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The Laplacian Minimum Boundary Pendant Dominating Energy of a Graph
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ABSTRACT: Let G be a finite, simple, and undirected graph with vertex set V(G). A subset S C V(G) is
called a boundary pendant dominating set if the induced subgraph < S > is boundary dominated by atleast
one pendant vertex. The boundary pendant dominating number, denoted wﬁ(G), is the minimum cardinality
among all boundary pendant dominating set of G. In this research article, we compute the Laplacian minimum
boundary pendant dominating energy LEPBE(G) for several standard graphs, and establish corresponding upper

and lower bounds for LE'E (G).
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1. Introduction

The concept of boundary domination in graphs was first introduced by K. M. Kathiresan, G. Marimuthu,
and M. Sivanandha Saraswathy in 2010 [11]. This idea extends traditional domination parameters by
emphasizing the effect that chosen vertices have on the boundary of the remaining graph. Consider a
graph G with n vertices and m edges, which is a simple, finite, undirected, and non-empty graph without
loops or multiple edges between the same pair of vertices.

The distance between two vertices u and v in a graph is defined as the length of the shortest path
connecting them. A vertex v is called a boundary neighbor of u if v is the nearest boundary of u.

For a vertex u € V, the boundary neighborhood of u, denoted by N (u) vertex to u is defined as
NB(w) = {u eV :du,w) <d(u,v) for all w € NB(u)}. The cardinality of NZ(u) denoted by deg?(G)
in G. The maximum and minimum boundary degrees of vertices in a graph G are denoted by AP(G)
and 6P (@) respectively. That is, AB(G) = maz,cv|NB(u)| and 68(G) = min,ey NP (u)).

A vertex u boundary dominates a vertex v if v is a boundary neighbor of u. A subset B C V(G) is
called a boundary dominating set if every vertex of V' — B is boundary dominated by atleast one vertex
in B. The boundary domination number of G, denoted by 77 (@), is the minimum cardinality among all
boundary dominating sets of G.

The concept of graph energy was introduced by I. Gutman [8] in year 1978. Let A = (a;;) be the
adjacency matrix of a graph G, and let its eigenvalues A1, Aa, ..., A\, are arranged in non-increasing order.
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Since A is a real symmetric matrix, all the eigenvalues of G and their sum equal to boundary domination
number. The energy of a graph G, denoted by F(G) is defined as the sum of the absolute values of its
eigenvalues

n

B(G) =3 I\

i=1

For an in depth treatment of the mathematical theory of graph energy, refer to [7]. I. Gutman and B.
Zhou [6,9] defined the Laplacian energy of a graph G in 2006. Recently, minimum covering energy [1] has
become an interesting way to connect traditional graph coverings with the graph’s spectral (eigenvalue)
properties. The Laplacian matrix of a graph G is denoted by L = (l;;) is a square matrix of order n x n.
The elements of the Laplacian matrix are

—1, if v; and v; are adjacent
li = 0, if v; and v; are not adjacent

where d; is the vertex of v;. M. R. Rajesh Kanna and G. Sridhara [22] was computed the Laplacian
minimum dominating energy of some standard graphs. Let D(G) be the diagonal matrix of vertex degrees
of a graph G and let A1, Ao,..., A\, be the Laplacian eigenvalues. The Laplacian energy is denoted by
LE(G) and is defined as follows:

n

LE(G) =)

i=1

\ o 2m
n

Mohammed Alatif introduced the concept of the Laplacian minimum boundary dominating energy of a
graph [14]. Motivated by these papers the present authors defined the Laplacian minimum boundary
pendant dominating energy of a graph. The concept of pendant dominating energy [17,18,19,20] and
the Laplacian energy [10,25,27] can be analyzed through various bounds and inequalities. The Laplacian
energy of a graph computed from the eigenvalues [24,26] of its Laplacian matrix, finds wide ranging and
important applications such as in chemistry, high resolution satellite image classification and segmentation
and in uncovering semantic structures within image hierarchies.

1.1. The Minimum Boundary Dominating Energy of Graphs

Let G be a graph of order n with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). A subset B
of V(@) is called a boundary dominating set if every vertex in ¥V — B is boundary dominated by atleast
one vertex in B. The boundary domination number ~,(G) of G is the minimum cardinality of a boundary
dominating set. Any boundary dominating set with minimum cardinality is called a minimum boundary
dominating set. Let B be a minimum boundary dominating set of the graph G. The minimum boundary
dominating matrix of G is the n x n matrix defined by Ag(G) = a;; where

1, if v € Nb(’Ui)
aij = 1, ifi=jandv;, € B
0, otherwise

The characteristic polynomial of Ap(G) is denoted by f,(G,\) = det(A — Ap(G)). The minimum
boundary dominating eigenvalues of a graph G are the eigenvalues of Ag(G). Since Ap(G) is real and
symmetric, its eigenvalues are real numbers and we label them in non-increasing order Ay > Ao > --- > A,,.
The minimum boundary dominating energy of a graph G is defined as

Ep(G) = Z ‘)\z‘
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1.2. The Laplacian Minimum Boundary Dominating Energy of Graphs

Let Dp(G) be a diagonal matrix of boundary vertex degrees of a graph G. Then Lp(G) = Dp(G) —
Ap(G) is called the Laplacian minimum boundary dominating matrix of G. Let A1, As,..., A, be the
eigenvalues of Lp(G), arranged in non-increasing order and are called Laplacian minimum boundary

dominating eigenvalues of G. The Laplacian minimum boundary dominating energy of a graph G is
defined as

Ai——
n

LEp(G) =)

i=1

where 2 = ZdegB(vi). Here v; is the boundary of v, and % is the average boundary degree G.

i=1

2. The Laplacian Minimum Boundary Pendant Dominating Energy of a Graph

Let G be a graph of order p and degree ¢, with vertex set V(G) = {v1,v2,...,v,} and edge set E(G).
A subset S of V(G) is called a boundary pendant dominating set if the induced subgraph < S > contains
atleast one boundary pendant vertex. The boundary pendant domination number, denoted by 'yfe(G),
is the minimum cardinality of such a boundary pendant dominating set. Let .S be a Laplacian minimum
boundary pendant dominating set of G. The Laplacian minimum boundary pendant dominating matrix
of order p x p is the adjacency matrix A7 (G) = a} where

1, if Vj ENB(Ui)
0B — 1, ifv;=v;fori=j
© 1, ifv;~v;andv; €5
0, otherwise

Let D]f;(G) be a diagonal matrix of the boundary vertex degree of G. The Laplacian minimum boundary
pendant dominating matrix of G is given by L} (G) = DJ(G) — AJ(G) where D (G) and AJ (G) are
the diagonal matrix and adjacency matrix of G respectively. Let 51, 82, ..., Bp be the Laplacian minimum

pendant dominating boundary eigenvalues of G. The Laplacian minimum pendant dominating boundary
energy, denoted by LEI’?e(G) and is defined as

LEF(G) = i Bi — ?‘
im1 p

n
where ® = ZdegB (v;). Here deg®(v;) is the pendant boundary degree of v; and
i=1
absolute value of the difference between each eigenvalue (3; and the average pendant boundary of the
graph GG. The average pendant boundary of G is computed as % where ® is the sum of total number

B; — %‘ represents

of boundary edges and p is the number of vertices in G. As Lfe (@) is real and symmetric matrix, the
characteristic polynomial of L7 (G) is given by f,(G,3) = (LJ.(G) — BI) and the set of eigenvalues
1B1] > |B2] > -+ > |Bp| with their algebraic multiplicities 71,72, ...,7, of L (G) is called the Laplacian
minimum pendant dominating boundary spectra of G, denoted by Spec(Lfe (@)) and is as follows:

speetzf@y = (2 )

T1 T2 N Tp
The Laplacian minimum pendant dominating boundary energy with algebraic multiplicities r; is

P P
LE;?@(G) = Z Bi — E

i=1

Ti
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2.1. Example
Let G be a graph with the vertex set {vy, va, v3,v4,v4} as shown in the FIGURE-1

(2]

FIGURE - 1

. (1) Let S7 = {va,v3} is the boundary pendant dominating set. The adjacency matrix, diagonal matrix
and Laplacian matrix is as follows:

001 01 20 000
01 010 01000
AB@G) =10 1 0 1 [andDJ(G)=] 0 0 2 0 0
001 000 00010
1 01 0O 00 0 0 2

2 0 -1 0 -1

0 0 0 -1 0

LE(G)=DE@G)-AB@G) = -1 0 1 0 -1

0 -1 0 1 0

The characteristic polynomial of the Laplacian matrix L2 (G) is (8—3)(8%>—26—1)(8>—~f—1) = 0. The
Laplacian minimum boundary pendant dominating eigenvalues are 3, = —0.61803, 32 = —0.41421, 33 =
1.61803, B4 = 2.41421, 85 = 3. The average boundary degree is % = % =~ 1.6. Therefore, the Laplacian
minimum boundary pendant dominating energy is LEES(G) ~ 6.46448.

(ii) Let Sy = {v1,v4} is the boundary pendant dominating set. The adjacency matrix, diagonal matrix
and Laplacian matrix is as follows:

10101 200 0 0
000710 01000
AB@=1000 1 |andaDE@G=|00 2 0 0
01010 000710
10100 0000 2

1 0 -1 0 -1

0 1 0 -1 0

LB(G)=DE(G)-AB@)=| -1 0 2 0o -1

The characteristic polynomial of the Laplacian matrix L2 (G) is (8 — 3)(8* —28 — 1)(8> = 8 — 1) = 0.
This polynomial is same as (i) and hence we conclude that the Laplacian minimum boundary pendant
dominating energy is LEI],BB(G) ~ 6.46448.

Theorem 2.1 Let G be a bull graph, then LE;?;(G) ~ 9.59524

Proof: Let G be a simple, undirected bull graph with 5 vertices and 5 edges. The graph is in the form
of a triangle with two disjoint pendant edges, which resembles a bull’s head with horns as shown in the
Figure 2.
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U3

Figure 2: Bull graph with 5 vertices and 5 edges

Let S = {v1,va} is the boundary pendant dominating set. The adjacency matrix, diagonal matrix and
Laplacian matrix is as follows:

10001 10000
01010 01000
AB@=1000 11 [adaDE@G=|00 2 0 0
01101 00030
10110 0000 3

0o 0 0 -1

0 0 -1 0
0 2 -1 -1
-1 -1 3 -1
-1 0 -1 -1 3

Ly (G) = Dyi(G) = AL(G) =

pe

OO OO

The characteristic polynomial of the Laplacian matrix is (8 — 1)(8% — 48 — 1)(8? — 338 —2) = 0. The
Laplacian minimum boundary pendant dominating eigenvalues are 31 = —0.56155, 35 = —0.23607, 33 =

1,84 = 3.56155, 5 = 4.23607. The average boundary degree is % = 15—0 = 2. Therefore, the Laplacian

minimum boundary pendant dominating energy is LEfe(G) =~ 9.59524. O

3. Fundamental Properties on Eigenvalues of LEfe (@)

Theorem 3.1 Let G be a simple graph having the vertex set V(G) = {v1,v2,v3,...,0,}, the edge set
E(G) and the pendant dominating set S = {u1,us,us,...,upt. If B1,B2,...,5p are the eigenvalues of
n

the Laplacian minimum boundary pendant dominating matriz LY (G) and ® = Z deg® (v;) then
i=1

(i) Zﬁi = —|S]

g . 2_¢ . d By, . 2 h R 15 Zf’UqGS
(ZZ) Zﬁz = +Z( cg (vz) _Cl) where ¢; = 0, vaz ¢ S

i=1 =1

p
Proof: (i) By definition, the sum of the principal diagonal elements of LE (G) is equal to Z(degB (v;) —
i=1

|S| = ® — |S|. Also the sum of eigenvalues of L5, (G) is the trace of LE (G), it follows that

p

p p
Y oBi=Y au= deg®(v))—|S| =S|
i=1 i=1

i=1
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(i) Similarly, the sum of squares of the eigenvalues of L (G) is the trace of (L (G))?. Therefore,

p p p p p p
> = Z Z ZZM =D lijlii
i=1 i=1 j=1 i=1j=1 i=1j=1

p

= Z i)*+ )bl = Z (la)® + 2 (L)

i=1 i#j =1 1<j

p .
B3 e ) e where ei={ 7 HUES

i=1 i=1

Theorem 3.2 If the sum of the absolute eigenvalues of the Laplacian minimum boundary pendant dom-
inating matrix LEE(G) s a rational number, then

316 = 9 (G) (mod 2)

Proof: Let 31, 52,...,3, be the eigenvalues of the Laplacian minimum boundary pendant dominating
matrix Lfe(G) of a graph G, of which 1, 52, ..., 3, are positive and the rest of them are non-positive,
then

p
Z'ﬁi|:(51+ﬁ2+"'+ﬁr>_(5p+1+"'+5p)

i=1

=2(B1+ B2+ + Br) — (Bt Bat o+ Bp)
=2(B1+ B2t +Br) — DB

(
(51 +52+"'+5r)—(2|E‘_|5|)
=2(B1+PBo++ B — |E|) — |9

2318 = AE(G) (mod 2)
i=1

Theorem 3.3 Let G be a graph of order p and size q. Let B1(G) be the largest eigenvalue of Afe(G) and
fyfe(G) is the minimum boundary pendant domination number, then

ﬁl (G) 2 (I>+"/pBe(G)

p

Proof: Let G be a graph of order p and let 51 (G) be the largest minimum boundary pendant dominating

TrB
eigenvalue of AB *(G). Then form [3], we have $; = maxxxo (XxT”;X) where X is any non-zero vector,

X7 is its transpose and L * is a matrix. If we choose X = I = (1,1,...,1)T. Then, we have

ITLE T 4+~52 (@)
B(G) > et = T
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4. Bounds on LE[(G)

McLelland’s [13] gave upper and lower bounds for ordinary energy of a graph. AleksiAtc [2] gave
upper and lower bounds for Laplacian energy of a graph. Similar bounds for LE;B@(G) are given in the
following theorem.

P
Theorem 4.1 (Upper Bound) Let G be a simple connected graph of order p, ® = ZdegB(vi) and S is
i=1
P

a minimum boundary pendant dominating set. Ifz |B:| is a rational number, then
i=1

(VE(G) +2¢; — ) < LEB(G) < (4E(G) + 2¢; + @)

Proof: By definition, we have

p
LEE(G) =
i=1

i) p
51'—5‘ SZWJ—HI)
i=1

Now
p
LEZ(G) <> |+ @
=1
= LE}(G) <v2(G) +2¢; + @
Also,

p
LEL(G) =) |8 - @
i=1

:|S| + 261‘ -
= LEfe(G) 27;,36(0) +2¢; — P

From both we conclude that

(VE(G) +2¢; — ) < LEE(G) < (4E(G) + 2¢; + @)

and

LEZ € (vE(G) + 2¢; — @,4 + 2¢; + @)

P
Theorem 4.2 (Lower Bound) Let G be a simple connected graph having p vertices and ® = Z deg® (v;).
i=1
If S is the minimum boundary pendant dominating set and A = |det(LY (G))|, then

P
LEB(G) > (| @+ (deg®(vi) — c;)® + plp — AP — @

i=1
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) - (B9)(5)

( |> ZIﬁZIQﬂLZIBleBJ

i#j

= > 1BillBs] = (Zm > - ; 18

Proof: Consider

< <
I M*@ I M*@
[y [

i#]
Applying inequality between the Arithmetic and Geometric means for p(p

Zlﬁil\ﬁj S
’fj(i (HM)

i#£]
> 1BillB1 = pp - 1) (me)
i#] i#]
P =D
(ZI&I) Zw%p — me)
i=1 i#£]

|
(il@l)z <<I>+;: deg®( _cl)z) (Hlﬁ - 1)>p<;1>
K

= i#]
(Zw) <<I>+Z deg®( —a))
i=1 i=1

1115 )
(Z |ﬁi|> >d+ Z(degB(vi) —¢)’ +p(p— 1)Id6t(Lfe(G))\%
i=1 =1

— 1) terms

i£j

i=1

P P
2
— (Z |5i> > $ ®+ ) (deg®(vi) = i)? +p(p — 1)|det(Ly.(G))| 7
i=1
By Triangular inequality, we have

|B:

< 51‘—?‘
)

18;
im—z E_j
Z|ﬂl|f@<2pj|ﬂz\f

=>Z|/31|—<I><LEB< )

Therefore, from the above we conclude that
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LEzi(G) 2 J ¢+ Zp:(degB(vi) — i) +pp— 1)A% - ®

P
Theorem 4.3 Let G be a simple connected graph of order p, & = ZdegB(Ui) and S is a minimum
i=1
boundary pendant dominating set of G, then

i=1

LEZ(G) < Jp(cb 3 deg® (w) - ) + 0 = 5(6)

Proof: The Cauchy’s-Schwartz inequality is

P 2 P P
i=1 i=1 i=1
in the above inequality, then
P
D2
#-2f)
=1 p
Z <|ﬁz|2+_2ﬂz ‘))
p

pgzp)fﬂ +;©2 - ”Z@)
(
(

Put a; =1 and b; =

(5

Biyy o2t &P
(I)+Z(d€9 (UZ) z) + D p( |S|)>

P2 27,:(G)
P p

p(®+ D" (deg (03) = )?) + B(@ — £ (G))

=1

t~
o
B
INA
_—

P
Theorem 4.4 (Upper Bound) Let G be a simple connected graph having p vertices and ® = Z deg® (v;),
i=1
then
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LE}(G) < p(‘b + Y (deg”(vi) — Ci)2> + @

i=1

Proof: The Cauchy’s-Schwartz inequality is

(£) <(5) (%)

Put a; =1 and b; = |5;| in the above inequality

(£m) = () (Er)

= p(@ + Z(degB(vi) - ci)2>
i=1
p<<1’ +) (deg®(v;) - Cz‘)2>

IN

p
= > _|8il
i=1

By Triangular inequality, we have

i=1

&f?]gmwﬁlzwiug
—4< MHZ—

L LER (@) <Y A+
=1

p

D |8

i=1

From the above result we conclude that

LEE(G) < ,|p <<1> + i(degB(vi) - cz-)2> + @

P
Theorem 4.5 Let G be a simple connected graph having p vertices and & = ZdegB(vi). Let |f1] >
i=1
|B2] > -+ > |Bp| be a non-increasing order of the Laplacian minimum boundary pendant dominating
eigenvalues of LY (G), then

LEﬂGﬁ>1<¢+§:%g10—@)—M)0&%4%)>—2q

=1

where a(p) = p[E7(1 — %[%]) and [x] denotes the integral part of a real number.

Proof: Let a,a1,az,...,a,, A and b,by1,ba,...,b,, B be real numbers such that a <a; < Aand b <b; <
Bforallt=1,2,...,p. Then, the following inequality holds

p p p
Py aibi— Y aiy b,
=1 =1 =1

< a(p)(A—a)(B-0b)




THE LAPLACIAN MINIMUM BOUNDARY PENDANT DOMINATING ENERGY OF A GRAPH 11

Put a; =b; =B8], a =b=|5,| and A = B = |f1] in the above inequality

p@mﬁ— (Zm) )

p<¢>+1p1 deg® (v )—cm) —(iw)z <a

i=1

p<q>+ > (des” (o >—ci>2> —(Zmn)g_a(p)(ﬂn—wm)g

i=1

<<I> + i (deg® (v;) — Cz)2> - a(p)(\/31| - |ﬂp‘)2 < (i |ﬁi|>2

o) (18:1 - 18,1)

(181~ 15,1)°

bS]
hS]

A

(Z |ﬁ,-|)2 > p<<1> 3 (deg(0) - )) ~a)(18] - 181)

— (Z m-) > JZ’(‘D > (deg® (w) - >> —a) (1811~ 15,1)’
=1 i=1

By definition, we have LE[ (G) = Z

i=1

P
Bi — —‘ and by Triangular inequality, we have
p

P » %
LER(@G) =) 1Bl -> —

i=1 i=1 p

p
LER(G)>> |8
=1

From the above, we obtain result

LER(G) 2 Jp<<1>+z<de93<v )= e)? —a)(18:] - 15,]) ) -

P
Theorem 4.6 Let G be a simple connected graph having p vertices and & = ZdegB(vi), Let |f1] >
i=1
|B2] > -+ > |Bp| > 0 be a non-increasing order of the Laplacian minimum boundary pendant dominating
eigenvalues of LY (G), then

p

3 (deg” (w) — ) — o) (18:] ~ 18,])

LEB(G) > — =L —®
pe(G) 2 (1811+18,1)

Proof: Let a; # 0,b;,r and R be real numbers satisfying ra; < b; < Ra;, then the following inequality
holds

P

p p
Zb? —&-TRZai < (r—i—R)Zaibi
=1 =1 =1
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Put b; = |Bi|, a; =1, r = |5,| and R = |$1] in the above inequality, then

p p p
D 1B+ 181181 1 < (18] +15,1) D 1]

i=1 i=1 i=1
p p
O+ (deg®(vi) — i) +pIBulIBpl < (181] + 1B,]) Y 18]
i—1 i=1
P
O+ (deg® (i) — i) +plBillB]
=1 < ;
(181 + 1851) - ; .

By definition, we have

p

LER(G) =

=1

p p @

ZACEI IR I
=1 =1

P
LEZ(G) =z ) |a] @
=1

P
6i——|
p

From the above, we conclude

p
o+ Z(degB(vi) —ci)® + | BBy

LEB(G) > —i=1 )
re(C) 2 (18:1+18,1)

5. LEZ(G) for Various Standard Graphs

Theorem 5.1 For a complete bipartite graph K, ,, we have LEIi(Kp’p) = 2p—4)+2/p>—2p+5
where p > 2

Proof: Let K, p be a complete bipartite graph having the vertex set
V(Kpp) = {ui,uz,...,up,v1,02,...,0,}. The minimum boundary pendant dominating set is S =
{u1,v1}. The associated adjacency matrix and diagonal matrix are as follows:

11 ..100 ...0
10 ...100 ...0
11 ..000 ...0
B _
ApeBop) =10 0 0 11 .1 and
00 010 1
00 01 1

2pX2p
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-1 0 ... 0 0 0O ... 0
0 (-1 ... 0 0 0 ... 0
0 0 (p-1) 0 0 0
B _
Dpe(KP,P) - 0 0 0 (p— 1) 0 0
0 0 0 0 (p—1) 0
0 0 ... 0 0 0 -1 )y
The Laplacian matrix is Lfe(Kp’p) = Dfe(Kp’p) — Afe(Kp,p)
-2 -1 ... -1 0 0 ... 0
-1 (-1 ... -1 0 0 ... 0
-1 1 ... (p-1) 0 0 ... 0
B _
LyelBpp) =1 0 ... 0 (-2 -1 .. -1
0 0 ... 0 1 (p-1) ... -1
0 0 ... 0 -1 1 -,

The characteristic polynomial of the Laplacian matrix Lfe (Kpp) is
2p—4 /o 2
fp(Kp,paﬂ) = (ﬁ_p> (B _(p_l)ﬂ_l) =0

The eigenvalues are 5 = p with multiplicity (2p —4), 8 = w with multiplicity 2 each. The
average boundary degree of K, is
P _ 2p(p—1)

= Pl

Therefore, the Laplacian minimum boundary pendant dominating energy of K, , is

LEﬁ(Kpm) =2p—4)+2y/p?>—2p+5

Theorem 5.2 For a double star graph Sy, we have LEfe(Sp,p) — 442 V/pF3-12 ;f”w where p > 2

Proof: Let Sp.p be a double star graph having the vertex set
V(Spp) = {vo,v1,v2,...,0p_1, ug, U1, ..., Up—1}, where vy and ug are the two central vertices. The min-
imum boundary pendant dominating set is S = {vg, ug}. The associated adjacency matrix and diagonal
matrix are as follows:

10 00 1 1
0 0 111 1
01 ..01 1 ... 1
B _
Ape(So) =10 1 . 110 ... 0 and
11 10 0 1
11 10 1

2pX2p
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-1 0 ... 0 0 0 ... 0
0 (+1) ... 0 0 0 ... 0
0 0 (p+1) 0 0 0
B —
Dpe(sp,p) - 0 0 0 (p— 1) 0 0
0 0 0 0 (p+1) 0
0 0 ... 0 0 0 D) )y,
The Laplacian matrix is LE (S, ) = DE (S,) — A5 (Sp.p)
-2 0 ... 0 0 |
0 (p+1) ... -1 -1 |
0 1 (ptl) -1 -1 -1
B _
Lye(Spp) = 0 1 ... -1 (-2 0 ... o0
-1 1L 0 (p+1) ... -1
1 | 0 1 ) )y,

The characteristic polynomial of the Laplacian matrix Lfe (Sp,p) is

Fo(Spm ) = (B— (0 +2)" (82 = 2pB+ (0> —p—3)) (B — 28— (0> —5p+7)) =0

The eigenvalues are § = (p + 2) with multiplicity (2p —4), 8 =p++/p+3and 3 =1+ +/p> —5p+8
with multiplicity 1 each. The average boundary degree of .S, , is

& _ 2p°+2p—4 _ p’+p—2

p 2p p

Therefore, the Laplacian minimum boundary pendant dominating energy of .S, , is

B _ 4p*+2p/pt3-12
LEpe(SILP) - P

Theorem 5.3 For a dumbbell graph D,, ,, we have LEﬁi(Dp,p) = 1124'271’_6 ++/p?+6p—3

Proof: Let Dyp be a dumbbell graph having the vertex set
V(Dpp) = {vo,v1,V2,...,Up_1,Up, U1,...,Up_1}. The minimum pendant dominating degree set is S =
{vo,up}. The associated adjacency matrix and diagonal matrix are as follows:

10 001 ... 1
0 0 01 1 ... 1
00 ..0 11 ...1
B _
Ape@pp) =1 0 1 1 1 0 ... 0 and
11 10 0 0
11 10 0

2pX2p
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(r—1)
0
0
Dﬁa(Dp,p) = 0
0
0

0
p

o

0

co -

0

The Laplacian matrix is L2 (D, ,) = DF.(D, ) — AS(Dy )

(p—2)
0
0
Lfe(Dma) = 0
-1
-1

0

p

0
-1
—1

-1

0
0

-1
-1

The characteristic polynomial of the Laplacian matrix L2 (D, ;) is

Fo(Dpps B) = (8 =) (82— Bp—3)8+ (20 —6p+3)) (B2~ (p— 1) — 1) =0
_ <3p—3>iW and B =

The eigenvalues are § = p with multiplicity (2p — 4), 8
with multiplicity 1 each. The average boundary degree of D, , is

2q
p

2p2—2 _ p*-1

p

o

S e

2pX2p
-1
-1
-1
0
0
p 2pX2p

Therefore, the Laplacian minimum boundary pendant dominating energy of D, , is

LEpB;(Dp,p) = p2+2p_6 +Vp*+6p—3

6. Conclusion

15

(p—1)++/p?—2p+5
2

The Laplacian dominating boundary distribution plays a key role in spectral analysis of complex
networks. This study investigates its properties using linear algebra, introducing the boundary pendant
dominating matrix a novel degree based representation of a simple graph GG. This matrix captures dom-
ination related structure while enabling more efficient spectral analysis. Our approach reduces matrix
dimensions in eigenvalue computations, often allowing explicit eigenvalues determination. We also intro-
duce degree energy, a new spectral invariant inspired by classical graph energy, defined via the boundary
pendant dominating matrix. Theoretical bounds are established, and exact values are computed for

standard graph families, deepening the algebraic understanding of domination in networks.
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