
Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) : 1–13.
©SPM – E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm doi:10.5269/bspm.79559
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abstract: This work deals with an analysis of two singularly perturbed partial differential equations with
cubic nonlinearities using the conformable derivative approach. We investigate a modified Korteweg-de Vries
type equation and a generalized KdV-Burgers equation, both incorporating conformable fractional derivatives
and singular perturbation parameters. The conformable derivatives enable a treatment of fractional-order
effects in these two nonlinear problems. Using asymptotic expansion methods, we derive solutions up to
first-order corrections and examine the differences between perturbed and unperturbed cases. Our analysis
shows how the conformable order and perturbation parameters influence wave propagation characteristics,
and solution behavior. The results demonstrate qualitative differences from classical integer-order models,
particularly in soliton dynamics and pattern formation.
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1. Introduction

The study of nonlinear wave phenomena has been discussed by differential equations that capture
essential physical mechanisms [7,20,24,25]. Among these, the modified Korteweg-de Vries (mKdV) equa-
tion aVt + bV 2Vx + cVxxx = 0 and its generalizations stand as crucial models for understanding wave
propagation in dispersive media with cubic nonlinearities including plasma physics, nonlinear optics, and
fluid dynamics, see [6,10,13,21,18,31]. Concurrently, the modified KdV-Burgers equation, with dispersive
and dissipative effects through the combination

Vt + a2V
2Vx + a3Vxx + a4Vxxx = 0,

has provided applications into wave dynamics in viscous media, atmospheric sciences, and condensed
matter systems, see [5,19,32].
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Recent advances in fractional calculus have opened new ways for extending these classical models
to describe phenomena in complex and heterogeneous media [3,8,14,30]. The conformable derivative,
introduced by Khalil et al. [12], provides a local definition that satisfies classical rules such as the
product rule, quotient rule, and chain rule, making it suitable for analytical studies in nonlinear problems.
This approach has given significant research interest, and recent work by Abdeljawad [1], and others
[2,4,15,17,26] explored its applications to various dynamical systems and physical models.

Singular perturbation theory provides important tools for studying problems where infinitesimal pa-
rameters multiply the highest-order derivatives [22]. Such problems show multi-scale behavior. In the
case of partial differential equations, singular perturbations arise in problems involving boundary layers,
phase transitions, and regularized nonlinear waves [9,11,23,28,29].

The intersection of fractional calculus and singular perturbation theory remains relatively unexplored
territory, particularly for equations with cubic nonlinearities. Recent studies have examined fractional
versions of KdV-type equations using various derivative definitions, but the specific combination of con-
formable derivatives with singular perturbations in mKdV and generalized KdV-Burgers frameworks
represents a novel direction of investigation. This gap motivates our present work, which aims to develop
a comprehensive theoretical framework for such hybrid problems.

In this paper, we investigate two singularly perturbed fractional differential equations incorporating
Khalil conformable derivatives. We consider the following perturbed problems:

εDα
xD

α
xD

α
xD

α
xV + δVt + γV 2Vx + βVxxx = 0, (0 < α ≤ 1) (1.1)

and
εDα

xD
α
xD

α
xD

α
xV + Vt + dV 2Vx + βVxx + γVxxx + µV = 0, (0 < α ≤ 1), (1.2)

where, the coefficients of the terms are non zero real constants, 0 < α ≤ 1 and 0 < ε≪ 1.
In the above problems, the quantity V (x, t) represents the unknown function that describes the wave

amplitude or potential, x and t denote the spatial and temporal coordinates, respectively. The operator
Dα

x signifies the Khalil conformable derivative of order α; 0 < α ≤ 1 with respect to the spatial variable
x. The parameter ε is a small positive parameter that multiplies the highest-order fractional derivative
term, giving the problems in singularly perturbed forms. The coefficients δ, γ, β, d, µ are non-zero real
constants that balance the influence of various effects, including dispersion (β, γ), nonlinearity (γ, d), and
dissipation (or damping) (δ, µ)-terms.

The unperturbed problems are obtained when ε = 0 by:

δVt + γV 2Vx + βVxxx = 0, (1.3)

and
Vt + dV 2Vx + βVxx + γVxxx + µV = 0. (1.4)

The unperturbed cases yield two fundamental equations that form a part of our analysis. Equation (1.3)
represents a modified Korteweg-de Vries (mKdV) equation with cubic nonlinearity, governing dispersive
wave propagation without higher-order regularization. Equation (1.4) constitutes a generalized KdV-
Burgers type equation that incorporates the effects of nonlinearity, diffusion, dispersion, and reaction.
These unperturbed problems form the basis for studying how singular perturbations given through higher-
order conformable derivative terms (ε > 0) can affect regularization mechanisms and stability properties.

Our analysis focuses on the relation between fractional order effects, singular perturbations, and
nonlinear dynamics, with emphasis on asymptotic behavior. The tanh method [16] is used in this analysis;
it is a powerful technique for finding traveling wave solutions to nonlinear PDEs. It exploits the fact that
many soliton solutions can be expressed as polynomials in the hyperbolic tangent function. The method
works by using a variable z = tanh(ξ), which transforms the PDE into a polynomial equation in z.

The paper is organized as follows: Section 2 reviews essential mathematical preliminaries on con-
formable derivatives and transformation of traveling wave solutions. Section 3 and 4 present a detailed
analysis of the unperturbed equations (1.3) and (1.4), establishing fundamental solution properties and
conservation laws. Section 5 develops the asymptotic framework for the singular perturbation problems
(1.1) and (1.2), deriving first-order corrections and examining boundary layer effects [22]. Section 6
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discusses numerical results and computational aspects. Finally, Section 7 summarizes our main results
and suggests directions for future research.

2. Traveling-Wave Reduction Using Khalil Derivatives

For a differentiable function g(x) with x > 0, the Khalil conformable derivative of order α is:

Dα
x g(x) = x1−α dg

dx
(x). (2.1)

Now, using the transformation,

ξ =
xα

α
− ct, V (x, t) = U(ξ), (2.2)

we obtain the following new classical derivatives:

Dα
xV = U ′(ξ), Vt = −cU ′(ξ), Vx = U ′(ξ), Vxx = U ′′(ξ), Vxxx = U (3)(ξ). (2.3)

3. Unperturbed Case of Equat.(1.1)

We proceed to analyze the first stage of the perturbed problem (1.1). So, applying the traveling wave
transformation to (1.3) which represents the unperturbed case of Equat.(1.1), we obtain:

δVt = −δcU ′(ξ)

γV 2Vx = γU2U ′

βVxxx = βU (3)(ξ).

The ODE becomes
−δcU ′ + γU2U ′ + βU (3) = 0. (3.1)

We balance the highest order derivative term U (3) with the nonlinear term U2U ′ (see [16]): U (3) has
degree N + 3 and U2U ′ has degree 2N + (N + 1) = 3N + 1, N = 1.

Thus:
U(ξ) = a0 + a1Y, Y = tanh(λξ). (3.2)

Now, we compute

U ′(ξ) =
dU

dY

dY

dξ
= a1λ(1− Y 2)

U (3)(ξ) =
d3U

dξ3
= λ3

d

dY

[
(1− Y 2)

d

dY

[
(1− Y 2)

dU

dY

]]
= λ3

d

dY

[
(1− Y 2)

d

dY

[
(1− Y 2)a1

]]
= λ3

d

dY

[
(1− Y 2)(−2a1Y )

]
= λ3

[
−2Y (−2a1Y ) + (1− Y 2)(−2a1)

]
= λ3

[
4a1Y

2 − 2a1 + 2a1Y
2
]

= λ3
[
−2a1 + 6a1Y

2
]
,

then,

U2U ′ = (a0 + a1Y )2 · a1λ(1− Y 2)

= a1λ(1− Y 2)(a20 + 2a0a1Y + a21Y
2).
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Substitute into equation (3.1), we obtain

− δcU ′ = −δca1λ(1− Y 2)

γU2U ′ = γa1λ(1− Y 2)(a20 + 2a0a1Y + a21Y
2)

βU (3) = βλ3(−2a1 + 6a1Y
2).

The equation becomes

(1− Y 2)
[
−δca1λ+ γa1λ(a

2
0 + 2a0a1Y + a21Y

2)
]
+ βλ3(−2a1 + 6a1Y

2) = 0. (3.3)

Therefore,

Y 0 : −δca1λ+ γa20a1λ− 2βa1λ
3 = 0

Y 1 : 2γa0a
2
1λ = 0

Y 2 : γa31λ+ 6βa1λ
3 = 0.

From coefficient of Y 1, we have 2γa0a
2
1λ = 0.

But, since γ ̸= 0, λ ̸= 0, and a1 ̸= 0, so we get:

a0 = 0. (3.4)

From coefficient of Y 2, we have γa31λ+ 6βa1λ
3 = 0.

But, a1 ̸= 0, λ ̸= 0, hence we get

γa21 + 6βλ2 = 0 ⇒ a21 = −6βλ2

γ
. (3.5)

From coefficient of Y 0, with a0 = 0, we get −δca1λ− 2βa1λ
3 = 0.

Consequently,

δc+ 2βλ2 = 0 ⇒ c = −2βλ2

δ
. (3.6)

Hence, the Solution for (1.3) is given by:

V (x, t) = ±

√
−6βλ2

γ
tanh

[
λ

(
xα

α
+

2βλ2

δ
t

)]
, (3.7)

where, λ is an arbitrary nonzero constant, and β
γ < 0.

4. Unperturbed Case of Equat. (1.2)

We now proceed to discuss the first step of the study of (1.2). We begin by applying the traveling
wave transformation to (1.4), which represents the unperturbed case of Equat. (1.2). We obtain:

Vt = −cU ′(ξ)

dV 2Vx = dU2U ′

βVxx = βU ′′(ξ)

γVxxx = γU (3)(ξ)

µV = µU(ξ).

The ODE becomes:
−cU ′ + dU2U ′ + βU ′′ + γU (3) + µU = 0. (4.1)
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We balance the highest order derivative term U (3) with the nonlinear term U2U ′ to get N = 1.

Thus, we have:
U(ξ) = a0 + a1Y, Y = tanh(λξ). (4.2)

Therefore,

U ′′(ξ) = λ2
d

dY

[
(1− Y 2)

dU

dY

]
= λ2

d

dY

[
(1− Y 2)a1

]
= λ2(−2a1Y ).

(The term U (3)(ξ) is already computed.)
Substitute into the ODE (4.1), we can write

− cU ′ = −ca1λ(1− Y 2)

dU2U ′ = da1λ(1− Y 2)(a20 + 2a0a1Y + a21Y
2)

βU ′′ = βλ2(−2a1Y )

γU (3) = γλ3(−2a1 + 6a1Y
2)

µU = µ(a0 + a1Y ).

Collecting coefficients, it yields that:

Y 0 : µa0 − ca1λ+ da20a1λ− 2γa1λ
3 = 0

Y 1 : µa1 + 2da0a
2
1λ− 2βa1λ

2 = 0

Y 2 : da31λ+ 6γa1λ
3 = 0.

From coefficient of Y 2, we have da31λ+ 6γa1λ
3 = 0.

Hence,

da21 + 6γλ2 = 0 ⇒ a21 = −6γλ2

d
. (4.3)

From coefficient of Y 1, we have µa1 + 2da0a
2
1λ− 2βa1λ

2 = 0,
which gives

µ+ 2da0a1λ− 2βλ2 = 0 ⇒ a0 =
2βλ2 − µ

2da1λ
. (4.4)

From coefficient of Y 0, we have µa0 − ca1λ+ da20a1λ− 2γa1λ
3 = 0.

Substitute a0 from (4.4) and a21 from (4.3) to find c.

Hence, the solution of (1.4) is given by

V (x, t) = a0 + a1 tanh

[
λ

(
xα

α
− ct

)]
, (4.5)

where,

a1 = ±
√
−6γλ2

d

a0 =
2βλ2 − µ

2da1λ
.



6 I. Jebril and Z. Dahmani

5. Analysis of Perturbed Problems

To study (1.1) and (1.2), we begin by considering the traveling wave transformation:

ξ =
xα

α
− ct, V (x, t) = U(ξ). (5.1)

Then, we have

Dα
xV = U ′(ξ), Dα

xD
α
xV = U ′′(ξ), Dα

xD
α
xD

α
xV = U (3)(ξ), Dα

xD
α
xD

α
xD

α
xV = U (4)(ξ). (5.2)

Based on the derivatives obtained above, we are in a position to analyze the following ODEs:

εU (4) − δcU ′ + γU2U ′ + βU (3) = 0 (5.3)

and
εU (4) − cU ′ + dU2U ′ + βU ′′ + γU (3) + µU = 0. (5.4)

To do this analysis, we need to employ the asymptotic expansion:

U(ξ) = U0(ξ) + εU1(ξ) + ε2U2(ξ) +O(ε3) (5.5)

c = c0 + εc1 + ε2c2 +O(ε3). (5.6)

5.1. Analysis of Singularly Perturbed mKdV

We proceed into four steps:
1-Zero-Order Solution (ε0):
Substituting the expansion into (5.3) and collecting terms of order ε0, we have

−δc0U ′
0 + γU2

0U
′
0 + βU

(3)
0 = 0. (5.7)

Taking U0(ξ) = a0 + a1 tanh(λξ) and balancing terms, we obtain

a0 = 0 (5.8)

a21 = −6βλ2

γ
(5.9)

c0 = −2βλ2

δ
. (5.10)

Thus, the zero-order solution is

U0(ξ) = a1 tanh(λξ), a1 = ±

√
−6βλ2

γ
, c0 = −2βλ2

δ
. (5.11)

2-First-Order Correction (ε1):
Collecting terms of order ε1, we obtain

U
(4)
0 − δc0U

′
1 − δc1U

′
0 + γ(2U0U1U

′
0 + U2

0U
′
1) + βU

(3)
1 = 0, (5.12)

that is
L1[U1] = F1(ξ), (5.13)

where,

L1[U1] = −δc0U ′
1 + γ(2U0U

′
0U1 + U2

0U
′
1) + βU

(3)
1 (5.14)

F1(ξ) = −U (4)
0 + δc1U

′
0. (5.15)
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Computation of Derivatives:

For U0(ξ) = a1 tanh(λξ), we get

U ′
0(ξ) = a1λ(1− tanh2(λξ)) (5.16)

U ′′
0 (ξ) = −2a1λ

2 tanh(λξ)(1− tanh2(λξ)) (5.17)

U
(3)
0 (ξ) = −2a1λ

3(1− tanh2(λξ))(1− 3 tanh2(λξ)) (5.18)

U
(4)
0 (ξ) = −2a1λ

4 tanh(λξ)(1− tanh2(λξ))(5− 3 tanh2(λξ)). (5.19)

Thus, the forcing term becomes

F1(ξ) = 2a1λ
4 tanh(λξ)(1− tanh2(λξ))(5− 3 tanh2(λξ)) + δc1a1λ(1− tanh2(λξ)). (5.20)

Now, since
L∗
1[ψ] = δc0ψ

′ − 2γU0U
′
0ψ + γU2

0ψ
′ − βψ(3), (5.21)

then, we verify that ψ(ξ) = U ′
0(ξ) satisfies L∗

1[ψ] = 0. The solvability condition [27] is:∫ +∞

−∞
F1(ξ)U

′
0(ξ)dξ = 0. (5.22)

This condition guaranties that the perturbation does not enter into resonance with the natural modes of
the system; it ensures bounded solutions over time.

Substituting F1(ξ) and U ′
0(ξ) gives∫ +∞

−∞

[
2a1λ

4 tanh(1− tanh2)(5− 3 tanh2) + δc1a1λ(1− tanh2)
]
·
[
a1λ(1− tanh2)

]
dξ = 0. (5.23)

Using z = tanh(λξ), dz = λ(1− z2)dξ, and noting that the integration is taken over [−1, 1], we obtain
the following result:∫ +∞

−∞
tanh(1− tanh2)2(5− 3 tanh2)dξ = 0 (odd function) (5.24)∫ +∞

−∞
(1− tanh2)2dξ =

∫ 1

−1

(1− z2)
dz

λ
=

1

λ

[
z − z3

3

]1
−1

=
1

λ

(
4

3

)
. (5.25)

Therefore,

δc1a
2
1λ

2 · 4

3λ
= 0 ⇒ c1 = 0. (5.26)

3-First-Order Solution:
With c1 = 0, we have

L1[U1] = 2a1λ
4 tanh(λξ)(1− tanh2(λξ))(5− 3 tanh2(λξ)). (5.27)

We seek a solution of the form

U1(ξ) = A tanh3(λξ) +B tanh(λξ). (5.28)

We have

U ′
1(ξ) = λ(1− tanh2)(3A tanh2 +B) (5.29)

U
(3)
1 (ξ) = −2λ3(1− tanh2)[(15A+B)− (18A+ 3B) tanh2 +9A tanh4], (5.30)
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which implies

A = −a1λ
10β

(5.31)

B =
3a1λ

10β
. (5.32)

4-Final Solution:

U(ξ) = a1 tanh(λξ) + ε

(
−a1λ
10β

tanh3(λξ) +
3a1λ

10β
tanh(λξ)

)
+O(ε2), (5.33)

c = −2βλ2

δ
+O(ε2), (5.34)

where a1 = ±
√
− 6βλ2

γ .

5.2. Analysis of Singularly Perturbed mKdV-Buregrs

Step1: Zero-Order Solution (ε0):

At order ε0, we have
−c0U ′

0 + dU2
0U

′
0 + βU ′′

0 + γU
(3)
0 + µU0 = 0. (5.35)

Taking U0(ξ) = a0 + a1 tanh(λξ) and substituting, we get:

Y 0 : µa0 − c0a1λ+ da20a1λ− 2γa1λ
3 = 0 (5.36)

Y 1 : µa1 + 2da0a
2
1λ− 2βa1λ

2 = 0 (5.37)

Y 2 : da31λ+ 6γa1λ
3 = 0 (5.38)

Y 3 : −2da0a
2
1λ+ 2βa1λ

2 = 0. (5.39)

From Y 2, we have da31λ+ 6γa1λ
3 = 0 , hence, a21 = − 6γλ2

d .

Using Y 3, we get −2da0a
2
1λ+ 2βa1λ

2 = 0, then, a0 = βλ
da1

.

For the case µ ̸= 0, we use Y 1 to obtain µa1 + 2da0a
2
1λ− 2βa1λ

2 = 0, and then

a0 =
2βλ2 − µ

2da1λ
. (5.40)

From Y 0, we determine c0.
Step 2: First-Order Correction (ε1):

At order ε1, we have

U
(4)
0 − c0U

′
1 − c1U

′
0 + d(2U0U1U

′
0 + U2

0U
′
1)

′ + βU ′′
1 + γU

(3)
1 + µU1 = 0. (5.41)

So,
L2[U1] = F2(ξ), (5.42)

where

L2[U1] = −c0U ′
1 + βU ′′

1 + γU
(3)
1 + µU1 + d(2U0U1U

′
0 + U2

0U
′
1)

′ (5.43)

= γU
(3)
1 + βU ′′

1 − c0U
′
1 + µU1 + d

[
U2
0U

′′
1 + 4U0U

′
0U

′
1 + 2U0U1U

′′
0 + 2(U ′

0)
2U1

]
. (5.44)

The forcing term is
F2(ξ) = −U (4)

0 + c1U
′
0. (5.45)
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Computation of Derivatives gives us:

For U0(ξ) = a0 + a1 tanh(λξ), let y = tanh(λξ), dy
dξ = λ(1− y2):

U ′
0(ξ) = a1λ(1− y2) (5.46)

U ′′
0 (ξ) = −2a1λ

2y(1− y2) (5.47)

U
(3)
0 (ξ) = −2a1λ

3(1− y2)(1− 3y2) (5.48)

U
(4)
0 (ξ) = 8a1λ

4y(1− y2)(2− 3y2) (5.49)

Thus, the forcing term becomes:

F2(ξ) = −8a1λ
4y(1− y2)(2− 3y2) + c1a1λ(1− y2). (5.50)

Now, since the operator L∗
2 is defined by

∫
ψL2[U1]dξ =

∫
U1L∗

2[ψ]dξ, we verify that ψ(ξ) = U ′
0(ξ)

satisfies L∗
2[ψ] = 0. The solvability condition is:∫ +∞

−∞
F2(ξ)U

′
0(ξ)dξ = 0. (5.51)

Substituting F2(ξ) and U ′
0(ξ) yields that∫ +∞

−∞

[
−8a21λ

5y(1− y2)2(2− 3y2) + c1a
2
1λ

2(1− y2)2
]
dξ = 0. (5.52)

Using the fact that z = tanh(λξ), dz = λ(1− z2)dξ, dξ = dz
λ(1−z2) , and noting the integration interval

[−1, 1], we can write ∫ +∞

−∞
y(1− y2)2(2− 3y2)dξ =

1

λ

∫ 1

−1

z(1− z2)(2− 3z2)dz = 0 (5.53)∫ +∞

−∞
(1− y2)2dξ =

1

λ

∫ 1

−1

(1− z2)dz =
1

λ

[
z − z3

3

]1
−1

=
4

3λ
. (5.54)

Therefore,

0 + c1a
2
1λ

2 · 4

3λ
= 0 ⇒ c1 = 0. (5.55)

Step 3: First-Order Solution:
With c1 = 0, the equation for U1 is given by:

L2[U1] = −8a1λ
4 tanh(λξ)(1− tanh2(λξ))(2− 3 tanh2(λξ)). (5.56)

We seek a particular solution as:

U1(ξ) = A tanh3(λξ) +B tanh(λξ). (5.57)

After substituting into L2[U1], we can write:

A =
2a1λ

5β
,B = −3a1λ

5β
. (5.58)

The velocity c0 is determined by Y 0 as follows:

c0 =
µa0 + da20a1λ− 2γa1λ

3

a1λ
. (5.59)
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Substituting a0 = 2βλ2−µ
2da1λ

, we get

c0 =
µ(2βλ2 − µ)

2da21λ
2

+
(2βλ2 − µ)2

4da21λ
2

− 2γλ2

a1
. (5.60)

Step 4: Final solutions of (1.2):
Finally, we have

U(ξ) =
2βλ2 − µ

2da1λ
+ a1 tanh(λξ) + ε

(
2a1λ

5β
tanh3(λξ)− 3a1λ

5β
tanh(λξ)

)
+O(ε2), (5.61)

c =
µ(2βλ2 − µ)

2da21λ
2

+
(2βλ2 − µ)2

4da21λ
2

− 2γλ2

a1
+O(ε2), (5.62)

where, a1 = ±
√
− 6γλ2

d .

6. Nuemrical Simulation

−5 −4 −3 −2 −1 0 1 2 3 4 5

−2

0

2

ξ

U
(ξ
)

Problem (1.1) with its unperturbed case in the wave space

ε = 0
ε = 0.3
ε = 0.6

Figure 1: Solutions for (1.1)-(1.3) in the wave space, with β = 0.5, γ = −0.8, δ = 1.0, λ = 0.8, a1 ≈ 1.549.

6.1. Analysis of Figure 1

The perturbed solutions in Figure 1 show sensitivity to ε, with modifications occurring still at mod-
erate values of ε = 0.3. The antisymmetric character of the solutions is preserved across all perturbation
levels, it maintains the odd symmetry property. As ε increases from 0 to 0.6, the solutions develop excess
peaks near the transition region.

6.2. Analysis of Figure 2

Figure 2 shows a different perturbation response which is characterized by amplitude reduction as
ε increases. The shifted asymmetric transition solutions maintain their character of connecting distinct
asymptotic states, but the transition region becomes broader and more gradual with higher ε values. The
perturbations in Figure 2 produce a damping effect that reduces the maximum slope and decreases the
wave amplitude, evident when ε = 0.6.
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−5 −4 −3 −2 −1 0 1 2 3 4 5

−1

0

1

ξ

U
(ξ
)

Problem (1.2) with its unperturbed case in the wave space

ε = 0
ε = 0.3
ε = 0.6

Figure 2: Solutions of (1.2)-(1.4) in the wave space, with β = 1.0, γ = −0.5, d = 1.0, µ = 1.0, λ = 0.7,
a0 ≈ −0.012, a1 ≈ 1.212.

7. Conclusion

This study has analyzed singularly perturbed fractional differential equations using Khalil conformable
derivatives. We have proved that term containing Dα

xD
α
xD

α
xD

α
xV , introduced through the infinitesimal

parameter ε, acts as a significant singular perturbation. We have shown that its impact is highly de-
pendent on the structure of the unperturbed equation. For the modified Korteweg-de Vries (mKdV)
type equation, the perturbation generates excess peaks, but for the generalized KdV-Burgers equation,
it induces a damping effect, enlarging the transition region and reducing the wave amplitude.
We have proved that the Khalil derivative offers an important tool for introducing higher-order regular-
ization effects, which can alter stability and asymptotic behavior. These results open new avenues for
future work, particularly in applying this asymptotic framework to more complex systems, and exploring
different types of nonlinearities.
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