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a-Symmetric and a-Door Space

Hadeel Husham Kadhim

ABSTRACT: The aim of this research is to apply a new topological spaces are named a-symmetric and a-
door. we show that no relation between them. Also we show that a-door is hereditary property. Definitions,
properties, examples and remarks of symmetric and door space via a-open set.
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1. Introduction

In the mathematical paper, N. Levine [8], defined Q-set. N. Levine in [9] introduced s-open set.
O.Njasted defined o and ax-open set in [11]. In (1969) J. Dugundji in [5] investigated door space. In
(1982) A. S. Mashhour gave pre-open set. N.K. Ahmed [2] defined s-closure of set. In (1994) M. Caldas
presented s-symmetric [3]. a-Exterior, a-Fronter and a-boundary studied by M. Caldas in 2003, see [4].
N.H. AL-Tabatabai [13] gave a-closure and a-interior in (2004) . pre-closure investigated by N.J. Kaisam
[6] in 2005. H.M. Salih [12], defined s-door space . In (2011) G.A. Khtan [7], presented pre-door space.
And in 2021 he introduced a*-irresolute continuous function in [1].

In this work we presented the concepts a-symmetric and a-door space and some properties about
them . We have a-symmetric is need not to be a-door and a-door is not a-symmetric . Also we have
the subspace of a-door space is a-door. we introduced theorems, examples and remarks about them .
We will denote (Semi, Pre-, a-, a*-, Semia-, pre a- and a*-)open set by the symbols (S-O., P-O., a-O.,
a*-0. , Sa-0., Pa-0.-) also denote Semi symmetric, pre symmetric, a-symmetric , Semi a-symmetric
, Pre a-symmetric and a*- symmetric by the symbols (S-sym., P-sym., a-sym., Sa-sym., Pa-sym. and
a*- sym.)

2. Preliminaries
Definition 2.1 If (Q, u) be a topological space and W C Q is said to be
1. Semi-open (S-0.)[9], if W C W°. Semi-closed (S-C.) if W C W.
2. Pre-open (P-0.) [10], if W C W' . Pre-closed (P-C.) if W° C W.
3. a-open (a-0.) [11], if W CW°'. a-closed (a-C.) zfﬁ W
4. Q-set [8], if We =W"°
Definition 2.2 If (Q, 1) be a topological space and W sub set of Q is called
1. Semi-closure of W [2], defined by WS:D{H :H is S-C.; W C H}.
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Pre-closure of W [6], defined by w’ =N{H : H is P-C.; W C H}.
a-closure of W [13], defined by W™ =N{H : H is a-C.; W C H}.
a-kernel of W defined by a-Ker(W) =n{H : H is «-0.; W C H}.
a-interior of W [13], defined by W°* = U{K : K is a-0.; K C W}.
a-exterior of W [4], defined by a-Ext(W) = U{V : V is a-0.; V C W€},
a-frontier of W [4], defined by a-Fr(W) =W nWe".

S S N T S

a-border of W [{], defined by a-b(W) = W NnWe".

Definition 2.3 If (Q, 1) be a space and W sub set of Q is called

1. a*-open set (a*-0.) [11], if W C W™ a*-closed (a*-C.) sza CWw.
2. Semi a-open set (Sa-0.) if W C Wo™ . Semi a-closed (Sa-0.) ifWaw cCw.
3. Pre a-open set (Pa-0.) if W C W, Prea-closed (Pa-C.) if Wt cw.
4. a-Q-set ifWa W
Definition 2.4 Let (Q, u) be a space and W C Q is called
1. a*-closure of W given by W= N{H:Hisa*-C;W C H}.
2. Sa-closure of W given by Wi = N{H: H is Sa-C;W C H}.
8. Pa-closure of W given by whe = N{H : H is Pa-C;W C H}.
Remark 2.1

1. Every a-0. is S-O..
2. Sa-closure of W given by W = N{H : His Sa-C;;W C H}.
3. Every o-0. is a*-O. [11].

But S-O. need not to be a-0O. for the following example

Example 2.1 Suppose Q = {f,g,h,5},7 = {0, 2, {f},{h},{f, h}} is topology on Q. If A = {f,g} it is
clear that A is S-O. but not «-O.

Theorem 2.1 Fvery Sa-0O. is a*-0.
Proof: Let W is Sa-O. thus W C woe” - Woaaoa. Then W C Woaaoa is a*-0. O

Theorem 2.2
1. Wis P-O. if W is a-0. and Q-set
2. Wis Pa-0O. if W is o*-0. and o Q-set then

Proof:

1. Suppose W is a-O. thus W C We°. Since W is Q-set hence W C W°°. Hence W C W° then W
is P-O.
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Suppose W is a*-O. thus W C W"(’aoa. Since W is a Q-set hence W C Wawo . Then W C Waoa
thus W is Pa-0.

Remark 2.2 If Wis a Q-set in Q thus W is Sa-0O. if and only if Pa-O.

Theorem 2.3 The product of two a-0. is a-0.

Proof: Let M and N are a-O. then M x N C M°" x N°* = (M° x N°)° = (M° x N°)° = (M x N)oo.
We have M x N C (M x N)° . Therefore M x N is a-O. O

Theorem 2.4 If Q is a space and c € W then c€ w* if and only if for all E is a-0. containing c such

that ENW # .

Proof: Clear. -
Theorem 2.5 If W C Q we have W¢" = W°*° and (Wa)cz (we)*?

Proof: Clear. O

Theorem 2.6 If W sub set of {2 then

LW W
2. W Ccw” if every a-0. is Q-set.
3. W Ccw”.
4. whe - w if every a*-0. is a@Q-set .
Proof:
1. By Remark 2.1 and Theorem 2.4
2. Let c € W". Suppose V is a-O. such that c contamjg in V. Since V is Q-set thus it is Pa- O. by
Theorem 2.2 (1) hence VN W # (. Therefore c € W .
3. Clear.
4. Let ce Wpa. Suppose V is a*-O. such that ¢ contained in V. Since V is aQ -set thus it is Pa-O.

By Theorem 2.2(2) hence VAW # . Therefore ¢ € W .

Theorem 2.7 For Q is space and i,j are points in § then i € a-Ker({j}) iff j € ma.

Proof: Let i ¢ a-Ker({n}). Thus Ja-O. set G containing j not . Then G N @a

we have

— @.
Jjé¢ @”‘. Suppose j ¢ ma. Hence Ja-0. set H where j € H and i ¢ H. Therefore H N {i} = @. Then
1 ¢ a-Ker({j}). O
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3. a-Symmetric Space

Definition 3.1 For all r,t € Q then the topological space (2, 1) is said to be

1.

2.

5.

6.

Semi-symmetric (S-sym.) [3], if t € {r} implies that r € {t} .
—P —P
Pre-symmetric (P-sym.) ift € {r} means that r € {t}

a-symmetric (a-sym.) if t € ma shows that r € ma

. a*-symmetric ( «*-sym.) if t € ma* infers that r € ma*

——S —S
Semi a-symmetric (Sa-sym.) if t € {r} * implies that r € {t} “

—P —p
Pre a-symmetric (Pa-sym.) if t € {r} “ shows that r € {t} “

Theorem 3.1

1.
2.

Every S-sym. is a-sym.

Every o -sym. is Sa-sym.

Proof:

1.

2.

—5 —5 —5
Let m,n € Q. S-sym. then n € {m} implies that m containing in {n} . Since {m} subset of
0 —8 I . _
{m}a, {n} subset of {n}a thus n containing in {m}a implies that m containing in {n}a therefore
Q a-sym.

By Theorem 2.2 (2).

Theorem 3.2

1.
2.

If Q is P-sym. and each subset of Q is Q-set thus € is a-sym.

If Q is Pa-sym. and each subset of Q is a@Q-set thus Q is a*-sym.

Proof:

1.

Let m,n € Q. Let E and K are a-O. such that m € E and n € K. Since F and K are )-sets hence
E and k are P-O. by Theorem 2.2 (1) we have ENn # () and K N'm # (). Hence n containing in
{m}P implies that m contained in WP therefore {m}P subset of {m}a and WP subset of Wa
by Theorem 2.6 (2) hence € is a-sym.

. Let m,n € Q. Let E and K are a*-O. such that m € F and n € K. Since F and K are Q-sets hence

E and k are Pa-O. by Theorem 2.2 (2) we have ENn # @ and K N'm # 0. Hence n contalned in

{m}Pa implies that m contained in {n}P therefore {m} “ subset of {m} " and {n} “ subset of
ma by Theorem 2.6 (4) hence € is a*-sym.

Theorem 3.3 If Q is a-sym. and m € ) then

1.
2.

{m}a C a-Ker({m}) for all m containing in €.

(arxer ({m}) C ({m})°" for all m contained in €.
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3. Q has not singletons a-C.

Proof:

1. Suppose m contain in 2. Let n contain in m®. Since (2 is a-sym. so that m contain in 7. Hence
n € a-Ker({m}) by Theorem 2.4. We have m* C a-Ker({m})

2. Clear.

3. Suppose {m} is a-C. in Q then {m} = {m}a. Since m # n thus {m}a not containing n and {n}a
not containing m this contradiction since €2 is a-sym.

O

Definition 3.2 For W C Q is said to be a-dense if W* = Q.

Theorem 3.4 If Q is a-sym. and {m} is a-dense then a-Ker({m}) = Q for all m in Q.

Proof: Suppose m containing in . Since {m} a-dense therefore {m}a = Q, Since Q is a-sym. thus
a-Ker({m}) = Q for all m in Q. O

Theorem 3.5 If b,d are contained in 2 is a-sym. then @a ﬂ@a #0

Proof: Let {T}a ﬁma = (). Since b € {T}a,d € ma hence b ¢ ma and d ¢ ma therefore 2 not
a-sym. this contradiction we have {b} N {d} # 0 O
Theorem 3.6 If (Q, 1) is a-sym. then

1. be a-Fr({d}) and d € a-Fr({b}) ¥b,d € Q

2. b¢ a-b({d}) and d ¢ a-b({b})V b,d € Q

Proof:

i. Since Q is a-sym. then d € ma. implies that d € @a. Since a-Fr({d}) = mg N {d}ca and
be{d}",be Qd={d}° subset of {d}° . we have d € a-Fr(b).

ii. Clear.

d

Theorem 3.7 A space (Q,p) is a-sym. iff Iy ¢ a-FExt({la}) means that lo ¢ a-FExt({l1}) V l1, ls
contained in Q.

Proof: Let [, > contained in €. Since 2 a-sym. hence [; € @a implies that l5 € ma thus {; ¢ Tgac.
Therefore Iy ¢ {I2}°“. Then Iy ¢ a-Ext({ly}) implies that Iy € a-Ext({l}).

Suppose I; ¢ a-Ext({ly}) means that Iy ¢ a-Ext({l1}) then Iy ¢ {I;}°°" and I, ¢ {l5}°° for every
l1,l2 € Q We have [y ¢ mac,ll ¢ @ac. Therefore [y € ma implies that [; € @a, therefore 2
Q-sym. d

Theorem 3.8 If Q1 and Qo are a-sym. The product of them is a-sym.
Proof: Let (u,v) and(p,q) € Q1 X Qy thus u,p € Q; and v,q € Q. Since Q; and Qg are a-sym. thus

ue {p} and v e {q} implies that P € {u} ,q € {v} hence (p,q) € {u} x {v} C {u}x {v}  thus
(p.q) € {u, v} implies that (u,v) € {p,q}  therefore Q1 x Q is a-sym. O
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4. a-door Spac
Definition 4.1 A space 2 is named.

1. Door [5], if for each W contained in Q is open or closed or both.

Semi-door (S-door) [12], if for all W contained in Q is S-O. or S-C. or both.
Pre-door (P-door) [7], if for any W contained in Q is P-O. or P-C. both.
a-door if for each W contained in Q is a-0. or a-C. or both.

a-door if for each W contained in Q is a-0. or a-C. or both.

a*-door if for each W contained in Q is a*-0. or o*-C. or both.

Semi a-door (Sa-door) if for all W contained in Q is Sa-O. or Sa-C. or both.

o RS T e

Pre a -door (Pa-door) if for each W contained in Q0 is Pa-0. or Pa-C. both.

Remark 4.1 Every a-door is S-door.

The following example shows the converse of Remark 4.1 is not true

Example 4.1 Suppose 2 = {e1,ea,e3,e4}, = {0,Q,{e1},{es},{e1,e3}} is topology on Q. It is easy to
know that 2 is S-door but not a-door.

Theorem 4.1 FEvery Sa-door is a*-door.

Proof: By Theorem 2.1 O

Remark 4.2

i. a-door is not necessary a-sym.

ii. a-sym. is not necessary a-door.
Example 4.2
i. If 7 is discreet on X therefore (X, 7) a-door is not a-sym.
ii. If 7 is indiscreet on X therefore (X, 7) a-sym. is not a-door.
Theorem 4.2
i. If Q is a-door and each subset of 2 is Q-set therefore Q) is P-door.

1. If Q is a*-door and each subset of Q is aQ-set therefore Q) is Pa-door.

Proof: Clear. O

Definition 4.2 [1] A mapping k : (Q1, 1) — (Qa, 1) is said to be a*-irresolute continuous [1] if k=1 (G)
is a*-0. in Qq for all a*-0. in s.

Theorem 4.3 If k: (Qq, 1) = (Qa2, ') one to one and a*-irresolute continuous such that Qy is a*-door
thus Qs is a*-door

Proof: Let Qs is a*-door and G C 5 then k(G) C Qs. Since Qs is a*-door hence k (G) is a*-O. or
a*-C. in Q. Since k is a*-irresolute continuous therefore inverse image of k (G) is a*-O. or o*-C. in
Q. Since k is one to one hence (k~! (k(G)) = G. We have 0 is a*-door. O



a-SYMMETRIC AND a-DOOR SPACE 7

Theorem 4.4 «-door is hereditary property

Proof: Suppose (£, 1) a-door space. And H contained in €, let K contained in H. Thus K subset in {2
hence U is a-O. or a-C. set in Q. We have K N H = K. Hence K is a-O. or a-C. in H. Then (H, pgr)
a-door. O

Theorem 4.5 If Q is a-door then
—_— —qoaC
1. Either a-Fr(V) =Ve® “NVe or a-Fr(V)=a—-5bV)=VnV for all V' subset of Q.
2. Bither a-Fr(V) =V Na-Ezt(V) or a-Fr(V) =V N a—Ext(V)a for all V' subset of Q.

Proof: Suppose V subset of €2 where (2 a-door therefor V' is a-O. or a-C. or both

1. If V a-O. thus Q — V is a-C. then a-Fr(V) = VortnQ—v.
If Vis a-C. then a-Fr(V) =V N Ve = a-b(V).

o
—qoaC

Since Q — V is a-O. We have a-Fr(V) =V N Vet —ynve —vnav

2. If W is a-O. thus Q — V is a-C. then a-Fr(V) =V NQ -V = vVenvee® =V na-Ext(Q—V).
If Wis a-C. then Q — V is a-O. hence a-Fr(V) =V N Vel —wn a-Ext(V)".

Theorem 4.6 If Q a-door space thus There is no G C ) where G and G¢ are a-dense.

Proof: Suppose G C 2 where G and G are a-dense. Thus G" =Qand G°* = Q. Therefore G not a-C.
Since G~ = G°*° = Q. We have G°® = () =% @, thus G not a-0. so as 2 not a-door this contradiction
we have ) a-door space. O

Remark 4.3 If Q; and Qs are a-door space but €7 X €5 is need not be a-door

Example 4.3 Suppose Q1 = {i,j} and Qs = {p,q} such that p; = {0,Q,{i}} is topology on Qi,
p2 = {0,Q2,{p}} is topology on Q. It is clear that Q; and Qs are a-door and {i} x {j} is not a-O. and
not a-C. in € x Q5 thus the product of 1 and €5 is not a-door.

Theorem 4.7 If every subset of Q1 and Q9 are a-clopen then 1 x Qs is a-door .

Proof: Clear. O

Figure 1 explain the relation among new types symmetric and door spaces.

 E—
o) (o] e () = o)
| S T .

Y T
) ) )
—

Figure 1: Relationships of types of symmetric and door spaces.
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