R-weakly commuting mappings of type (Ag) if there exists some R > 0 such that

D(gfz, ffz) < RD(fz,gz), forall z e X.

(ii) R-weakly commuting mappings of type (Ay) if there exists some R > 0 such that

D(fgx,g9g9z) < RD(fz,gx), forallx € X.

Definition 2.6. [5] Let (X, D, P) be a perturbed metric space and f,g: X — X be two self-mappings.
The pair (f,g) is said to be R-weakly commuting of type (P), if there exists a constant R > 0 such that

D(ffx,g992) < RD(fx,gx) for allz € X.

Remark 2.2. Now we gave an example which show that R-weakly commuting mappings, R-weakly
commuting of type (Ay), R-weakly commuting of type (Ays), and R-weakly commuting of type (P) are
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independent to each other.

Example 2.3. Let D : R x R — [0,00) be the mapping defined by
D(x,y) = |z — y| + 2*y?, for all z,y € R.
Then D is a perturbed metric on R with respect to the perturbed mapping
P:R xR —[0,00)

given by
P(z,y) =2%*, w,yeR.

Let f,g: X — X defined by fo =z and gx = 22, for all x, where X = [0,1]. Then, by a straightforward
calculation, one can show that for all z € X,

and
D(fg(x),9f(x)) = D(z*,2?)
|£E2 —LE2| +£L’4~£C4 21,8’

D(f(x),9(x)) = D(z,z”)
= |z —2?|+ 2% 2" = |z — 2% + 2°,

D(gf(x), ff(z)) = D(a*,z) = |2* = x| + 2,
D(fg(x),g9(x)) = D(2?,2*) = |2® — 2| + 2* - 2% = |2® — 2| + 22
Therefore, we conclude as follows:
1. The pair (f,g) is R-weakly commuting for all positive real values of R > 1.
2. For R = 2, the pair (f, g) is R-weakly commuting of type (Ay), type (A,), and of type (P).

3. For R = 1, the pair (f,g) is R-weakly commuting and type (Ay), but not of type (P) and type
(Ag)-

Definition 2.7. Two self-maps A and S of a perturbed metric space (X, D, P) are called pointwise
R-weakly commuting on X if for a given = € X there exists R > 0 such that

D(ASz,SAz) < RD(Ax, Sx).

It is to be noted that compatible maps are necessarily pointwise R-weakly commuting in perturbed metric
spaces (X, D, P). Since compatible maps commute at their coincident points, but the converse may not
be true.

Example 2.4. Let X = [2,20] and D : R x R — [2,20] be the mapping defined by
D(z,y) = |z —y| + 2*y*, for all z,y € R.
Then D is a perturbed metric on R with respect to the perturbed function
P:R xR —[2,20]

given by
P(z,y) = 2%*, w,yeR.

Defining S,7 : X — X as below:
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12, if2<z<5

2 ifx=2o0r>5
Sz = 1x or Tr=<x—-3, ifx>5
6 if2<x<5s. )

x, if v = 2.

The mappings S and T are non-compatible since sequence {z,} defined by
{zn} =5+ (%), n> 1. Then Tz, — 2, Sz, — 2. But they are pointwise R— weakly commuting since
they commute at coincidence point x = 2. But they are not compatible at that point.

In 1999, R.P. Pant [10] introduced the notion of reciprocally continuous in metric spaces as follows:
Definition 2.8. Let A and S be mappings from a metric space (X, d) into itself. Then A and S are
said to be reciprocally continuous if

lim ASz, = At and lim SAz, = St,
n—oo

n— oo

whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =t forsometec X.
n— 00 n— oo

Now we use this notion of reciprocally continuous in setting of perturbed metric spaces.
Definition 2.9. Let A and S be mappings from a perturbed metric space (X, D, P) into itself. Then
A and S are said to be reciprocally continuous if

lim ASz, = At and lim SAz, = St,
n—oo

n— oo

whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =t forsometec X.
n— 00 n— oo

Remark 2.3. Continuous mappings are reciprocally continuous on (X, D, P) but the converse may not
be true.

Example 2.4. Let X = [2,20] and D be the perturbed metric on X. Define mappings 4,5 : X — X by
Axr =2 ifx =2, Sr=2 ifx=2,
Axr =3 ifx > 2, Sr=6 ifx>2.

It is noted that A and S are reciprocally continuous mappings but they are not continuous.

Example 2.5. Let X = [4,30] and d be the perturbed metric on X. Define mappings 4,5 : X — X by
Az =2 if z =4, Sx=x ifxz=4,

Ax =5 if z > 4, Sr=10 if x > 4.

Here A and S are reciprocally continuous mappings but A and S are not continuous.

Aamri and El Moutawakil [2] introduced notion property (E.A.) and proved common fixed point theorems
for the property (E.A.) along with weakly compatible maps. A major benefit of property (E.A.) is that
it ensures convergence of desired sequences without completeness. Aamri and Moutawakil [2] introduced
the notion of property (E.A.) as follows:

Definition 2.10. Let S and T be two self-maps in a perturbed metric space (X, D, P). The pair (S,T)
is said to satisfy property (E.A.), if there exists a sequence {x,} in X such that

lim Sx, = lim Tx, =t for sometée X.
n—oo n—oo
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Example 2.6. Let X = [0, +00). Define $,7 : X — X by Tz = g and Sz = %x for all z € X.
1

Consider the sequence x, = —. Clearly,
n

lim Sz, = lim Tz, =0.
n—oo n—oo

Then S and T satisfy property (E.A.).

Example 2.7. Let X = [4,+00). Define S,T: X — X by Tx =z + 2 and Sz = 3z + 2, for all x € X.
Suppose that the property (E.A.) holds. Then, there exists a sequence {z,} in X satisfying

lim Sx, = lim Tx, =z for some z € X.
n—oo n—oo

Therefore 9
lim 2z, =2—2 and lim =z, = z .
n— o0 n— 00 3

Thus, z = 2, which is a contradiction, since 2 ¢ X. Hence S and T do not satisfy property (E.A.).

Notice that weakly compatible and property (E.A.) are independent of each other in perturbed metric
spaces.

Example 2.8. Let X = R* and D be the perturbed metric on X. Define f,g: X — X by

0, ifo<ze<1
= ’ - d = s
f {1, ifr>1lorxz=0 and - go = 2]

the greatest integer less than or equal to z, for all x € X.
Consider a sequence {z,} = {1+ 2}, n >2in (1,2), then we have

lim fx, =1= lim gx,.
n—oo n—oo

Similarly, for the sequence {y,} = {1 — %}, n > 2 in (0, 1), we have
lim fy,=0= lim gy,.
n—oo n—oo

Thus the pair (f,g) satisfies property (E.A.). However, f and g are not weakly compatible as each
u; € (0,1) and us € (1,2) are coincidence points of f and g, where they do not commute. Moreover,
they commute at © = 0,1,2,... but none of these points are coincidence points of f and g.

Thus we can conclude that, property (E.A.) does not imply weak compatibility.
The notion of E.A. property was further generalized by Sintunavarat and Kumam [14] who brought out
the notion of common limit in the range property (CLR property).

Maps f, g over a metric space (X, d) satisfy the common limit in the range of g property (X be any
metric space or perturbed metric space) if

lim fx,, = limgx, = gt for somet e X.
n n

We shall denote the common limit in the range of g property hence onwards by CLRg property.
The implication of the CLR property and E.A. property lies in the fact that:

(a) In both these properties, the hypothesis of continuity of involved maps is relaxed along with re-
laxation of the condition of containment of the range subspace of a map into the range subspaces
of other maps. This relaxation is mostly needed for the construction of joint iterate sequences in
results related to fixed points.

(b) For the E.A. property, the closed range subspace of mapping condition replaces the need for com-
pleteness of space (or range subspaces of involved maps), whereas the CLR property makes it
possible to entirely relax and not replace by any other condition, the need of space completeness
(or that of involved maps’ range subspaces).
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3. Fixed Point Theorems for Non-Compatible Mappings

In this section, we prove a common fixed point theorem for a larger class of mappings, extending the
class of compatible continuous mappings to include non-compatible and discontinuous mappings. This
result generalizes the theorem of Kumar and Chugh [12] in the setting of perturbed metric spaces.

D. Delbosco [3] considered the set S of all real continuous functions g : [0,00)% — [0, 00) satisfying the
following properties :

(i) g(1,1,1) = h < 1.

(ii) If u,v > 0 are such that

u < g(u,v,v) or u<gvuwv) or u<g(wvu), then u<hv.

But later on Constantin [1] considered the family G of all continuous functions g, where
g:[0,00)° = [0, 00)
satisfies the following properties:

(g1) g is non-decreasing in the 4" and 5" variable.
(92) If u,v € [0,00) are such that
u< g(v,v,u,u+v,0) or u<g(v,uv,utv,0) or u<g(v,uv,utv,0) or u<g(v,u,v,0,u+v),
then u < hv where 0 < h < 1 is a given constant.
(93) If u € [0,00) is such that
u<g(u,0,0,u,u) or u<g(0,u,0,uu) or u<g0,0u,u,u),
then u = 0.

Theorem 3.1. [12] Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying the
following conditions:

Let (A, S) and (B,T) be pointwise R— weakly commuting pairs of self mappings of a complete metric
space (X, d) such that

(3.1) A(X)C T(X) and B(X) C S(X),

(3.2) d(Az, By) < g(d(Sz,Ty), d(Az,Sz), d(By,Ty), d(Az,Ty), d(By,Sz)) for all z,y € X, where
g €q.

Suppose that (A4,5) and (B,T) is a compatible pair of reciprocally continuous mappings. Then A, B, S
and T have a unique common fixed point in X.
Now we prove this theorem in the setting of perturbed metric spaces.

Let A, B, S and T be mappings from a perturbed metric space (X, D, P) into itself satisfying the following
conditions:

Let (A,S) and (B, T) be pointwise R— weakly commuting pairs of self mappings of a complete perturbed
metric space (X, D, P) such that

(3.3) A(X)C T(X) and B(X) C S(X),

(3.4) D(Az,By) < g(D(Sz,Ty), D(Az,Sz), D(By,Ty), D(Az,Ty), D(By,Sz)) for all z,y € X,
where g € G.
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Then for an arbitrary point xo in X, by (3.3), we choose a point x; such that Tx; = Axg and for this
point z1, there exists a point z2 in X such that Sxo = Bx; and so on. Continuing in this manner, we
can define a sequence {y,} in X such that

Yon = A.Tzn = T$2n+1 and Yon+1 = Bl‘gn+1 = Sl‘gn+2, n = 0, 1, 2, 3, N (35)

Lemma 3.1. Let A, B, S and T be mappings from a complete perturbed metric space (X, D, P) into
itself satisfying the conditions (3.3) and (3.4). Then the sequence {y,} defined by (3.5) is a Cauchy
sequence in X.
Proof: From (3.4) we have
D(Axan Bm2n+1) S g(D(Sxan Tx2n+1)v D(AxZna S'rQn)v D(B$2n+1a Tx?n-‘rl)v
D(szn, T:Z?gn_;,_l), D(B£E2n+1, S.Iign))

D(yan, y2n+1) < 9(D(Yan—1,Y2n), D2n, Y2n-1)s DY2n+1,Y2n), DY2n, Y2n), D(Yon+1, Y2n—1)-

D(y2n, y2n+1) < 9(D(y2n—1,Y2n), DW2n, Y2n-1)s DY2nt1,Y2n), 0, [D(Y2nt1,Y2n) + D(Y2n, y2n—1)])-

By (g2), we obtain
D(Yan, Yon+1) < h D(Yan—1, Y2n)-

But
D(Yn: yn+1) < hAD(Yn—1,yn) < -+ < K" D(yo, y1),
D(Yn, Ynt1) < " D(yo, y1).
Let d = D — P be the exact metric, we deduce that

d(ynaynJrl) =+ P(ymynJrl) < h”D(yo,:th) ,neN.
Since,
d(yn7 yn+1) < d(yna yn—i-l) + P(yna yn+1)-

Therefore,
d(yn7yn+l) S hnD(yO7y1) , T EN

Moreover, for every integer m > 0, we get

d(ym yn+m) < d(ym ynJrl) + d(yn+17 yn+2) + d(ynerfla yn+m)
< h"D(yo,y1) + K" "' D(yo,y1) + -+ + K" ' D(yo, 1)
=h"D(yo,y1) (L +h+h*+ -+ 0"

h’n
1-h

Therefore {y,} is a Cauchy sequence in metric space (X, d), so {y,} is also a perturbed Cauchy sequence
in the perturbed metric space (X, D, P).

d(ynayn-‘rm) < D(y07y1)- (36)

Taking limit as n — oo, we have d(yn, yn+m) — 0. Therefore, {y,} is a perturbed Cauchy sequence in
(X,D,P).

Theorem 3.2. Let (A,S) and (B,T) be pointwise R-weakly commuting pairs of self mappings of a
complete perturbed metric space (X, D, P) satisfying (3.3) and (3.4).
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Suppose that (A,S) or (B,T) is a compatible pair of reciprocally continuous mappings. Then A, B, S
and T have a unique common fixed point in X.
Proof : By Lemma 3.1, {y,} is a Cauchy sequence in X. Since X is complete, there exists z € X such
that lim, o0 Y = 2.

Then

lim Azg, = lim Txg,11 =2, lim Bxoyy1 = lim Sxg,io = 2.
n—o0 n— o0 n— o0 n—oo

Suppose (A, S) are compatible and reciprocally continuous. Then by reciprocal continuity

lim ASxs, = Az, lim SAx,, = Sz.
n—oo n—oo

Also, by compatibility of A and S, Az = Sz. Since AX C T'X, there exists v € X such that Az = T.
Now
D(Az, Bv) < g(D(Sz,Tv), D(Az, Sz), D(Bv,Tv), D(Az,Tv), D(Bv, Sz))

D(Az, Bv) < g(D(Tv,Tv), D(Sz,Sz), D(Az, Bv), D(Az, Az), D(Az, Bv))

Substituting, we get
D(Az,Bv) < ¢(0,0,D(Az, Bv),0, D(Az, Bv)).

By (g3), we obtain Az = Bu.

Thus Az = Sz =Tv = Bv.

Since A and S are pointwise R-weakly commuting, there exists R > 0 such that D(ASz,SAz) <
RD(Az,Sz) = 0, which implies ASz = SAz and AAz = SAz = SSz. Similarly, B and T are pointwise
R-weakly commuting, so BBv = BTv =TBv=TTv.

From (3.4), we get

D(Az,AAz) = D(AAz, Bv) < g(D(SAz,Tv), D(AAz,SAz), D(Bv, Tv), D(AAz,Tv), D(Bv, SAz)).

D(Az,AAz) < g(D(AAz, Bv),0,0, D(AAz, Bv), D(AAz, Bv)).

By (g3), AAz = Az. Hence Az is a common fixed point of A and S. Similarly, Bv(= Az) is a common
fixed point of B and T
Finally, suppose Az and Aw are distinct common fixed points. Then by (3.4),

D(Az, Aw) = D(AAz, BAw) < g(D(SAz,TAw), D(AAz,SAz), D(BAw,T Aw), D(AAz,TAw), D(BAw, SAz))
= g(D(Az, Aw), D(Az, Az), D(Aw, Aw), D(Az, Aw), D(Aw, Az))
= g(D(Az, Aw), 0, 0, D(Az, Aw), D(Az, Aw)).

By (g3), Az = Aw. Thus the common fixed point is unique. This completes the proof.
The following corollaries follow immediately from Theorem 3.2.
Corollary 3.2.1. Let (A,S5) and (B, T) be pointwise R-weakly commuting pairs of self mappings of a
complete perturbed metric space (X, D, P) satisfying (3.3), (3.4) and

D(Az,By) < hM(z,y), 0<h<1, z,y€X, (3.7)

where
M (z,y) = max{D(Sz,Ty), D(Az, Sx), D(By, Ty), +(D(Az,Ty) + D(By, Sx))}.

Suppose that (A,S) or (B,T) is a compatible pair of reciprocally continuous mappings. Then A, B, S
and T have a unique common fixed point in X.
Proof: We consider the function g : [0,00)°> — [0,00) defined by

g(z1, 2,23, 24, 5) = hmax{z1, T, 3, 3 (x4 + z5)}.

Since g € G, we can apply Theorem 3.2 and deduce the Corollary.
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Example 3.1. Let X = [2,20] and let (X, D, P) be a perturbed metric space defined by
D(z,y) = [z —y[ + ¢(z,y), z,y€X,
where the perturbation function ¢ : X x X — [0, c0) satisfies
¢(z,z) =0 forall z € X.

Define mappings A, B,S,T : X — X by

A(m):{m’ T =2, S(x):{x’ T =2,

3, x>2, 6, x>2,
_o S5 x, T =2,
Bla)={" 70T py={12, 2<z<5,
6, 2<x<b5, 5 wes
r—3, «x .

Then A and S are reciprocally continuous but not continuous at the fixed point = 2. The mappings B
and T are non-compatible but pointwise R-weakly commuting. Thus A, B, S, T satisfy all conditions of
Corollary 3.2.1 with h = % and have a unique common fixed point x = 2.

Corollary 3.2.2 Let (A,S5) and (B, T) be pointwise R-weakly commuting pairs of self mappings of a
complete perturbed metric space (X, D, P) satisfying (3.3), (3.4) and

D(Az, By) < hmax{D(Az, Sz), D(By,Ty), $D(Az, Ty), $ D(By, Sz), D(Sz,Ty)}, (3.8)

for all ,y € X, where 0 < h < 1. Suppose that (A, S) or (B,T) is a compatible pair of reciprocally
continuous mappings. Then A, B, S and T have a unique common fixed point in X.
Proof: We consider the function g : [0,00)% — [0, 00) defined by

9(x1, 02, T3, T4, 05) = hmax{w1, Ta, T3, 54, 325}
Since g € G, we can apply Theorem 3.2 to obtain this corollary.

4. Fixed Point Theorems for Weakly Compatible Mappings

In this section, we prove a common fixed point theorem which extends the class of compatible con-
tinuous mappings to a larger class of weakly compatible mappings without appealing to the continuity of
any map. This result generalizes the theorem of Chugh and Kumar [9] in the setting of perturbed metric
spaces.

Theorem 4.1. [9] Let A, B,S and T be mappings from a complete metric space (X,d) into itself
satisfying the following conditions:

(4.1) A(X) € T(X) and B(X) C S(X),

(4.2) d(Az, By) < ¢(d(Sz,Ty), d(Az,Sz), d(By,Ty), d(Az,Ty), d(By,Sz)) for all z,y € X, where
peF.

(4.3) (A,S) and (B, T) are weakly compatible pairs.

Then A, B, S and T have a unique common fixed point in X.
Now we prove this theorem in the setting of perturbed metric spaces.
Let RT denote the set of non-negative real numbers and F a family of all mappings
¢ : (RT)> — RT such that ¢ is upper semi-continuous, non-decreasing in each coordinate variable and
for any ¢t > 0,
cp(t,t,(),at,()) < Bta @(tata(),()aat) < ﬂta
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where =1 for a =2 and 8 < 1 for a < 2,
V(t) = Sp(ta t7 alta a2t7 Oégt) < ta

where v : RT — R is a mapping and oy + as + a3 = 4.

Lemma 4.1 [13]. For every ¢ > 0, v(t) < t if and only if lim,_,o v"(t) = 0, where 4" denotes the n
times composition of ~.
Let A, B, S and T be mappings from a perturbed metric space (X, D, P) into itself satisfying the following

conditions:
(44) A(X) CcT(X) and B(X) C S(X),

(4.5) D(Az,By) < ¢(D(Sz,Ty), D(Az,Sz), D(By,Ty), D(Az,Ty), D(By,Sz)) for all z,y € X,
where ¢ € F.

Then for arbitrary point xg in X, by (4.4), we choose a point z; such that Tz; = Az and for this
point x1, there exists a point x5 in X such that Szo = Bx; and so on. Continuing in this manner, we
can define a sequence {y,} in X such that

Yon = Axoy = Txopy1 and yopt1 = Bxony1 = Sxonq2, n=0,1,2,3,... (4.6)

Lemma 4.2 lim, o D(yn,Yn+1) = 0, where {y,,} is the sequence in X defined by (4.6).
Proof. Let D,, = D(yn,Yn+1), n =0,1,2,.... Now, we shall prove the sequence {D,,} is non-increasing
in RT, that is, D,, < D,,_1 forn=1,2,3,.... From (4.4), we have
D(Az3y, Bxont1) < @(D(Ston, Toons1), D(Axan, Sx2n), D(Brons1, To2nt1),
D(Azon, Toon41), D(Bxani1, St2n)).

D(Yan,y2nt1) < @(D(Y2n—1,Y2n), DW2n,y2n-1), DW2nt1,Y2n), D(Y2n, y2n),
D(y2n+17y2n—1))
= @(D(yzn—hyzn), D(y2n; y2n—1)7 D(y2n+17y2n)’ 0, [D(y2n+17y2n)
+ D(y2n7y2n71)])
= @(Day—1, Dap—1, D2y, 0, Doy, + Doy _1). (4.7)
Suppose that D,,_; < D, for some n. Then, for some « < 2, D,,_1+D,, = aD,,. Since  is non-increasing
in each variable and § < 1 for some a < 2. From (4.7), we have

-D2n é @(D2n7D2n7D2n707aD2n) S ﬁD2n < D2n'

Similarly, we have D, 11 < Dsny1. Hence, for every n, D, < gD, < D,, which is a contradiction.
Therefore, {D,,} is a non-increasing sequence in R™. Now, again by (4.4), we have

Dy = D(y1,y2) = D(Aza, Bzq) < cp(D(ng,Txl), D(Axzy, Sxs), D(Bx1,Tx1),

D(ASL’Q,TJ]l), D(B.Tl,s.’lfg))

(D(yla y0)7 D(y27y1)a D(yla y0)7 D(y27y0)a D(ylayl))
(D07D17D07D0 +D1>0)
(DOaDOwDO,QDOaDO)
(

In general, we have D,, < ~"(Dy), which implies that, if Dy > 0, by Lemma 4.1,

lim D, < lim y"(Dg) = 0.

n—oo n—oo
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Therefore, we have lim,,_, o, D,, = 0. For Dy = 0, since {D,,} is non-increasing, we have lim,, o, D,, = 0.
This completes the proof.

Lemma 4.3. The sequence {y,} defined by (4.6) is a Cauchy in X.

Proof. Let d = D — P be the exact metric. By definition, if {y,} is a Cauchy sequence in the metric
space (X, d), that is, {y,} is a perturbed Cauchy sequence in the perturbed metric space (X, D, P). So
here we prove sequence {y,} is cauchy sequence in (X, d).

By virtue of Lemma 4.2, it is a Cauchy sequence in X. Suppose that {y2,} is not a Cauchy sequence.
Then there is an € > 0 such that for each even integer 2k, there exist even integers 2m(k) and 2n(k) with
2m(k) > 2n(k) > 2k such that

d(me(k)»y2n(k)) > €. (4.8)
For each even integer 2k, let 2m(k) be the least even integer exceeding 2n(k) satisfying (4.8), that is,
d(Yon(k) Yomk)—2) < € and d(Yan(k), Yomr)) > €. (4.9)

Then for each even integer 2k, we have
e < d(Yan)s Yomk)) < d(Yan)s Yom)—2) + d(Y2m@m) -2 Y2m)—1) + A(Y2me)—1> Y2m(k)) -
By Lemma 4.2 and (4.9), it follows that
d(ygn(k)7y2m(k)) — € as k — oo. (4.10)

By the triangle inequality, we have

|d(Yon (k> Y2mk)—1) — A(Y2n k), Yomk)) | < A(Y2mk)—15 Y2m k)

and
| (Y2n ()15 Y2m)—1) — A(Y2ne)s Y2mr)) | < A(Y2me)—15 Y2m(k)) + A(Y2nk)s Yon(h)+1)-

From Lemma 4.2 and eq. (4.10), as k — oo,
d(Yon(k)s Yomk)—1) = € and d(Yon(k)+1, Yom(k)—1) — €- (4.11)
Therefore, by (4.5) and (4.6), we have

d(Yonk)> Yomr)) < d(Yan(k) Y2nk)+1) + A(Y2n)+15 Yom(k))
d(

= d(Y2n (k) Yon(e)+1) + A(AZ2m (k) BTon(k)+1)
< d(Yan(k)s Yon(r)+1) + <P( (SZ2m)s TZoan(k)+1)
d(Ame(k)v Sme(k))a d(BxQn(k)-i-lv TxZn(k)—i—l),

A(Azam k) TTank)+1)s A(BTan(r)+1, szm(k)))

= d(Yan(k) Y2n(k)+1) + @(d(yzm(k)q,yzn(m), A(Yom (k) Y2m(k)—1)

A(Yan(k)y+15 Y2n(k))s A(Y2mk)> Yank)) s A(Y2n ()15 y2m(k)71)) . (4.12)

Since ¢ is upper semi continuous, as k — oo as in (4.11), by Lemma 4.2, eqs (4.10), (4.11) and (4.12)
we have
e < (g,0,0,e,¢) <v(e) <e

which is a contradiction. Therefore, {y2,} is a Cauchy sequence in (X, d) and so is {y,} is also a Cauchy
sequence in (X, d), that is, {y,} is a perturbed Cauchy sequence in the perturbed metric space (X, D, P).
This completes the proof.



14 KAJAL AND SANJAY KUMAR

Theorem 4.2. Let (4,S5) and (B,T) be weakly compatible pairs of self maps of a complete perturbed
metric space (X, D, P) satisfying (4.4) and (4.5). One of the subspaces A(X), B(X), S(X)
and T'(X) is complete subspace of X. Then A, B, S and T have a unique common fixed point in X.

Proof. By Lemma 4.3, {y,} is a Cauchy sequence in (X, D, P). Since X is complete there exists a
point z in X such that lim, .y, = 2. lim, o AT, = lim, oo TTont1 = 2z and lim, o Broyt1 =
lim,, 00 STonto = z ie.,

lim Azg, = lim Txg,41 = lim Bxopir = lim Szonyo = 2.

Since B(X) C S(X), there exists a point u € X such that z = Su. Then, using (4.5),

D(Au,z) < D(Au, Bxayn—1) + D(Bxan—1,2)
< @(D(Su, Tx2n-1), D(Au, Su), D(Bzon—1,Tx2n-1),
D(Au,Tx2,-1), D(Bxon-_1,Su)).

Taking the limit as n — oo yields

D(Au, z) < gp(O, D(Au, Su), 0, D(Au, z), D(Z,Su))
= (0, D(Au,2), 0, D(Au,z), 0) < 8 D(Au,z),
where 3 < 1. Therefore z = Au = Su.
Since A(X) C T(X), there exists a point v € X such that z = Tw. Then, again using (4.5),
D(z, Bv) = D(Au, Bv) < ¢(D(Su,Tv), D(Au, Su), D(Bv,Tv), D(Au,Tv), D(Bv,Su))
= gp(0,0,D(Bv,z),O,D(Bv,z)) <ttt tt) <t,
where t = D(z, Bv). Therefore z = Bv = Tw. Thus Au = Su = Bv = Tv = z. Since pair of maps A and
S are weakly compatible, then ASu = SAu i.e., Az = Sz. Now we show that z is a fixed point of A. If
Az # z, then by (4.5),
D(Az, z) = D(Az, Bv) < ¢(D(Sz,Tv), D(Az,Sz), D(Bv,Tv), D(Az,Tv), D(Bv, Sz))
= @(D(Az,z), 0,0,D(Az,z), D(Az, z))
o(t, t,t,t,t) <t, wheret= D(Az, z).

IN

Therefore, Az = z. Hence Az = Sz = 2. Similarly, pair of maps B and T are weakly compatible, we
have Bz = Tz = z, since
D(z,Bz) = D(Az, Bz) < ¢(D(Sz,Tz), D(Az,S%), D(Bz,Tz), D(Az,Tz), D(Bz,5z))
= gp(D(z,Tz),O, 0,D(z,Tz), D(z, Sz))
< p(t,t,t,t,t) <t, wheret= D(z,Tz)= D(z,Bz).
Thus z = Az = Bz = Sz = Tz, and z is a common fixed point of A, B, S and T. Finally, in order to
prove the uniqueness of z, suppose that z and w, z # w, are common fixed points of A, B, S and T. Then
by (4.5), we obtain
D(z,w) = D(Az, Bw) < ¢(D(Sz,Tw), D(Az,Sz), D(Bw,Tw), D(Az,Tw), D(Bw,5z))
= ¢(D(z,w),0,0,D(z,w), D(z,w)) < p(t,t,t,t,t) <t, wheret= D(z,w).

Therefore, z = w. The following corollaries follow immediately from Theorem 4.2.

Corollary 4.2.1 Let (A, S) and (B, T) be weakly compatible pairs of self maps of a complete perturbed
metric space (X, D, P) satisfying (4.4), (4.6) and (4.13)

D(Az,By) < hM(z,y), 0<h<1, z,y € X, where
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M(z,y) = max {D(Sx,Ty), D(Az, Sz), D(By,Ty), [D(Az, Ty) + D(By, Sz)] /2}. (4.13)
Then A, B, S and T have a unique common fixed point in X.
Proof. We consider the function ¢ : [0,00)®> — [0, 00) defined by
o(21, 2, 3,24, T5) = hmax{xy, xa, X3, %(374 +x5)}.
Since ¢ € F', we can apply Theorem 4.2 and deduce the Corollary.
Corollary 4.2.2 Let (A, S) and (B, T) be weakly compatible pairs of self maps of a complete perturbed
metric space (X, D, P) satisfying (4.4), (4.6) and (4.14)

D(Ax, By) < hmax{D(Ax, Sz), D(By,Ty), 1D(Az,Ty), 1D(By, Sx), D(Sz,Ty)}

for all z,y in X, where 0 < h < 1.
(4.14)

Then A, B, S and T have a unique common fixed point in X.

Proof. We consider the function ¢ : [0,00)% — [0, 00) defined by
@(w1, T2, T3, 74, 75) = hmax{zy, za, 3, %1‘4, %I5}~

Since p € F', we can apply Theorem 4.2 to obtain this Corollary.

5. Weakly Compatible Mappings and Variants of R— Weakly Commuting Mappings

In this section, we prove common fixed point theorems for a family of self-mappings in the framework
of perturbed metric spaces, using the notions of R-weak commutativity together with mappings of types
(As), (Ag), and P, in combination with weakly compatible mappings.

Theorem 5.1. Let A, B,S and T be mappings from a perturbed metric space (X, D, P) into itself

satisfying the following conditions:

(5.1) A(X)CcT(X) and B(X) C S(X),

(5.2) D(Az,By) < ¢(D(Sz,Ty), D(Az,Sz), D(By,Ty), D(Az,Ty), D(By,Sx)) for all z,y € X,
where ¢ € F.

Let (4, S) and (B,T) be R— weakly commuting pairs of self maps of a complete perturbed metric space
(X, D, P) satisfying (5.1) and (5.2). Assume further that S(X) and T(X) are closed subsets of X. Then
A, B, S and T have a unique common fixed point in X.

Proof. By Lemma 4.3, {y,} is a Cauchy sequence in (X, D, P). Since X is complete there exists a
point z in X such that lim, o ¥, = 2. lim, o0 AT, = lim, oo TTont1 = 2z and lim, o BTopt1 =
lim,, 00 STon4o = z ie.,

lim Azg, = lim Tx9p41 = lim Bxopi1 = lim Szopyo = 2.
n— oo n— oo n— oo n— 00

Since B(X) C S(X), there exists a point 4 € X such that z = Su. Then, using (5.2),
D(Au,z) < D(Au, Bxan—1) + D(Bxan—1,2)
< cp(D(Su,Ta:gn_l), D(Au, Su), D(Bxop—1,TTon—1),
D(Au,Txo,—1), D(B:L’gn_l,Su)).
Taking the limit as n — oo yields
D(Au,z) < ¢(0, D(Au, Su), 0, D(Au, z), D(z,Su))
= gp(O, D(Au, z), 0, D(Au, z), 0) < B8 D(Au, z2),
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where 8 < 1. Therefore z = Au = Su.
Since A(X) C T(X), there exists a point v € X such that z = Tw. Then, again using (5.2),
D(z, Bv) = D(Au, Bv) < ¢(D(Su,Tv), D(Au, Su), D(Bv,Tv), D(Au,Tv), D(Bv,Su))
= gp(0,0,D(Bv,z),O,D(Bv,Z)) <ttt tt) <t

where t = D(z, Bv). Therefore z = Bv = Tw. Thus Au = Su = Bv = Twv = z. Since pair of maps A and
S are R— weakly commuting, then ASu = SAu i.e., Az = Sz. Now we show that z is a fixed point of A.
If Az # z, then by (5.2),

D(Az,z) = D(Az, Bv) < ¢(D(Sz,Tv), D(Az,Sz), D(Bv,Tv), D(Az,Tv), D(Bv, Sz))
@(D(Az,z), 0,0,D(Az,z), D(Az, z))
< p(t,t,t,t,t) <t, wheret= D(Az,z).

Therefore, Az = z. Hence Az = Sz = z. Similarly, pair of maps B and T are R— weakly commuting, we
have Bz = Tz = z, since
D(z,Bz) = D(Az, Bz) < ¢(D(Sz,Tz), D(Az,S%), D(Bz,Tz), D(Az,Tz), D(Bz,5z))
= @(D(z,Tz),O, 0,D(z,Tz),D(z, Sz))
< p(t,t, t, t,t) <t, wheret= D(z,Tz)= D(z,Bz).
Thus z = Az = Bz = Sz = Tz, and z is a common fixed point of A, B, S and T. Finally, in order to
prove the uniqueness of z, suppose that z and w, z # w, are common fixed points of A, B, S and T. Then
by (5.2), we obtain
D(z,w) = D(Az, Bw) < ¢(D(Sz,Tw), D(Az,Sz), D(Bw,Tw), D(Az,Tw), D(Bw,5z))
= ¢(D(2,w),0,0, D(z,w), D(z,w)) < @(t,t,t,t,t) < t, where t = D(z,w).
Therefore, z = w.

Theorem 5.2. Theorem 5.1 remains true if R— weakly commuting property is replaced by any one
(retaining the rest of the hypothesis) of the following:

(a) R-weakly commuting property of type (A,),
(b) R-weakly commuting property of type (Ay),
(¢) R-weakly commuting property of type (P).
6. Weakly Compatible Mappings and Property (E.A.)

In this section, we investigate the existence of common fixed points for weakly compatible mappings
in the setting of perturbed metric spaces. We consider these mappings under the additional assumption
of property (E.A.), which allows us to establish fixed point results without requiring completeness of the
space.

Theorem 6.1. [11] Let A, B, S and T be self-maps of a metric space (X, d) satisfying the following
conditions:

(6.1) A(X) C T(X) and B(X) C S(X).

(6.2) d(Az, By) < ¢{d(Sz,Ty),d(Az, Sz),d(By,Ty),d(Sx, By),d(Az, Ty)}
for all z,y € X, where ¢ : (RT)% — RT is in the class F of all upper semi-continuous mappings,
strictly non-decreasing in each coordinate variable.

(6.3) Pairs (A, S) or (B,T) satisfy property (E.A.).
(6.4) Pairs (A, S) and (B,T) are weakly compatible.
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If the range of one of A, B, S and T is a closed subset of X, then A, B, S and T have a unique common
fixed point in X.

Now we prove fixed point theorems in the setting of perturbed metric space for a pair of weakly compatible
maps and property (E.A.).

Theorem 6.2 Let A, B,S and T be self-maps of a perturbed metric space (X, D, P) satisfying the
following conditions:

(6.5) A(X) C T(X) and B(X) C S(X).

(6.6) D(Ax, By) < ¢{D(Sz,Ty), D(Az, Sz), D(By,Ty), D(Sz, By), D(Az,Ty)}
for all ,y € X, where ¢ : (RT)% — R* is in the class F of all upper semi-continuous mappings,
strictly non-decreasing in each coordinate variable.

(6.7) Pairs (A, S) or (B,T) satisfy property (E.A.).
(6.8) Pairs (A, S) and (B,T) are weakly compatible.

If the range of one of A, B, S and T is a closed subset of X, then A, B,S and T have a unique common
fixed point in X.
Proof: Suppose that (B, T) satisfies the property (E.A.). Then there exists a sequence {z,} in X such
that

lim D(Bzp,z) = lim D(Tz,,z) =0

n—oo n—oo

for some z € X.
Since B(X) C S(X), therefore, there exists a sequence {y,} in X such that

lim D(Bzp,z) = lim D(Tz,,z) =0.

n—oo n—oo

Now we shall show that lim,_, . D(Ay,, z) = 0. We claim that lim,,_, . D(Ayn,,z) =l
From (6.6), we have

D(Ayn; an) < ¢{D(Syna Txn)a D(Ayna Syn)a D(ana Twn)a D(Sy7u B-Tn)a D(Ayna Txn)}
Proceeding limit as n — co, we have
D(l’ Z) S ¢{D(Z7 Z)’ D(l7 Z)’ D(Z7 Z)’ D(Z7 Z)’ D(l7 Z)} = ¢){07 D(l7 Z)? 07 O’ D(l’ Z)} S ¢(t’ t? t? t’ t) < t’

where t = D(l, 2).
Hence, we have [ = z. Therefore, li_>m D(Ayy,,z) =0.

Suppose that S(X) is a closed subset of X. Then z = Su for some u € X. Subsequently, we have

lim D(Ayn,z) = lim D(Bz,,z) = lim D(Tz,,z) = lim D(Sy,,z) =z = Su.

n—oo n—r oo n—oo n—r oo

From (6.6), we have
D(Au, Bz,,) < ¢{D(Su,Txy,), D(Au, Su), D(Bxy, Txy), D(Su, Bxy,), D(Au, Tx,)}.

Letting n — oo, we have Au = Su = z.
Since A(X) C T(X), there exists v € X such that z = Au = Tw.

Now, we claim that z = Tv = Bv. From (6.6), we have
D(Au, Bv) < ¢{D(Su,Tv), D(Au, Su), D(Bv,Tv), D(Su, Bv), D(Au,Tv)}.

Letting n — oo, we have z = Bv. Thus, we have Au = Su=Tv = Bv = z.
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Since the pair (A, S) is weakly compatible, it follows that
ASu = SAu, ie., Az= S5z

From (6.6), we have

D(Az, Bv) < ¢{D(Sz,Tv), D(Az,Sz), D(Bv,Tv), D(Sz, Bv), D(Az,Tv)},

which implies that Az = Sz = 2.
The weak compatibility of B and T implies that BTv = T Buv, i.e., Bz =Tz.
Now we shall show that z is the common fixed point of B. From (6.6), one obtains Bz = z.
Hence Az = Bz = Sz =Tz = z, and therefore z is a common fixed point of A, B, S and T.
Example 6.1. Let X = [0, 2] equipped with the perturbed metric D. Define A, B, S and T by

0, fo<z<1, 0, if0<z<1,
Arx =Tz = Bx = Sz =
1, f1<z<2, 2, fl1<z<2

The mapping ¢ : (R*)®> — RT is defined by

¢($1,$271‘3,$4,x5) =T1.

Then
D(Sz,Ty) < ¢{D(Sz,Ty), D(Az, Sz), D(By,Ty), D(Az,Ty), D(By, Sz)}

for all x,y € X.
Consider z,, = . Then

lim Az, = lim Bz, = lim Tz, = lim Sz, = 0.
n— o0 n—oo n—oo n— oo

Hence, pairs (A,S) and (B,T) satisfy property (E.A.). Also, A(X) = T(X) = {0,1} and B(X) =
S(X) = {0,2} are closed subsets of X. Moreover, pairs (A, S) and (B,T') are weakly compatible. Thus,
all the conditions of the above theorem are satisfied, and 0 is the unique common fixed point of A, B, S
and T.

Corollary 6.2.1. Let A,B,S and T be self-maps of a perturbed metric space (X, D, P) satisfying
(6.5), (6.7), and (6.8), and the following:

D(Az, By) < kmax{D(Sx,Ty), D(Az, Sz), D(By,Ty), D(Sz, By), D(Ax,Ty)} (6.9)

for all z,y € X, where k € (0,1).
If the range of one of A, B, S and T is a closed subset of X, then A, B,S and T have a unique common
fixed point in X.

Proof: Take ¢(z1,x2, x5, 24, T5) = max{wy,Za, T3, L4, 25} in Theorem 6.2.
Example 6.2. Let X = [0, 2] equipped with the perturbed metric D(z,y) = |z — y| + zy with perturbing

function P(z,y) = xy.
Define the self-maps A, B, S and T': X — X by

0, ifz=0, 0, ifz=0,
Ax = Bx =

0.25, ifx >0, 0.45, if x>0,
0, if 2 =0, 0, if 2 =0,
Sz = { 0.40, if0<2<06,  Tx={0.25, if0<z<0.6,

x—0.45, if x > 0.6, x—0.25, if x> 0.6.
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Then
AX = {0,0.25}, BX = {O, 0.45}, SX = {O} U (0.15, 1.55]7 TX = {O} U {().25} ] (0.35, 1.75].

Let us consider the sequence x,, = 0.60 + % Then

Az, — 0.25, Bx, — 0.45,
Sz, — 0.15, Tx, — 0.35,
ASx, — 0.25, SAx, — 0.40,
BTz, — 0.45, TBx, — 0.25.

Hence, pairs (A,S) and (B,T) are not compatible. If we take ¥ = 0.6 and ¢t = 1, then A, B,S and T
satisfy all the conditions of Corollary 6.2.1, and 0 is the unique common fixed point of A, B, S and T.
Moreover, A, B, S and T are discontinuous at the fixed point 0.

Next, we consider a function v : RT — R¥ satisfying the following conditions:

(6.10)

1 is continuous and nondecreasing on R,
P(t) <t for all t > 0.

We note that (1) = 1 and ¥(t) < t for all ¢t > 0. Also, ¥(D(z,y)) < D(z,y) holds for all z,y € X.
Theorem 6.3. Let A, B,S and T be self-maps of a perturbed metric space (X, D, P) satisfying (6.5),
(6.7), (6.8) and the following condition:

D(Az, By) < ¢(max {D(Sz, Ty), D(Az, Sz), D(By, Ty), D(Sz, By), D(Az, Ty)}) (6.11)

for all z,y € X. If the range of one of A, B,S or T is a closed subset of X, then A, B,S and T have a
unique common fixed point in X.

Proof: Suppose that (B, T) satisfies the property (E.A.). Then there exists a sequence {z,} in X such
that

lim Bz, = lim Tz, =z
n— oo n—o0

for some z € X. Since B(X) C S(X), there exists a sequence {y,} in X such that Bz, = Sy, = z.
Hence, lim,_, Sy, = z.

We shall show that lim,, ., Ay, = z.

From (6.11), we have

D(Ay,, Bz,) < w(max {D(Syn,Txn), D(Ay,, Syn), D(Bxy,,Txy), D(Syn, By), D(Ayn,Txn)}) .
Proceeding to the limit as n — oo, one obtains

lim Ay, = z.

n—oo
Suppose that S(X) is a closed subspace of X. Then z = Su for some u € X. Subsequently, we have
lim Ay, = lim Bz, = lim Tz, = lim Sy, =z = Su.
n—oo n—oo n—oo n—oo
Now, we shall show that Au = Su. From (6.11), we have
D(Au, Bx,) < w(max {D(Su,Txn), D(Au, Su), D(Bxy, Txy), D(Su, Bxy,), D(Au,Txn)}).

Letting n — oo, we get

D(Au, z) < ¢ (max {D(z,2), D(Au, 2), D(z,z2), D(z,2), D(Au, z)}) .
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Using (6.10), we have Au = Su = z.
Since A(X) C T'(X), there exists v € X such that

z=Au="Tv.

Now, we claim that z = Tv = Bv. From (6.11), we have

D(Au, Bv) < ¢(max {D(Su, Tv), D(Au, Su), D(Bv,Tv), D(Su, Bv), D(Au,Tv)}).
Using (6.10), we have z = Bv. Thus, we have

Au=Su=Tv=Bv =z
Since the pair (A, S) is weakly compatible, it implies
ASu = SAu, ie., Az= S5z

From (6.11), we have

D(Az, Bz) < ¢(max {D(Sz,Tz), D(Az,5z), D(Bz,Tz), D(Sz, Bz), D(Az,Tz)}).

D(Az, Bv) < ¢(max {D(Sz,Tv), D(Az,Sz), D(Bv,Tv), D(Sz, Bv), D(Az,Tv)}) .

Using (6.10), we have Az = Sz = z.
The weak compatibility of B and T implies that

BTv=TBv, ie.,, Bz=Tz.

Now, we shall show that z is the common fixed point of A, B, S and T
Suppose that Bz # z. Then, using (6.11), one obtains Bz = z.
Hence,
Az=Bz=Sz=Tz =z,
and therefore z is a common fixed point of A, B, S and T'.
Uniqueness follows easily.
Theorem 6.4. Let A, B, S and T be self-maps of a perturbed metric space (X, D, P) satisfying (6.5),
(6.8) and the following conditions:

(6.11) pairs (A, S) and (B, T) satisfy a common property (E.A.).
If the range of S and T is a closed subset of X, then A, B, S and T have a unique common fixed point
in X.
Proof: Suppose that (4,S) and (B, T) satisfy a common (E.A.) property. Then there exist sequences
{zn} and {y,} in X such that

lim Az, = lim Sz, = lim By, = lim Ty, =z
n— oo n—oo n—oo n— oo

for some z € X.
Since S(X) and T(X) are closed subsets of X, we obtain

z=Su=Tv for some u,v € X.
From (6.11), we have
D(Au, By,,) < ¢(max {D(Su,Tyy), D(Au, Su), D(Byn, Tyy), D(Su, By,), D(Au, Ty,)}) .
Letting n — oo and using (6.10), we have
z=Au= Su="Tv.

The rest of the proof follows from Theorem 6.3.

A common fixed point theorem for weakly compatible mappings with common limit range property is
now proved in perturbed metric spaces.

Theorem 6.5. Let A, B,S and T be self-maps of a perturbed metric space (X, D, P) satisfying (6.5),
(6.6) and (6.8)



SOME FIXED POINTS THEOREMS FOR VARIOUS MAPPINGS INVOLVING CONTROL FUNCTIONS... 21
(6.12) Pairs (A,S) and (B,T) satisfy CLRg and CLRy, respectively (common-limit-in-range prop-
erty),

Then A, B, S and T have a unique common fixed point in X.
Proof. Since the pair (B, T) satisfies the property (CLR), there exists a sequence {z,,} in X and a point
v € X such that

lim Bz, = lim Tz, =Tv = z.
n— o0 n— oo

As B(X) C S(X), for each n there exists a sequence {y,} in X such that Bz, = Sy,. Hence

lim Sy, = lim Bx, = z.
n—oo n—oo

Now, we shall show that lim,,_,o, D(Ay,,2) = 0. Let | = lim,,,oo D(Ayn, 2).
From (6.6), we have

D(Ayna an) < (b{D(Syna T.Z‘n), D(Ayn7 Syn)v D(anv Tl'n)v D(Syna B.]?n), D(Ayna Txn)}
Taking limit as n — 0o, and using the monotonicity and upper semi-continuity of ¢, we obtain
1< ¢{l1,1,0,0,1}.

Let t = I. Then ¢(¢,t,t,¢t) < t for all t > 0, which implies ¢ = 0. Hence | = 0 and therefore
lim,, oo D(Ayy,,2) = 0.

Since (A, S) also satisfies the property (CLR), there exists v € X such that
nlggo Ay, = nl;ngo Syn = Su = z.
Then, using (6.6), we have
D(Au, Bz,,) < ¢{D(Su,Tzy,), D(Au, Su), D(Bxy, Txy), D(Su, Bxy,), D(Au, Tx,)}.

Letting n — oo, we obtain Au = Su = z.
Since A(X) C T(X), there exists v € X such that z = Au = Tw. Again, from (6.6), we have

D(Au, Bv) < ¢{D(Su,Tv), D(Au, Su), D(Bv,Tv), D(Su, Bv), D(Au,Tv)}.
Letting n — oo, we have z = Bv. Thus, we have Au = Su=Tv = Bv = z.
Since the pair (4, 5) is weakly compatible, it follows that
ASu = SAu, ie., Az=S5z.
From (6.6), we have
D(Az,Sz) < ¢p{D(Sz,Tz),D(Az,5%),D(Bz,Tz),D(Sz,Bz), D(Az,Tz)}.
D(Az, Bv) < ¢{D(Sz,Tv), D(Az,Sz), D(Bv,Tv), D(Sz, Bv), D(Az,Tv)}.

This implies that Az = Sz = z.
The weak compatibility of B and 7" implies that BTv = T Buv, i.e., Bz =Tz.

Now, we shall show that z is the common fixed point of A, B, S and T. From (6.6), one obtains
D(z,Bz) = D(Az,Bz) < ¢{D(Sz,Tz),D(Az,Sz), D(Bz,Tz),D(Az,Tz), D(Bz,Sz)} < ¢(t,t,t,t,t) < t,

where t = D(z, Bz). Hence Bz = z. Therefore Az = Bz = Sz =Tz = z, and z is a common fixed point
of A,B,S and T.
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Finally, to prove the uniqueness of z, suppose that z and w (z # w) are two common fixed points of
A,B,S and T. Then, by (6.6),

D(z,w) = D(Az, Bw) < ¢{D(Sz,Tw), D(Az, Sz), D(Bw,Tw), D(Az,Tw), D(Bw, Sz)} < ¢(t,t,t,t,t) < t,

where t = D(z,w). This is a contradiction. Hence, the common fixed point is unique.

Theorem 6.6. Let A, B,S and T be self-maps of a perturbed metric space (X, D, P) satisfying (6.5),
(6.6) and (6.8)

(6.13) The pair (B, T) satisfies the property (CLR).
If the range of S is a closed subset of X, then A, B,.S and T have a unique common fixed point in X.

Proof. Since (B,T) satisfies the property (CLR), there exists a sequence {z,} in X and a point v € X
such that

lim Bz, = lim Tz, =Tv = z.
n—oo n—oo

As B(X) C S(X), for each n there exists {y,} in X such that Bz, = Sy,. Hence

lim Sy, = lim Bz, = z.
n—oo n— o0

Since S(X) is closed, there exists u € X such that Su = z.
Now, we shall show that lim,,_,oo D(Ayn,2) = 0. Let [ = lim,,—s 00 D(Ayn, 2).
From (6.6), we have

D(Ay,, Bxy,) < ¢{D(Syn, Txy), D(Ayn, Syn), D(Bxy, Txy), D(Syn, Bxy,), D(Ay,, Tx,)}
Taking limit as n — 0o, and using the monotonicity and upper semi-continuity of ¢, we obtain
1< ¢{l,1,0,0,1}.

Let t = I. Then ¢(¢,t,t,¢,¢t) < t for all t > 0, which implies ¢ = 0. Hence | = 0 and therefore
limy, 00 D(Ayn, z) = 0.

Using (6.6) with Bz, and letting n — oo, we obtain Au = Su = z.
Since A(X) C T(X), there exists v € X such that z = Au = Tv. Again, from (6.6), we have

D(Au, Bv) < ¢{D(Su,Tv), D(Au, Su), D(Bv,Tv), D(Su, Bv), D(Au,Tv)}.
Letting n — oo, we have z = Bv. Thus, we have Au = Su=Tv = Bv = z.
Since the pair (4, S) is weakly compatible, it follows that
ASu = SAu, ie.,Az= S5z
From (6.6), we have
D(Az,Sz) < ¢{D(Sz,Tz),D(Az,S5%),D(Bz,Tz),D(Sz,Bz), D(Az,Tz)}.
D(Az, Bv) < ¢{D(Sz,Tv), D(Az,Sz), D(Bv,Tv), D(Sz, Bv), D(Az,Tv)}.

This implies that Az = Sz = 2.
The weak compatibility of B and T implies that BTv = T Bv, i.e., Bz = Tz.

Now, we shall show that z is the common fixed point of A, B, S and T. From (6.6), one obtains
D(z,Bz) = D(Az, Bz) < ¢{D(Sz,T%), D(Az,Sz), D(Bz,Tz),D(Az,Tz), D(Bz,Sz)} < ¢(t,t,t,t,t) < t,

where ¢t = D(z, Bz). Hence Bz = z. Therefore Az = Bz = Sz =Tz = z, and z is a common fixed point
of A,B,S and T.

Finally, to prove the uniqueness of z, suppose that z and w (z # w) are two common fixed points of
A,B,S and T. Then, by (6.6),

D(z,w) = D(Az, Bw) < ¢{D(Sz,Tw), D(Az,Sz), D(Bw,Tw), D(Az,Tw), D(Bw, Sz)} < ¢(t,t,t,t,t) < t,

where t = D(z,w). This is a contradiction. Hence, the common fixed point is unique.
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