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Positive Solutions for Fractional Boundary Value Problem with Laplacian Operator:
Existence and Asymptotic Behavior

Abdelwaheb Dhifli, Safa Dridi and Bilel Khamessi

ABSTRACT: This paper deals with existence and uniqueness of a positive solution for the fractional boundary
value problem D?(p(x)D%u) = a(x)u® in (0,1) with the condition

lim D? =1 (p(x) D™ = li D%u(z) = lim D~ lu(z) = u(l) =
lim DA (o) D¥u()) = lim p(a) Du(z) = 0 and lim D~ u(z) = u(1) = 0,
where B, € (1,2], 0 € (—1,1), the differential operator is taken in the Riemann-Liouville sense and

p,a :(0,1) — R are nonnegative and continuous functions that may are singular at z = 0 or z = 1 and
satisfies some appropriate conditions. We also give the global behavior of a such solution.

Key Words: Fractional differential equation, p-Laplacian operator, Dirichlet problem, positive so-
lution, Schauder fixed point theorem.
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1. Introduction

Many papers on fractional differential equations have been recently received much attention. It is
caused by the intensive development of the theory of fractional calculus itself and by the applications of
such construction in various fields of sciences and engineering, such as control, porus media, chemistry,
physics, etc. For example and details, see [12] and [13].

In this paper, we consider the following nonlinear fractional problem

DB (p(z)D%u) = a(z)u®, z € (0,1),
Iy D7 () D7u(z) = i) Du(z) = O, L)
iig})D"‘_lu(x) =u(1) =0,

where «, 8 € (1,2] and for ¢t € R and o € (—1,1). The functions p and a are positive and continuous in
(0,1) that may are singular at © = 0 or z = 1 and satisfying some conditions detailed bellow and D? is
the Riemann-Liouville fractional derivative. Then, we will adress the question of existence, uniqueness
and exact asymptotic behavior of positive solutions to problem (1.1).

For readers convenience, we recall that for a measurable function v, the Riemann-Liouville derivative
DPv of order B > 0 is defined by

Po(x :71 in I:cf n=p=1y
Do(e) = oy (3)" | @ =0 e
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provided that the right-hand sides is pointwise defined on (0,1]. Here n = [3] + 1, where [§] means the
integer part of the number 8 and T is the Euler Gamma function.

This work is motivated by recent advances in the study of fractional differential equations involving
singular or sublinear nonlinearities with different boundary conditions (see [7,9,11,15—18, 22,24, 27— 28]
and the references therein). Namely, in [28], the authors investigate the existence of positive solutions of
the following problem

Dﬁ(q)p(Dau)) = f(x,u), (S (Oa 1)7
u(0) = 0, u(1) = au(€),
Du(0) =0, DYu(1) = bDu(s),

where a, 3 € [1,2], for t € R, ®, := t|t|P72 (p > 2), a,b € [0,1], &5 € (0,1) and f is a nonnegative
continuous function on (0,1) x [0,00). Under some appropriate conditions, the authors proved by the
Schauder’s fixed-point theorem the existence and asymptotic behavior of positive continuous solution.
Liu in [17], considered the fractional differential equation

D (p(2)®,(Du())) = f(z,u(@)), =€ (0,1),

where a, 8 € (0,1], p € C((0,1)) and f is a nonnegative function on (0, 1] x R allowed to be singular at
t = 0. The author proved the existence of positive solution with fractional nonlocal integral boundary
conditions.

Recently, in [19], Maagli et al. considered the following problem

D*u(x) = —a(x)u®, z € (0,1),

lim D tu(x) =0, u(l) =0, (1.2)
z—0+

where 1 < a <2, —1 < ¢ < 1 and the function «a is required to satisfy some assumptions related to I,

the set of all Karamata functions L defined on (0, 7], by

L(t) == cexp (/tn Z(:)ds> ,

for some 1 > 1, where ¢ > 0 and z is a continuous function on [0, 7], with z(0) = 0.
To describe the result of [19] in more details, we need some notations.
e For two nonnegative functions f and g defined on a set S, the notation f(z) ~ g(z), z € S means
that there exists ¢ > 0 such that 1 f(z) < g(z) < c¢f(z), for all z € S.
e For « € (1, 2], we denote by Ca_,([0,1]) the set of all measurable functions f such that
t — t2=%f(t) is continuous on [0, 1].
In [19], Maagli et al. studied problem (1.2) where a verifies
(Hy) a € C((0,1)) satisfying for each = € (0, 1),

a(z) ~z M1 —z) M L(z)L(1 — ),

where A+ (2 —a)o <1, p < a and L, L € K such that

n n o7
/ ﬂdt < oo and / L(?) dt < oo.
0 0

tAt(2—a)o th—atl
Based on the Schauder fixed-point theorem, the authors showed in [19] the following result.

Theorem 1.1 Assume that a satisfies (Hp). Then problem (1.2) has a unique positive solution
u € Co_o([0,1]) satisfying for = € (0,1),

u(z) ~ 22 2(1 — )™= g, 1-2), (1.3)

ol
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where \I/E%a’a defined on (0,1) by
1, ifu<o+a-—1,
1
ni 1—0o
(/ (S)ds> , if u=oc+a-—1,
;S
U t) := - =
Epaald) (L(t))1 ) if o+a-1l<pu<a,
_1
ti o
/ (S)ds , if p=a.
o S

2. Main Results

The main goal of this paper is to improve and extend the above results on the boundary behavior of
solutions to problem (1.1). More precisely, we consider the following hypotheses.
(H,) a and p are nonnegative functions in C ((0, 1)) satisfying for each = € (0,1),

a(x) =2z M1 — ) "Ly (x)La(1 — ),
where A+ (2 —a)o <1, y € R and Ly, Ly € K such that

/"Lli(t)dt@o
0

tA+(2—a)o

and

where y < S —1land r < a+1.

We introduce the quantities

P-—p—r+a

01 =min(l,a —r+1),02 = 1— o

and 03 = min(1l,a — 7).

The above values of §1, d; and d3 are related to the boundary behavior of solutions to problem (1.1), as
it will be explained in our main results stated in the following theorems.
Theorem 2.1 Assume (H,) and suppose that
u<B—14+06 andr < a+ 1.
Then problem (1.1) has a unique positive solution u € Ca_4([0,1]) satisfying for x € (0,1),

u(z) ~ 27 2(1 — )" N(1 — z),

_ 1, if r# a,
N(x)—{ log(2), ifr=a.

where

Theorem 2.2 Assume (H,) and suppose that
on = ﬁ -1+ 0'51,

r<a+1 andr # .
Then problem (1.1) has a unique positive solution u € Ca_4([0,1]) satisfying for x € (0,1),

u(z) ~ 2 2(1 —2)" N(1 — z),

where
1, if r<a,

N(z) = </nL2(S)ds>H, ifa<r<a+l.
: S
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Theorem 2.3 Assume (H,) and suppose that
fb—1l4+o<pu<pft+oandr<a—-1+4+p+0c—p.
Then problem (1.1) has a unique positive solution u € Ca_4([0,1]) satisfying for x € (0,1),
u(z) =z %(1 — 2)N(1 — ),
where

1, ifr<a—-1+08+4+0—u,
N(z) = </"<L28<s>>d5>”, ifr=a—1+8+0—p.

Theorem 2.4 Assume (H,) and suppose that

B—1<pu—d0<p

and
a—1<r+pu—id0o—p<a.

Then problem (1.1) has a unique positive solution u € Ca_4([0,1]) satisfying for x € (0,1),
u(z) ~ 27 2(1 — 2)% (La(1 — 7)) .

Theorem 2.5 Assume (H,) and suppose that B —1 < p <, r=a+ 3 — pu and Lo satisfy

[0y
t

0

Then problem (1.1) has a unique positive solution u € Ca_4([0,1]) satisfying for x € (0,1),

u(z) ~ 22 </01_I(L2t(t))dt) o

Theorem 2.6 Assume (H,) and suppose that

H’:5+0—53a

r<a,r#a-—1

/ani(S)ds < 00.
0

and Lo satisfy
s
Then problem (1.1) has a unique positive solution u € Ca_4([0,1]) satisfying for x € (0,1),
u(z) = 227 2(1 —2)2N(1 — z),

where
1, if r<a-—1,

N(z) = </0wL2t(t)dt>la, ifa—1<r<a.

The rest of the paper is as follows. In Section 3, we state some already known results on Karamata
functions. Also, we give some necessary definitions and lemmas from fractional calculus theory. In
section 4, we present some necessary conditions to existence result and we prove our main results stated
in Theorem 2.1, Theorem 2.2, Theorem 2.3, Theorem 2.4, Theorem 2.5 and Theorem 2.6 which illustrated

by an example. The last Section is reserved to a conclusion.



POSITIVE SOLUTIONS FOR FRACTIONAL BOUNDARY VALUE PROBLEM WITH LAPLACIAN OPERATOR 5

3. Preliminary Results

In what follows, we are quoting without proof some fundamental properties of functions belonging to
the class K collected from [8] and [26]. We recall that a function L defined on (0, 7] belongs to the class

K, if
L(t) = coxp (/tn Z(ss)ds> ,

for some n > 1, ¢ > 0 and z is a continuous function on [0, 7] with z(0) = 0.
Proposition 3.1 (i) A function L is in K if and only if L is a positive function in C*((0,7]) such that

tL'(t)
t—l>%1+m =0. (3.1)

(#4) Let Ly, Lo € K and p € R. Then we have

Li+ Ly eK,[1Ly €K andLIfGIC

(13i) Let L € K and € > 0. Then we have

lim t°L(t) = 0.

t—0+
As a standard example of functions belonging to the class I ( see [26] ), we give
Example 3.1 Let m € N* and n > 0. Let (u1, 2, ..., b)) € R™ and w be a sufficiently large positif real
number such that the function
w N\ Hi
L= TI (los())
1<i<m

is defined and positive on (0,7], where log, t = logo.... o logt (i times). Then we have L € K.

Lemma 3.1 (i) Let L be a function in K. Then we have

lim+ — T li(g) =0
t—0 / ds
t S

In particular,

n
t»—)/ L(s>ds€IC.
t

S

"L
(i) If/ (S)ds converges, then
0

S
L
hm+tL¢—
t—0
- /ﬂds
0 S

In particular,

t
tr—)/ @dselc.
0

S

Applying Karamata’s theorem, we get the following.
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Lemma 3.2 Let v € R and L be a function in K defined on (0,7] for some n > 1. We have
(i) If v > =1, then [ s7L(s)ds converges and

t 1+
t TYL(t
/ sTL(s)ds ~ 7()
0 t—0+ 147

(i) If v < —1, then fon sYL(s)ds diverges and

K YLt
/ STL(s)ds ~ —7().
t t—0+ 1 + ’7

Since our approach is based on potential theory, we recall in the following some basic tools. For
v € (1,2], we denote by G (z,t) the Green’s function for the boundary value problem (1.2). From [19],
we have

Gy, 1) = —— [ 2(1 — 1) — (& — 1)),

L'(y)

where T = max(x,0).

Proposition 3.2 (see [19]) Let 1 < v <2 and f be a nonnegative measurable function on (0,1). Then
we have
(i) For z,t € (0,1),

G (z,t) =277 2(1 — )" 2(1 — max(z, t)).

(i5) For x € (0,1), Gy f(x) == [y G- (z,8) f(t)dt < oo if and only if [, (1 — )71 f(t)dt < oo.
(iii) If the map t — (1 —t)Y~1 f(t) is continuous and integrable on (0,1), then G f is the unique solution
in Ca—+([0,1]) of the boundary value problem

Dvu(z) = —f(x), @ € (0,1),
{ wl_i)IngD”’_lu(x) =0, u(l) =0.
Here, below we provide a crucial property concerning continuity.
Lemma 3.3 Let ¢ and p be tow nonnegative functions in B((0,1)) such that
! 1
/0 (1— t)o“lmGgap(t)dt < 0.
Then the family
F=ASf 10— e Gal5CaNa) If] < 0}
is relatively compact in C([0,1]).

Proof: Let f € B((0,1)) such that |f(z)| < ¢(z) for all z € (0,1).
Let z € (0,1), we have

Sfx) = x%aca(%Gﬁf)(x)
1 1

i i Ga(x,t)(mGgf(t)dt.

Using Proposition 3.2 (i), we obtain that

1 t
570 < a5 | Gl < .
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Thus F is uniformly bounded. Now, let us prove that F is equicontinuous in [0, 1].
Let z,y € (0,1), then we have

S1@) = SF@)| = |GG ~ 1 Cal5Ca W)
1 1 2—a((, _ a=1 _ 2—a((y _ a1 L
= @MO (v (v =07 (= 0))*") (g Caf ()]
1 ' —a a—1 —a a1y, 1
= @/0 P (-t =2 ((w - 1)) K@Gw(t))dt-

For every ¢ € (0, 1), we have
N (-0 =2 (e =) T = Oas |z —y| — 0

and
27 (= ) = (- ) < 21— 0

Then we obtain by Lesbegue’s theorem that
1Sf(x) = Sf(y)l — 0 as [z —y[ — 0.

Now, let z € (0, 1), we have

171 ma—1 1
5160 - 775 | 4 p(?) Gotd] = sl [+ (e =0 (s Gartea
1

IA

T / (e t)ﬂ%l(%GMt»dt-

Using the fact that for ¢ € (0,1),
> ((z—-t))* ! —0asx —0

and
0 S {E2_a(($ o t)—i—)a—l S (1 o t)oz—l7

we get again by Lesbegue’s theorem that

1S f(z) - F(la)/o (1 ;(?;_ Gaf(t)dt] — 0 sz — 0.

Furthermore, for z € (0,1), we have

1 ! a—1_ 22—« _ a—1 L
[S1@) < g3 | (=077 =@ =) ) s oDt

By similar arguments as above, we deduce that
|Sf(x)| — 0 asz — 1.

Finally, we conclude that the familly F is equicontinuous in [0, 1]. Hence, by Ascoli’s theorem, we deduce
that F is relatively compact in C([0, 1]). O

The following Lemma is due to [19].
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Lemma 3.4 Let L1, Ly € K and let for z € (0,1)

b(t) =t~ (1 —t) M Ly(t)La(1 —t),
with \1 <1 and py < B. Assume that

n - n -
/ t= M Ly (t)dt < oo and / A== Ly (t)dt < .
0 0

Then we have for x € (0,1),
2* PGb(x) ~ (1 — a)™™ gy o o(1— ).
Remark 3.1 We need to verify condition | t= Ly (t)dt < oo and I tA=1=1 Lo (t)dt < oo in Lemma
3.4, only if A\; =1 and gy = B. This is due to Lemma 3.2.

4. Proof of Main Results

We begin this section by stating the following proposition, that will play a crucial role in the proofs
of our main results.

Proposition 4.1 Let fort € (0,1),
w(t) = a(t)t 2707 (1 — t).

Assume (H,) and suppose that there exist a nonnegative function 0 in C([0,1]) such that

/1(1 — )P w(t)dt < 0o (4.1)
0

and
xQ_“Ga(%GBw)(x) ~0(1 — 1), (4.2)

Then problem (1.1) has a unique solution u € Ca_4([0,1]) satisfying for each z € (0,1)
u(r) =~ z*720(1 — x). (4.3)
Proof: Let m > 1 and 6 be a nonnegative function satisfying for each = € (0,1)
%6‘(1 —z) < xQ_aGa(%GBw)(m) <mb(1 — x). (4.4)
Put ¢ := mTT. We consider the closed convex set given by
Y = {v e C([0,1)); %9(1 —z) <ov(z) <cf(1 —a)}.

Using Lemma 3.3 and Proposition 3.2 (ii), we easily see that the function z — xQ_QGa(%Ggw)(a:) belongs

to C([0, 1]) and satisfies (4.4). So Y is not empty. In order to use the Schauder’s fixed point theorem, we
denote a(z) = 2(®=2)9¢(x) and we define the operator 7 on Y by

Tv(x) = xQ_O‘Ga(%GB(EwU))(x).

We need to check that the operator T has a fixed point v in Y. For this choice of ¢g, we will prove that
T map Y into itself. Indeed, let v € Y, by using (4.4), we have

Tv(x)

IN

1
c‘()alx%aGa(;G/gw)(x)

IN

c‘oalmﬁ(l —x)
cof(1 — )



POSITIVE SOLUTIONS FOR FRACTIONAL BOUNDARY VALUE PROBLEM WITH LAPLACIAN OPERATOR 9

and

Z 0(1 —z)
cy'm
1

= —4(1—
~0(1- )

Furthermore, using (4.4), we have for each z € (0, 1)
1
GQ(EG’Bw)(:c) < 0.
This implies by Proposition 3.2 (ii) that
1 a—1
1-1¢
/ %G}gw(t)dt < 0.
0

p(t)

Hence, it follows from Lemma 3.3 that the family 7Y is relatively compact in C([0, 1]). So Y is invariant
under T

Next, we shall prove the continuity of 7. Let (vg)x be a sequence in Y which converges uniformly to v
inY.

For z € (0,1), we have

Tog() - To(z)| = xz—ﬂaa(%c:ﬂ(avz»(w)—Gaeaﬂ(av”))(x)!

IN

2 [ Gule )] (Galin) 1) Gslan”) )

For ¢t € (0,1), we have

1
|Ga(avy)(t) — Gaav”)(t)] S/O Ga(t,s)|(avf)(s) — (av”)(s)|ds
and for every s € (0,1),
[@7)(s) = (@) (s)] < 26 w(s).
Using Proposition 3.2 (ii) and (4.1), we obtain by Lesbegue’s theorem that
|G(av)(t) — Gp(av?)(t)] — 0 as k — oo.

We deduce that )
(Ga(avy)(t) — Galav?)(t))| — 0 as k — occ.

®

We have .

1
—(Gg(avd)(t) — Ga(av”) ()| < 2d°N (—Gw(t)).
|p(t)( s(av])(t) — Ga(av”)(1))] < 2¢ (p(t) pw(t))
Using (4.4), we obtain by Lesbegue’s theorem that for = € [0, 1]
Tug(z) — Tou(z), as k — oo.

Since TY is a relatively compact in C([0, 1]), we have the uniform convergence, namely

|ITvr — Tv|eo — 0, as k — o0.
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Thus, we have proved that T is a compact mapping from Y into itself. It follows by the Schauder fixed
point theorem that there exists v € Y such that Tv = v. Put

then u € Co_4 ([0, 1]) and u satisfies the equation
1
u(z) = Ga(;Gﬁ(auo))(x)

Then due to Lemma 3.4, u is a positive continuous solution of problem (1.1).
Finally, let us prove that u is the unique positive continuous solution satisfying (4.3). To this aim, we
assume that (1.1) has two positive solutions u and v satisfying (4.3). Then, there exists a constant m > 1

such that ]
—v < u < mo.
m

This implies that the set
1
J = {te(Loo):tvguStv}

is not empty. Now, put ¢ := inf J, then we aim to show that ¢ = 1. Suppose that ¢ > 1. Then by simple
calculus, we obtain that

DB (p(D*(cl?lv) — D*w)) = a(cl“lv” — u”) > 0,

: B—1 a( .ol _ N« _

ili%D (p(D¥(cllv) — D*u))(z) =0,

lim p(z) (Do‘(c""v)(a:) — D*u(z)) = 0.

rz—1
We conclude by Proposition 3.2 (iii) that

p(DO‘(clalv) — D%u) = —Gp(a(clv” —u?)) <o0.
Then we have
De(clly) < D%,

Which implies that
D(cl’ly —u) <0,
lim D~ (cl“ly — u)(z) = 0,
x—0
cloly(1) —u(1) = 0.
Using again Proposition 3.2 (iii), we conclude that

coly —u > 0.

By symmetry, we obtain that v < ¢/?lu. So ¢l?l € J. Since |o| < 1 and ¢ > 1, we have col < ¢. This
yields to a contradiction with the fact that ¢ = inf J. Hence ¢ = 1 and consequently v = v.
|

Proof of Theorem 2.1:

Suppose that
u<pP—140d6; andr <a+1.

Let 6 be the function defined on [0, 1] by
0(z) = 2> N(z),

where

_ 1, if r#a,
N(x)_{ log(2), ifr=a.
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Put
w(z) = a(z)z 2707 (1 — z).

Using (H,), we deduce that
w(z) ~ 2 MO0 — )9 1L (2)Ly(1 — )N (1 — z).
Since pu — §10 < B — 1, we conclude by Lemma 3.4 that for z € (0,1)

Gpw(z) ~ 2721 — x).
1
This implies by Proposition 3.2 (ii) that / (1 — )’ Lw(t)dt < oo and for z € (0,1), we have
0

1
-Gpw(z) ~ x_7_2+ﬁ(1 — )7t

Using again Lemma 3.4, we deduce that for = € (0,1)

1 (1—ux), if r<a,
227G (- Gpw)(z) =~ (I —z)log(%;), if r=aq,
P (1 —g)o—r+i ifa<r

= 0(1—x).

It follows by Proposition 4.1 that problem (1.1) has a unique positive solution u € Cy_,/([0, 1]) satisfying
for z € (0,1),
uw(z) ~ 2 2(1—2)" N1 —z) = 27201 — z).

Proof of Theorem 2.2:

Suppose that
on = ﬁ -1+ 0'51,

r<a-+1landr#a.

Let 6 be the function defined on [0, 1] by

0(z) = 2> N (z),

where
1, ifr<a+1l,
1
N(x) = n, f=r
@) </ 28(5)(15) , ifa<r<a+l.
Put
w(z) = a(z)z*"2707 (1 — z), = € (0,1).
Thus

w(x) ~ m_’\+(o‘_2)‘7(1 — x)‘h“_”Ll(sc)LQ(l —z)N°(1 —x).

Since p — d10 = 8 — 1, we conclude by Lemma 3.4 that for z € (0,1)

n
/ Lz(S)d& if r<a,
1

—z S

n =
(/ L2(S)ds> , ifa<r<a+l.
1

—z S

Gpw(z) =~ 2°72(1-2x)
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1
This implies by Proposition 3.2 (ii) that / (1 —t)P~lw(t)dt < oo and for = € (0,1), we have
0

1
—Gpw(r) ~ 77— g) !
p

</n LQ(S)ds), if r<a,
1—z S

1
n L -0
(/ 2S)ds> , ifa<r<a+l.
1—z S

Using again (H,) and by Lemma 3.4, we deduce that for « € (0,1)

1
PG Gau)(e) ~ (1) N (L~ )
= 6(1—ux).
Hence it follows from Proposition 4.1 that problem (1.1) has a unique positive solution u in Cy_4/([0, 1])

satisfying for z € (0,1),
u(z) = 2*720(1 — z).

Proof of Theorem 2.3:

Suppose that
b—1l4+o<pu<pt+oandr<a-—-1+p+o0—p.

Let 6 be the function defined on [0, 1] by

0(x) = xN(z),
where
1, 1 ifr<a—-14+840—upu,
N(z) = </n(L28(s))ds>”, ifr=a—-14+p+0—p.
From hypothesis (H,), we have
w(z) = a(x)z®2797(1 — 2)

~ Mo ) ML (2) Ly(1 — )N (1 — z).
Using the fact that 8 — 1 < u — o < 8, we deduce by Lemma 3.4, that for « € (0,1)

Gpw(z) = 2721 — )P+ Ly(1 — 2)No (1 — x).

1
Then by Proposition 3.2 (ii), we have / (1 — )P~ tw(t)dt < cc.
0

Moreover, for z € (0,1), we have

1

EGgw(x) ~ o V721 — ) TPt L (1 — 2) N (1 — ).
By Lemma 3.4, we obtain that for z € (0,1)

xQ_O‘Ga(%Ggw)(x) ~ (1-z)N(1—2x)
= 0(1-2x).

The proof of our Theorem 2.3 ends by using Proposition 4.1.
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Proof of Theorem 2.4:

Suppose that
B—1l<py—6wo<fanda—1<r+pu—=¥do—p<a.

Let 6 be the function defined on [0, 1] by

1

0(x) = 2% (La(x)) 77 .
From hypothesis (H, ), we have for « € (0,1)

w(z) = a(z)z®2797(1 — 2)

g AT (] )20 () (Lo (1 — x)) T
Using the fact that 8 — 1 < p — do0 < 8, we deduce by Lemma 3.4, that for z € (0,1)

1

Gaw(z) =~ x672(1 — m)ﬂ*“Jr‘Sz”(Lg(l —x))Te.

1
Then by Proposition 3.2 (ii), we have / (1 — )P Lw(t)dt < .
0

Moreover, for x € (0,1), we have
1
L Gig(e) a1 — ) T (L (1~ )T,
p
By Lemma 3.4, we obtain that for = € (0,1)
1

x2*aGa(%Gﬁw)(g¢) ~ (1= 2)% (La(1 — 2)) ™ = 0(1 — 2).

The proof of our Theorem 2.4 ends by using Proposition 4.1.

Proof of Theorem 2.5:
Suppose that 8 —1 < u < B, 7 =a+ [ — p and Ly satisfy

7 (La(t)
/0 t dt < oo.

Let 6 be the function defined on [0, 1] by
o) = ([ )"
0 t

w(z) = a(x)z®"2707(1 — z)

N MO )i () Lo (1 — 2) ( /O o (LQt(t)) dt) o

We conclude by Lemma 3.4 that for 2 € (0,1)

Then, for z € (0,1)

o

Gow(@) ~ 2°2(1 — 2)P Ly(1 — 2) (/01 (L2t(t))dt> o

13
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1
This implies by Proposition 3.2 (ii) that / (1 —t)P~lw(t)dt < oo and for = € (0,1), we have
0

%Gﬁ w(e) @7 (L - 2) T Ly(1 - o) ( /OH(LQt(t))dQ o

Using again (H,) and by Lemma 3.4, we deduce that for « € (0,1)
1
inO‘Ga(;Glgw)(x) ~6(1—x).

Hence it follows from Proposition 4.1 that problem (1.1) has a unique positive solution u in Cy_4([0, 1])
satisfying for z € (0, 1),
u(z) = 2*720(1 — z).

Proof of Theorem 2.6:
Suppose that u =8+ 03, r < a, 7 # a — 1 and Lo satisfy

/ani(S)ds < 0.
0

s
Let 6 be the function defined on [0, 1] by
0(z) = 2% N(x),

where
1, ifr<a-—1,

1
N = n o
(@) </ Lz(S)ds) , ifa—-1<r<a.
: S
From hypothesis (H,), we have for z € (0,1)

w(z) = a(x)z®"2707(1 — z)
~~ x_)‘+(a_2)”(1 — x)"éS_“Ll(x)Lg(l —z)N°(1 —z).

Since p — 003 = 8, we deduce by Lemma 3.4, that for x € (0,1)
T L

/ 2(s)ds, ifr<a-—1,
1 S

—x

. =5
(/ 2(s)ds> , ifa—-1<r<a.
1—z S

1
This implies by Proposition 3.2 (ii) that / (1 — )’ Lw(t)dt < oo and for z € (0,1), we have
0

(/77 L2(S)ds>, ifr<a-—1,
—r 1—x S

1
n fe=rs
(/ Lz(S)ds) , ifa—-1<r<a.
1—z S

Using again the same arguments, we obtain for x € (0, 1)

Gpw(z) ~ 2P72

ngw(x) ~ o VTR — )
p

x2_aGa(%G5w)(x) ~0(1—x).

The proof ends by applying Proposition 4.1.
As an application of our main results, we give the following example.
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Example
Let 8, € (1,2] and 0 € (—1,1). Let a and p be two positive continuous functions on (0, 1) such that
3 —2
ar(z) ~ (L —a)™" (log(H)> s weR

and
ple) ~ a7(1—a),

where y < f—1and r < a+ 1.
Then problem (1.1) has a unique positive solution u € Ca_ ([0, 1]) satisfying for each = € (0, 1):
e i< fB—1+0d6; and r < a+ 1, then by Theorem 2.1

~ P ]-7 ifr?éa+17
u(z) ~ 2<1—9«°){ log(+L), ifr=a-+1.

o u=p—14001,r <a+1andr # «, then by Theorem 2.2

) 5 1, if r<a,
w(z) ~ 27 7(1 —x)" -2z
(@) ( ) (log(%)) T ifa<r<a+1.

ef—l1l+o<pu<pf+oandr<a—1+p+ 00— pu, then by Theorem 2.3

1, ifr<a—-14+B+4+0—p,
u(z) =~ z*7%(1 — ) 3 - . o _
log(7=) , ifr=a—-14+p+0c—p.

ef—1+0d<pu<fB+4+odand a—1<r—p—0d+ 1< a, then by Theorem 2.4

() ~ 2*2(1 — 2)® <log(1 3 x)) .

e f—1<pu<fandr=a+p—pu, then by Theorem 2.5

w(z) ~ 22 (log( 1 3 x)) o

o =L+ 003, r<aand r # «a—1, then by Theorem 2.6

1, ifr<a-—1,
u(z) ~ 22 2(1 — x)‘sS 3 e
(log(m)) , ifa—-1<r<a.

5. Conclusion

In this paper, we have shown the existence, uniqueness and asymptotic behavior of continuous positive
solution for a nonlinear boundary value problem of fractional differential equation with p-Laplacian. Our
existence results are based on Schauder’s fixed point theorem, while the asymptotic behavior is obtained
by the behavior of the Green’s function and Karamata regular variation theory. Also, we have given an
example illustrating our main results.
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