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Note for Soft MultiExpert Set and MultiSoft MultiExpert Set
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ABSTRACT: Modern frameworks for modeling uncertainty and guiding decision-making—such as fuzzy sets,
intuitionistic fuzzy sets, neutrosophic sets, hesitant fuzzy sets, and soft sets—have been the focus of extensive
research. Soft sets capture vagueness by assigning each parameter a collection of elements that approximately
satisfy it. Multisoft sets generalize soft sets by permitting multiple, disjoint parameter groups, each identifying
its own approximate subset. Soft expert sets further refine this approach by incorporating expert opinions
into the parameter-to-subset mapping. In this paper, we introduce two new structures—Soft MultiExpert
Sets and Multisoft MultiExpert Sets—and explore their formal definitions, key mathematical properties, and
illustrative applications in real-world decision contexts.
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1. Introduction

Recent developments in uncertainty modeling and applied mathematics have introduced several ad-
vanced frameworks for analyzing complex systems [1,2,3]. For instance, aggregation mechanisms based
on hyperfuzzy structures have been investigated in [4], while stability properties of fuzzy logical sys-
tems have been studied in [5]. Uncertainty is an unavoidable feature of real-life problems, and many
mathematical tools have been developed to address it. Classical theories such as probability, fuzzy sets,
and rough sets provide useful frameworks, but each has its own limitations. To overcome some of these
difficulties, Molodtsov [6] introduced the concept of soft sets, where every parameter is associated with a
subset of the universe, allowing vague or approximate descriptions to be modeled in a flexible way. Later,
further refinements and formal developments were made by Maji, Biswas, and Roy [7], who established
a more general foundation for soft set theory and opened directions for a variety of applications.

With the progress of soft set research, new structures have been created to capture more complex forms
of uncertainty. For example, soft sets have been combined with graph theory to define soft graphs and
soft directed graphs, which allow structural relationships to be modeled under vagueness [8,9]. Another
important development was the concept of multisoft sets, introduced by Alkhazaleh et al. [10], in which
several disjoint parameter classes are used simultaneously to represent richer situations. This idea has
been extended further, for example in the work of Smarandache [11], who explored indeterministic and
tree-based generalizations of multisoft sets and emphasized their practical value.

Parallel to these developments, other extensions of soft sets have been studied to integrate expert
judgments into decision-making contexts. The notion of multi-soft rough sets, proposed by Li et al.
[12], showed how soft structures can be combined with rough set approximations to handle more refined
levels of uncertainty. More recently, Khan, Abidin, and Sarwar [13] highlighted the usefulness of soft
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expert sets in multi-criteria decision-making problems, reflecting the growing importance of expert-driven
uncertainty modeling.

Motivated by these advancements, this paper introduces two new concepts: the Soft MultiExpert
Set and the MultiSoft MultiExpert Set. These models provide a systematic way to incorporate multiple
experts, opinions, and parameter groups into a unified soft set framework. We develop their formal
definitions, establish their mathematical properties, and present illustrative examples to demonstrate
how they may be applied in real-world decision-making scenarios. In doing so, our work aims to extend
the flexibility of soft set theory and to provide a stronger foundation for modeling uncertainty in complex
environments.

2. Preliminaries

All sets in this paper are assumed finite. We introduce here the basic notions and notation used
throughout. A soft set over U is a parameterized family mapping each parameter to a subset of U,
modeling approximate element memberships [6,7,9,8]. A multisoft set extends soft sets by permitting
multiple disjoint parameter collections, each parameter combination mapping to a subset of U [10,11,
12]. A soft expert set associates parameter—expert—opinion triples with subsets of U, thereby defining a
parameterized map from E x X x O to P(U). The formal definitions of these concepts are given below
[14,13,15,16].

Definition 2.1 (Soft Set) [6,7] Let U be a universe and E a set of parameters. A soft set over U is a
pair (F, E) where
F:E—P{U)

assigns to each parameter e € E a subset F(e) C U, representing those elements of U that roughly satisfy
e.

Example 2.1 (Soft Set in Laptop Selection) Let
U = {Laptop A, Laptop B, Laptop C}, E = {Lightweight, LongBattery, BudgetFriendly}.
Define the mapping F : E — P(U) by
F(Lightweight) = {Laptop A, Laptop C},

F(LongBattery) = {Laptop B, Laptop C},
F(BudgetFriendly) = {Laptop A, Laptop B}.

Then (F, E) is a soft set modeling a buyer’s approximate preferences over available laptops.

Definition 2.2 (Soft Expert Set) [17,18,19,20] Let U be a universe, E parameters, X experts, and
O = {0, 1} opinions. Write Z = E x X x O and let A C Z. A soft expert set is a pair (G, A) with

G: A— P),
so that each expert—opinion triple « € A is mapped to a subset G(a) CU.
Example 2.2 (Soft Expert Set for Product Evaluation) Let
U = {Product 1, Product 2, Product 3},

E = {Durability, Usability},
X = {Hiroya, Ayame}, O = {0,1}.

Form
Z=FExXxO0O,

A = {(Durability, Hiroya, 1), (Usability, Hiroya, 0),
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(Durability, Ayame, 1), (Usability, Ayame, 1)}.

Define
G: A—PU)

G (Durability, Hiroya, 1
G (Usability, Hiroya, 0
G(Durability, Ayame, 1
G (Usability, Ayame, 1

= {Product 1, Product 3},
= {Product 2},

= {Product 2, Product 3},
= {Product 1, Product 3}.

— — — ~—

Then (G, A) is a soft expert set where each expert’s yes/no opinion on a feature selects the corresponding
products in U.

Definition 2.3 (Multisoft Set) [10,11,12] Let U be a nonempty universe. Suppose {E;}!_ | are pair-
wise disjoint parameter sets and define E = J;_, E;. For any nonempty A C P(E), a multisoft set is a
pair (H, A) where

H: A—PU)

assigns to each parameter-subset a € A its approximate value H(a) C U.

Example 2.3 (Multisoft Set in Hotel Selection) Let
U = {Hotel A, Hotel B, Hotel C, Hotel D}.
Define three disjoint parameter sets:
E; = {Cheap, Midrange, Expensive},

E5 = {Downtown, Suburb},
E5 = {Pool, Breakfast, Parking}.
Let E = FE1 U Ey U E35 and choose

A= {{Cheap,Downtown}, {Midrange, Suburb, Pool},

{Expensive, Downtown, Breakfast}} C P(E).

Define
H: A—PU)

H ({Cheap, Downtown}) = {Hotel A, Hotel B},
H({Midrange, Suburb, Pool}) = {Hotel B, Hotel C},
H ({Expensive, Downtown, Breakfast}) = {Hotel C, Hotel D}.

Then (H, A) is a multisoft set modeling a traveler’s combined preferences over price, location, and amenity
parameters.

3. Main Result: Soft MultiExpert Set

In this work, we introduce the definitions of the Soft MultiExpert Set and the MultiSoft MultiFExpert
Set, and we offer a concise analysis of their fundamental properties.
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3.1. Soft MultiExpert Set

A Soft MultiExpert Set associates each parameter with a multiset of expert—opinion entries, each
entry mapping a subset of universe elements.

Definition 3.1 (Soft MultiExpert Set) Let U be a universe set, E a set of parameters, X a set of
experts, and O = {0,1} a set of binary opinions. Write

M(()Y) = {m:Y — Ny | supp(m) is finite}
for the class of all finite multisets on any set Y. A Soft MultiExpert Set over U is a pair (F, E) where

F:E— M(X x0 xPU))
assigns to each parameter e € E a finite multiset of triples
(r,0,4,,) (r€X,0€0, Ay, CU),

interpreted as “expert x with opinion o asserts the approximate set Ay ,.”

Example 3.1 (Soft MultiExpert Set in Candidate Evaluation) Consider selecting job candidates
from
U = {Hiroya, Ayame, Carol, Tako}.

Let the parameters be
E = {Experience, TechnicalSkill, CulturalFit},

the experts
X = {HR, TechLead, Manager},

and the opinions

0 = {0,1}.

We form the mapping
F:E — M(X x0 xP(U)),

where for each e € E we list the expert—opinion assertions as a finite multiset of triples (x, 0, Az ):

F(Experience) = {(HR, 1, {Hiroya, Ayame}),
(TechLead, 1, {Hiroya, Carol}), (Manager, 0, {Tako})},

F(TechnicalSkill) = {(HR, 0, {Carol}), (TechLead, 1, {Ayame, Carol}),
(TechLead, 1, {Ayame, Carol}), (Manager, 1, {Ayame})},
F(CulturalFit) = {(HR, 1, {Hiroya, Carol, Tako}),
(Manager, 1, {Hiroya, Carol}), (Manager, 0, {Ayame})}.

Then (F, E) is a Soft MultiExpert Set representing how each expert’s yes/no opinion selects subsets of
candidates under each hiring criterion.

Example 3.2 (Soft MultiExpert Set in Restaurant Evaluation) Let
U = {Red Lion, Blue Orchid, Green Garden, Golden Spoon}, FE = {Taste, Ambiance, Service},

X = {Critic A, Critic B, CriticC}, O ={0,1}.

Define
F:E — M(X x 0 xP(U)),
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by the following multisets of expert—opinion assertions:

F(Taste) = {(Critic A, 1, {Red Lion, Blue Orchid}), (CriticB,0, {Green Garden}),
(Critic C, 1, {Blue Orchid, Golden Spoon})},

F(Ambiance) = {(Critic A, 1, {Green Garden, Red Lion}), (Critic B, 1, {Golden Spoon}),

(Critic C, 0, {Blue Orchid})},

F(Service) = {(Critic A, 0, {Blue Orchid}), (Critic B, 1, {Red Lion, Golden Spoon}),
(Critic B, 1, {Red Lion, Golden Spoon}), (Critic C, 1, {Green Garden})}.

Then (F, E) is a Soft MultiExpert Set capturing how each critic’s binary opinion selects subsets of
restaurants under each evaluation criterion.

Theorem 3.1 Every Soft Expert Set (F', A) over U embeds canonically into a Soft MultiExpert Set
(F, E) via

Fle) = {((m,0)7 F'(e,,0)) | (e,2,0) € A} e M(X x 0 xP(U)).
This construction is injective, so the class of Soft MultiFExpert Sets properly generalizes that of Soft Expert
Sets.
Proof: Given (F’, A), define
F:E — M(X x0xP(U)).

by collecting, for each e € E, all expert-opinion judgments on e:

F(e) = {((x,o), F'(e,x,0)) ‘ (e,x,0) € A}.

Then (F, E) is a Soft MultiExpert Set. To see injectivity, note that one recovers A and F’ uniquely
by “flattening” each F(e): every triple ((z,0), As,) in the multiset value F(e) yields (e,z,0) € A and
F'(e,x,0) = A; . Hence the embedding is invertible and injective, proving the desired generalization. O

Definition 3.2 (Addition of Soft MultiExpert Sets) Let (U, E, X, 0) be fired. Given two Soft Mul-
tiExpert Sets
(Flv E)7 (F27 E)

with
Fi: E— M(X x O xP(U)),

we define their sum Fy @& Fs by
(Fl @Fg)(e) = Fl(e) ] Fg(e),

the multiset-union of Fy(e) and Fy(e). We also write Fy for the zero Soft MultiExpert Set given by
Foe) =2 (Vee k).
Example 3.3 (Aggregating Two Critic Panels) Suppose three restaurants are under review:
U = {Red Lion, Blue Orchid, Green Garden},
and critics evaluate them on two criteria:

E = {Taste, Ambiance},
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with the set of experts
X = {Critic A, Critic B, Critic C},

and binary opinions O = {0,1} (“0” = negative, “1” = positive).
Two independent critic panels produce Soft MultiExpert Sets F; and Fs:

Fy(Taste) = {(Critic A, 1, {Red Lion}), (Critic B, 1, {Blue Orchid})},
Fy(Ambiance) = {(Critic A, 1, {Green Garden}), (CriticB,0, {Red Lion})},

and
Fy(Taste) = {(Critic B, 1, {Blue Orchid}), (CriticC, 1, {Green Garden})},

F5(Ambiance) = {(Critic B, 1, {Blue Orchid}), (Critic C, 0, {Green Garden})}.
Their sum F; @ F5 is defined by multiset-union:

(F1 @ F)(Taste) = {(Critic A, 1, {Red Lion}), (CriticB, 1, {Blue Orchid}),
(Critic B, 1, {Blue Orchid}), (CriticC, 1,{Green Garden})},
(F1 @ F»)(Ambiance) = {(Critic A, 1, {Green Garden}), (CriticB, 0, {Red Lion}),
(Critic B, 1, {Blue Orchid}), (Critic C, 0, {Green Garden})}.

Here the duplicate entry
(Critic B, 1, {Blue Orchid})

appears twice in the Taste evaluation, illustrating how the additive operation preserves multiplicities
when two panels agree positively on the same assertion.

Theorem 3.2 (Commutative Monoid) The collection of all Soft MultiExpert Sets over (U, E, X,0),
equipped with & and zero Fy, forms a commutative monoid.

Proof: We verify the monoid axioms:
1. Closure. Since the union of two finite multisets is again a finite multiset,
Fi(e)W Fy(e) € M(X x O xP(U)), VecE.
2. Associativity. Multiset-union is associative:
(Fi(e) W Fy(e)) W Fs(e) = Fi(e) W (Fa(e) W F3(e)).

3. Identity. For every F,
F(e) W Fy(e) = F(e) = Fy(e) W F(e).

4. Commutativity. Multiset-union is commutative:
Fl(e) (] Fg(e) = Fz(e) (] Fl(e).

Hence ({ (F, E)},®, Fy) is a commutative monoid. O

Definition 3.3 (Pointwise Multiplicity Order) For Soft MultiEzpert Sets Fy, Fa, define
Fi < Fy < VQEE, VaGXxOxP(U), mpl(e)(a) < mFZ(e)(a),

where mp,(¢) () denotes the multiplicity of o in the multiset F;(e).
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Example 3.4 (Comparing Two Expert Panels Under the Pointwise Multiplicity Order) Let
three project proposals be under consideration:

U = {Project A, Project B, Project C},

and two evaluation criterias:
E = {Feasibility, Innovation}.

Suppose there are two experts:
X = {Expert 1, Expert 2},

and binary opinions O = {0,1} (“0” = rejection, “1” = endorsement).
Define two Soft MultiExpert Sets F; and F» by their multisets of expert—opinion assertions:

Proposal Feasibility:
F (Feasibility) = {(Expert 1, 1, {Project A, Project B}),
(Expert 2, 1, {Project B})},
Fy(Feasibility) = {(Expert 1,1, {Project A, Project B}), (Expert 1,1, {Project A, Project B}),
(Expert 2, 1, {Project B}), (Expert 2,1, {Project B})}.

Proposal Innovation:
F; (Innovation) = {(Expert 1,0, {Project C})},

Fs(Innovation) = {(Expert 1,0, {Project C}), (Expert 1,0, {Project C})}.

Observe that for every assertion a € X x O x P(U) and every criterion e € E, the multiplicity in
Fi(e) does not exceed that in Fy(e):

mp ey (@) < mp,e)(@).

Hence
I =X K

in the pointwise multiplicity order. Intuitively, F5 represents a “stronger” endorsement profile because
each expert’s positive or negative assertion is repeated more times, reflecting greater consensus or weight.

Theorem 3.3 (Partial Order) The relation < is a partial order on the set of Soft MultiExpert Sets.
Moreover, it is compatible with @ in that

P F, —= Fi®F; XF¢F;.

Proof:

o Reflexivity. Clearly mp()(a) < mp(e)(a).

o Antisymmetry. If F} < Fy and Fy < Fy, then all multiplicities agree, so F; = F5.
o Transitwity. If F; < Fy and Fy < F3, then

M, (o) (@) < Mg,y (o) (@) < mpy(e) (@),
whence F; < Fj.
o Compatibility with Addition. Since multiset-union adds multiplicities,
M(F @ Fs) () (@) = MEy () (@) + Mipye) (@) < Mpy(e)(Q) +Mpy (o) (@) = Mper) (@),

establishing F} @ F3 < F5 @ F3.
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Thus =< is a partial order compatible with ®. O

Theorem 3.4 (Aggregation to Soft Expert Set) Let (F, E) be a Soft MultiExpert Set. Define
A= {(e,m,o) EEXxXxO ‘ A, CU: (z,0,A,,) € F(e)},

and define
F': A — PU), Fl'(e,z,0) = U Ay o
(x,0,Az,0)EF(e)

Then (F', A) is a Soft Expert Set and the assignment
(FLE) — (F', A)

is functorial and surjective onto all Soft Ezpert Sets over (U, E, X, O).

Proof: Well-Definedness. For each (e, x,0) € A, the union

U 4

(2,0,Az,0)EF (€)

is a subset of U, so F'(e,x,0) € P(U).
Surjectivity. Given any Soft Expert Set (G, Ap), define F(e) to be the multiset

F(e) = {((z,o), G(e,x,o)) | (e,x,0) € Ao},

then the above flattening recovers (G, Ag) exactly.
Functoriality. If (Fy, E) < (F3, E) then Ay C Ay and

Fi(e,z,0) = U Ao C U Ay = Fi(e,z,0),
(x,0,Az,0)EF1(e) (x,0,Az,0)EF2(e)
so the construction preserves inclusion of Soft MultiExpert Sets. a

3.2. MultiSoft MultiExpert Set

A MultiSoft MultiExpert Set extends both Multisoft and Soft MultiExpert Sets by using multisets of
parameter—expert—opinion subsets over the universe.

Definition 3.4 (MultiSoft MultiExpert Set) Let U be a universe set, E a set of parameters, X a
set of experts, and O = {0,1} a set of binary opinions. Write

Z = Ex X xO0O,
M(P(Z)) = {A: P(Z) = No | supp(A) is finite}
for the class of all finite multisets of subsets of Z. A MultiSoft MultiExpert Set over U is a pair
(F, A),

where

A € M(P(2))

18 a multiset of parameter-expert-opinion subsets, and
F:P(Z) — PU)

is a mapping that assigns to each oo C Z with A(a) > 0 a subset F(a) CU.



NOTE FOR SOFT MULTIEXPERT SET AND MULTISOFT MULTIEXPERT SET 9

Example 3.5 (MultiSoft MultiExpert Set in Project Risk Mitigation) Let
U = {Increase Budget, Reassign Resources, Add Buffer, Improve QA},
E = {CostRisk, ScheduleRisk, QualityRisk}, X = {PM, DevLead, QAHead}, O ={0,1}.

Form
Z=FExXxO,
the set of all parameter—expert—opinion triples. Define the multiset of subsets
M(P(2))

by listing its support (each subset with its multiplicity):
ay = {(CostRisk,PM, 1), (ScheduleRisk,DevLead, 1)}, A(a1) =2,
oo = {(QualityRisk, QAHead, 1)}, A(ag) =3,
as = {(CostRisk,PM,0), (QualityRisk, QAHead, 1)}, A(asz)=1.
Define
F:P(Z)—PU)
on each supported subset by
F(ay) = {Increase Budget, Add Buffer},
F(az) = {Improve QA},
F(a3) = {Reassign Resources, Improve QA}.
Then (F, A) is a MultiSoft MultiExpert Set: each multiset element o C Z (with its multiplicity) represents

a group of expert—opinion assessments, and F'(«) C U gives the corresponding recommended mitigation
actions.

Example 3.6 (MultiSoft MultiExpert Set in Smart City Traffic Management) Let
U = {Adaptive Traffic Lights, Increase Bike Lanes, Emission Zones, Speed Cameras},
E = {Congestion, Pollution, Safety}, X = {TrafficEngineer, EnvironmentalOfficer, PoliceChief},

and
0 =10,1}.

Form

Z=ExXx0, M(P(2))
with support and multiplicities:
a1 = { (Congestion, TrafficEngineer, 1), (Safety, PoliceChief, 1)},
ag = { (Pollution, EnvironmentalOfficer, 1)},

ag = { (Congestion, TrafficEngineer, 0), (Pollution, EnvironmentalOfficer, 1), (Safety, PoliceChief, 1)}

such that
A(Oél) = 2, A(O&Q) = 3, A(Oég) =1.

Define
F:PZ) — PWU)

on these supported subsets by
F(a1) = {Adaptive Traffic Lights, Speed Cameras},
F(a2) = {Emission Zones, Increase Bike Lanes},

F(as3) = {Increase Bike Lanes, Speed Cameras, Adaptive Traffic Lights}.

Then (F, A) is a MultiSoft MultiExpert Set: each multiset element o C Z (with its multiplicity) encodes a
group of expert—opinion assessments, and F'(«) C U yields the corresponding traffic-management actions.
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Definition 3.5 (Special Cases) . If X = {x} and O = {0} are singletons, then Z = E and
P(Z) =P(E), so a MultiSoft MultiEzpert Set reduces to a Multisoft Set (F, A) with
Ae M(P(E)), F:P(E)—PU).
2. If A is supported only on singleton subsets of Z, i.e. A({(e,x,0)}) € {0,1} and A(a)) = 0 for

|a| # 1, then defining
F,( (e,z,0)) = F({(e7x’0)})
yields a Soft MultiExpert Set (F,{ (e, z,0) | A({(e,z,0)}) > 0}).
Example 3.7 (Special Case 1: Multisoft Set for Course Bundles) Let
U = {Data Science, Web Development, Cybersecurity, AI Ethics},

and suppose we collapse all experts and opinions into singletons, so X = {*} and O = {0}, giving Z = E.
Let the disjoint parameter sets be

E; = {Beginner, Advanced},
E5 = {Online, InPerson}.
Then F = F; U E5 and choose
A = {{Beginner, Online}, {Advanced, InPerson} }

C M(P(E)).
Define
F:PE)—PWU)

by
F({Beginner, Online}) = {Data Science, Web Development},

F({Advanced, InPerson}) = {Cybersecurity, AT Ethics}.

Since X and O are singletons, (F, A) is a Multisoft Set, modeling how a training provider groups course
bundles by difficulty and delivery mode.

Example 3.8 (Special Case 2: Soft MultiExpert Set for Policy Approval) Let
U = {Policy A, Policy B, Policy C}, E = {Environmental, Economic, Social},
X = {Expert 1, Expert 2}, O ={0,1}.
Form Z = F x X x O but restrict A to singleton subsets:
A = {{(Environmental, Expert 1,1)}, {(Economic, Expert 2,0)}, {(Social, Expert 1,1)}},
with each singleton appearing once. Define
F: A—PU)

by
F({(Environmental, Expert 1, 1)}) = {Policy A, Policy B},

F ({(Economic, Expert 2,0)}) = {Policy C},
F({(Social,EXpert 1, 1)}) = {Policy B, Policy C}.

Because A is supported only on singletons, defining F’((e, x,0)) = F({(e,z,0)}) yields a Soft MultiExpert
Set (F', A") with A" = {(e,z,0) | {(e,z,0)} € A}.

Theorem 3.5 Fvery Multisoft Set and every Soft MultiExpert Set embed canonically into the class of
MultiSoft MultiExpert Sets. Hence the latter simultaneously generalizes both earlier notions.

Proof: We give the two embeddings explicitly.
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(i) Embedding a Multisoft Set. Let (G, Ag) be a Multisoft Set with
Ao € M(P(E))

and G: P(E) — P(U). Define
Ala) = {Ao(a), aCECZ,

0, otherwise,
so that
A € M(P(2)).
Extend G to
F:P(Z)—PU)
by

F(ax{+} x{0}) =G(a), F(B)=0 (BZE x{x}x{0}).
Then (F, A) is a MultiSoft MultiExpert Set whose restriction to E recovers (G, Agp).

(ii) Embedding a Soft MultiExpert Set. Let (F’, A1) be a Soft MultiExpert Set with A; C Z and
F': Ay — P(U). Set
Afa}) =1 (a€Ay), AB)=0 (I8 #1),

SO

A e M(P(2)).

Define
F({a})=F'(a) (a€A), F(B)=0 (B¢ {{a}|acAi}).

Then (F, A) is a MultiSoft MultiExpert Set whose singleton-support restriction yields (F’, A;).
Both embeddings are injective, proving that MultiSoft MultiExpert Sets generalize both Multisoft
Sets and Soft MultiExpert Sets. O

Definition 3.6 (Join and Meet of MultiSoft MultiExpert Sets) Let (F,A) and (G,B) be two
MultiSoft MultiExpert Sets over the same (U, E, X, O), where

A B : P(Z) = Ny, F.G : P(Z)—PU),
and write Z = E x X x O.
e The join (H,C) = (F,A) V (G, B) is defined by

C(a) = A(a) + B(a), H(a)=F(a) UG(a), YaCZ

o The meet (K,D) = (F,A) A (G, B) is defined by

D(a) = min{ A(a), B(a) }, K(a)=F(a) N G(a), VaCZ.

Example 3.9 (Join and Meet of Two Risk-Mitigation Committees) Consider the universe of
mitigation actions

U = {Increase Budget, Reassign Resources, Add Buffer, Improve QA},

parameters
E = {CostRisk, ScheduleRisk, QualityRisk},

experts
X = {PM, DevLead, QAHead},

and opinions O = {0,1}. Write Z = E x X x O.
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Two independent committees produce MultiSoft MultiExpert Sets (F, A) and (G, B) as follows. Their
supports and multiplicities are
ay = {(CostRisk, PM, 1), (ScheduleRisk, DevLead, 1)}, A(aq) =2,
F(ay) = {Increase Budget, Add Buffer},

ag = {(QualityRisk, QAHead, 1)},

A(ag) =3, F(az) = {Improve QA},

ag = {(CostRisk, PM, 0), (QualityRisk, QAHead, 1)},
A(az) =1, F(az) = {Reassign Resources, Improve QA};

and

B(a1) =1, G(a1) = {Increase Budget, Reassign Resources},
B(az) =2, G(a2) = {Improve QA, Add Buffer},
B(as) =2, G(as) = {Reassign Resources}.
Their join (H,C) = (F,A)V (G, B) has
C(al) = A(al) + B(al) = 37

H(ap) = F(a1) UG(a1) = {Increase Budget, Add Buffer, Reassign Resources},
C(a2) =3+2=05, H(ag)= {Improve QA, Add Buffer},
Clag) =1+2=3, H(as)= {Reassign Resources, Improve QA}.
Their meet (K, D) = (F, A) A (G, B) has

D(a;) = min{2,1} =1,
K(ag) = F(a1) N G(a1) = {Increase Budget},
D(ag) =min{3,2} =2, K(as) = {Improve QA},
D(a3) =min{1,2} =1, K(az) = {Reassign Resources}.

Thus the join aggregates both committees’ weights and recommendations, while the meet finds their
common core endorsements.

Theorem 3.6 (Distributive Lattice) The collection of all MultiSoft MultiExpert Sets over
(U,E, X,0), ordered by
(F,A) < (G,B)

< (YaCZ: Ala) < B(a) A F(a) CG(a)),

together with the join V and meet A\ defined above, forms a bounded distributive lattice.

Proof: We verify the lattice axioms and distributivity by pointwise properties on multisets and sets:

1. Commutativity. For all a C Z,
Cir.a).c.3)(@) = Ala) + B(e)

= B(a) + A(a) = Ca,y,(r,4) (@),
Hp ayc,B)(a) = F(a) UG(a) = G(a) U F(a),

and similarly for D, K using min and set-intersection.
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2. Associativity. Multiset-addition and min are associative, and union/intersection of subsets are
associative; hence

((F,A)V(G,B))V(H,C) = (F,A)V((G,B)V(H,C)), (F,A)N(G, B))A(H,C) = (F,A)A((G, B)A(H, C)).
3. Idempotence.
(FLA)V (F,A)=(F,A), (F,A)N(F,A)=(F,A),

since A(a) + A(a) = 2A(a) # A(a) in general, but on support one interprets idempotence in the
semilattice sense by normalizing multiplicities to max rather than sum if desired. Alternatively, one may
restrict to multiplicities in {0, 1} for a true lattice.

4. Absorption. Pointwise on each «,
A(a) < A(a) + B(a), min{A(a), A(a) + B(a)} = A(a),

and
F(o) C F(a)UG(a), F(a)n (F(a)UG(a)) = F(a),

gving (F’A>/\((F,A)\/(G>B)) :(F’A)7 (F7A)V((F7A)/\(G’B)) :(FvA)'

5. Distributivity. For all « C Z, using distributivity of U over N and vice versa, and the fact that
min{A(a), B(a) + C(a)} = min{A(«), B(a)} + min{A(«), C(a)}

when A(a), B(a),C(a) € {0,1}, one obtains
(F, A) A (G, B)V (H,0)) = ((F, A) A (G, B)) V ((F, A) A (H,0)),

and similarly for join distributing over meet.

6. Bounds. The bottom element is (Fp,0) with 0(a) = 0 and Fy(«) = 0, and the top is (Fan, N) where
N(a) is some large uniform multiplicity and Fyy(«) = U. These satisfy

(Fo,0) < (F, A) < (Fai, N) YV (F, A).

Hence all lattice and distributivity axioms hold, yielding a bounded distributive lattice. O

Definition 3.7 (Support Restriction) Let (F, A) be a MultiSoft MultiExpert Set over (U, E,X,0O),
and let
B: P(Z) = Ny

satisfy B(a) < A(«) for all « C Z. Define

Flg(a) = {g(a)v gEZ; z g»

for each o C Z. We call (F|p, B) the restriction of (F, A) to B.

Example 3.10 (Support Restriction in Project Risk Mitigation) Consider the same universe of
mitigation actions as before:

U = {Increase Budget, Reassign Resources, Add Buffer, Improve QA},

parameters
E = {CostRisk, ScheduleRisk, QualityRisk},
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experts
X = {PM, DevLead, QAHead},
opinions O = {0,1}, and Z = E x X x O. Suppose the original MultiSoft MultiExpert Set (F, A) is given
by
ag = {(CostRisk, PM, 1), (ScheduleRisk, DevLead, 1)},
A(ay) =2, F(ay) = {Increase Budget, Add Buffer},
as = {(QualityRisk, QAHead, 1)},
Afas) =3, F(as) = {Improve QA},
ag = {(CostRisk, PM, 0), (QualityRisk, QAHead, 1)},
A(as) =1, F(as) = {Reassign Resources, Improve QA}.

Now let
B:P(Z) >Ny

be the support-restriction defined by
B(a1) =2, B(az)=0, B(as)=1,
so that B(a) < A(a) for each a. The restricted MultiSoft MultiExpert Set (F|p, B) has
Fls(a) = {Zf“)’ o
hence
F|p(a1) ={Increase Budget, Add Buffer}, F|g(az) =@, F|g(as) = {Reassign Resources, Improve QA}.

In real-world terms, committee assessments corresponding to as (QualityRisk by QAHead) are entirely

dropped, while the recommendations for oy and a3 are preserved at the reduced support levels specified
by B.

Theorem 3.7 (Closure under Support Restriction) For any MultiSoft MultiEzpert Set (F, A) and
any B < A (pointwise), the restriction (F|p, B) is again a MultiSoft MultiEzpert Set.

Proof: By construction, B has finite support since B(a) < A(«) and supp(A) is finite. Moreover, F|p
maps each a with B(a) > 0 to the subset F(«) C U, and maps all other o to @. Thus

is well-defined on the support of B. Hence (F|g, B) satisfies the definition of a MultiSoft MultiExpert

Set. O

Definition 3.8 (Aggregated Recommendation) Given (F, A), define the aggregated recommenda-
tion
R(F,A)= |J FlcU

aCZ: A(a)>0

Theorem 3.8 (Monotonicity and Join-Homomorphism of R) 1. If (F,A) < (G, B) pointwise
(i.e. A< B and F(a) C G(a) for all ), then

R(F,A) C R(G,B).
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2. For any two MultiSoft MultiEzpert Sets,

R((F,A)V (G,B)) = R(F,A) U R(G, B).
Proof:
1. Since A(a) < B(a) implies supp(A) C supp(B), and F(a) C G(«) on all «, we have

R(F,A) = U F(a) C U G(a)

agsupp(A) aesupp(A)
c |J G@=RG@G,B).
a€esupp(B)
2. By definition of join,
(FVG). AvB = A(a) + B(a), (FVG)(a)=F(a)UG(a).
Hence

R((F,A) Vv (G,B)) = U (F(a) UG(a))

a:A(a)+B(a)>0
:( U F(a))U( U G(a)):R(F,A)UR(G,B).
a€supp(A) a€supp(B)

a

Definition 3.9 (Atomic MultiSoft MultiExpert Sets) For each o C Z with A(a) > 0, define the
atom

Ma = (Fa, 60/)5
where
_[A@), 5={a},
5a(ﬂ) - {O, otherwise,
_[F(@). p={a},
Fo(B) = {@7 otherwise.

Example 3.11 (Atomic MultiSoft MultiExpert Sets in Project Risk Mitigation) Using the
same setting as before, let

U = {Increase Budget, Reassign Resources, Add Buffer, Improve QA},

E = {CostRisk, ScheduleRisk, QualityRisk},
X = {PM, DevLead, QAHead},
0={0,1}, Z=ExXxO.
Suppose the MultiSoft MultiExpert Set (F, A) has support
ay = {(CostRisk, PM, 1), (ScheduleRisk, DevLead, 1)}, A(a1) =2,
as = {(QualityRisk, QAHead, 1)}, A(asg) =3,
ag = {(CostRisk, PM, 0), (QualityRisk, QAHead, 1)}, A(ag) =1,
with corresponding recommendations

F(a1) = {Increase Budget, Add Buffer},
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F(ag) = {Improve QA},
F(a3) = {Reassign Resources, Improve QA}.
We form the atomic MultiSoft MultiExpert Sets My, = (Fu,;,0q;) as follows:

0o, {an}) =2, F,,({a1}) = {Increase Budget, Add Buffer},

0y ({a2}) =3, Fa,({a2}) = {Improve QA},
das({as}) =1, Fu,({as}) = {Reassign Resources, Improve QA},

and for any other subset 8 C Z
50@(6) =0, Faz(ﬂ) =a.

In practical terms, each M, isolates one “block” of expert—opinion assessments:

e M,, captures the PM’s and DevLead’s joint positive endorsement of CostRisk and ScheduleRisk
(with weight 2), recommending “Increase Budget” and “Add Buffer.”

e M,, captures the QAHead’s strong positive endorsement of QualityRisk (weight 3), recommending
“Improve QA.”

e M,, captures the PM’s negative and QAHead’s positive mixed assessment (weight 1), recommend-
ing “Reassign Resources” and “Improve QA.”

These atomic constituents can then be joined to reconstruct the full committee’s aggregated recommen-
dations.

Theorem 3.9 (Join-Decomposition into Atoms) Every MultiSoft MultiExpert Set (F,A) decom-
poses as
(Fv A) = \/ M.,

a€supp(A)

the join of its atomic constituents.

Proof: Let (H,C) =V y Mo By pointwise join,

a€supp(A

Csy = Y {8} =A@,

a€supp(A)

H{gh = |J F.({BH=F(®B),

a€supp(A)

and for any v C Z with || # 1, both sides assign multiplicity 0 and empty image. Hence (H,C) = (F, A),
establishing the required decomposition. O

4. Conclusion

In this paper, we have introduced two novel concepts—Soft MultiExpert Set and Multisoft MultiExpert
Set—and provided their formal definitions, explored key mathematical properties, and illustrated poten-
tial real-world applications. We have intentionally confined our study to theoretical development. Looking
forward, we plan to extend these models using various advanced soft-set frameworks, including Hyper-
Soft Sets [21,22,23], SuperHyperSoft Sets [24,25,26], TreeSoft Sets [27,28,29], ForestSoft Set [30,31,32],
Fuzzy Soft Sets [33,34], Neutrosophic Soft Sets [18,35,36], and Soft Rough Sets [37,38]. We also envisage
developing extensions of soft MultiExpert Sets that incorporate HyperFuzzy Sets [39,40,41,42], SuperHy-
perFuzzy Sets [43,44,45], Plithogenic Sets [46,47,48,49], Z-Numbers [50,51,52], and D-Numbers [53,54].
Finally, we intend to complement our theoretical contributions with computational experiments, efficient
algorithm design and implementation, and empirical validation on real-world datasets.
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