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Novel Extensions of Hermite—Hadamard Type Inequalities via the Riemann—Liouville
Fractional Integral Operator
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ABSTRACT: This study presents new Hermite-Hadamard type inequalities formulated via the Riemann-—
Liouville fractional integral operator for functions whose derivatives, in absolute value, satisfy convexity
conditions. By exploiting fundamental properties of convex functions, the proposed results extend classi-
cal Hermite-Hadamard inequalities into the fractional calculus setting. This generalized framework highlights
the interplay between convexity and modern fractional integral operators, thereby enriching and unifying sev-
eral recent developments in the literature. In addition, numerical examples and graphical illustrations are
provided to support the theoretical findings, demonstrating the sharpness, effectiveness, and applicability of
the obtained inequalities in advanced fractional calculus research.

Keywords: Convex functions, Riemann—Liouville fractional integrals, Hermite-Hadamard type in-
equalities.
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1. Introduction

The Hermite-Hadamard inequality is a basic result in convex analysis that provides both lower and
upper bounds for the integral mean of a convex function over a compact interval. Due to its fundamental
role in analysis, the inequality independently developed by Hermite and Hadamard has seen widespread
investigation, optimization, and applied sciences. It characterizes the relationship between convexity
and integral estimation, offering a powerful tool for deriving various functional and fractional integral
inequalities. The Hermite-Hadamard inequality concerning convex functions is a strong tool across
numerous branches of Mathematics. We can define it as:

9 (C“ +Cb> = Cbica /Cb Qo) dpr < w (1.1)

2

Integral inequalities are essential to many theoretical and mathematical analysis. Significant contributions
have been made in this area, particularly concerning Riemann-Liouville and Atangana—Baleanu fractional
integral operators [1,2,3,4,5]. Dragomir et al. [6] pioneered the development of Hermite-Hadamard-type
results within the framework of Riemann-Liouville fractional integrals [18]. Building on this foundation,
researchers have employed generalized fractional calculus to formulate refined inequalities of Simpson—type
[7,8] and trapezoidal-type [9,10]. On the other hand, Ostrowski-type inequalities have been extensively
investigated in the classical setting [17]. Moreover, recent work has paid particular attention to midpoint—
type fractional inequalities tailored for convex functions [11,12], demonstrating the ongoing development
of this field. The theory of convex functions and convex sets has received increasing attention in recent
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years, which has resulted in creative generalizations across several mathematical contexts. Inspired by
these developments, this paper serves as a basis for additional research on fractional integral inequalities
by reviewing key definitions pertaining to convex functions and the left-right Riemann—Liouville fractional
integral operators.

Definition 1.1 The function @ : [cq,cp] C R — R, convexity of a function is confirmed when the
following inequality is satisfied:

Q (P51 + (1 — @) 52) < PQ(61) + (1 — @) Q (52),

for all 61,62 € [ca,cp) and @ € [0,1]. The function @ is termed concave when its negation —Q,
exhibits convex behavior.

Definition 1.2 [13] Suppose Q € L1 [ca,cp]. The fractional integrals Jf +@Q and Jfb,Q corresponding
to the Riemann—Liouville definition and of order B > 0, are expressed as follows:

B o 1 7 _\B-1 -
Jca+Q_ F(ﬂ) La (01 y) Q(y) dy7 01 > Cq,

and

1 b -
B _ ~ \B—1 -
JCbQ_F(,B)/&l (y_al) Q(y)dyv 01 < Cp,
Here, T'(B) is the function of Gamma and Jga+Q (61) = ng_Q (61) =Q(61).

In [14], H. Wang et al. introduced a set of new inequalities derived through the use of the Riemann—
Liouville fractional integral operator.

Theorem 1.1 Consider a differentiable function @Q : [cq,cs] — R defined on the interval (cq,cy) with
0 < B < 1. If the absolute value of its derivative, |Q’| is convex on [cq, cp), then the following result holds:

Q(Ca)+Q(C) F(B-‘rl)
= ey e [T Q) + 1 Qe) ‘

—1) [1Q" (ca)l + 1@ (cs)[] -

2
(e~ ca) (27
= TG

Proposition 1.1 If the Assumptions in Theorem 1.1 are satisfied and we take 8 = 1, the resulting
expression reduces to a trapezoidal inequality.

Q(ca) +Q(cv)
2 B Cp — Cq / Q (1) doy

@) 10" ()l +1Q” (en)).

<

which is obtained by Dragomir in [15].

Theorem 1.2 Consider a differentiable function Q : [cq,cp] — R defined on the interval (cq,cp) with
0 < B < 1. If the absolute value of its derivative, |Q'| is convex on [cq, cp], then the following result holds:

rpB+1)
‘2(017_6(1)6

< O—C <2ﬁ1([3—1)+1
- 4(B+1) 26-1

[J(BCb),Q(ca) + J(ﬁcaﬁQ(Cb)} —-Q <Ca —2F cz;)‘

) 1Q"(ca)| + 1Q" ()]
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Proposition 1.2 If the Assumptions in Theorem 1.2 are satisfied and we take B = 1, the resulting
expression reduces to a midpoint inequality.

e - e (252 )| < BT 0@+,

Cp — Cq 2

which was derived by Kirmaci in [16].
Significant contributions related to the right-hand side of equation (1.1) were made by Dragomir and
Agarwal in [15].

Lemma 1.1 Consider a differentiable function @ : I° C R — R where I°,cq, ¢y € I with cq < cy. If the
derivative Q' € L [cq, cp), then the equality below holds:

Q (ca) +Q (cv) 1 o
5 L2 /CQ(al)dal (1.2)

Ch — Cq

a

Ch — Cq

_ / (1-2) Q" (yea + (1 — y) ) dy.

2

Theorem 1.3 Consider a differentiable function Q : I C R — R where 19, cq, ¢, € 1° with ¢, < cp. If
the deriwative Q' € L [cq, cp] is converz, then the inequality below holds:

Qe +Q@) 1 [
‘ 5 ’ I /Ca Q (1) doy
< 2 1)+ Q@)

There are two primary components to the current paper. The main ideas and theories that underpin
the investigation are introduced in the first section. It describes the reasons for the research and estab-
lishes the foundation for the next advancements. The results obtained for each of the inequalities under
examination are presented in the second section, which is broken up into smaller portions. Making use
of methods from fractional calculus, and places these findings in the framework of recent research. It is
hoped that the information offered here may spur new developments and study in this area.

2. Main Findings

Lemma 2.1 Consider a differentiable function Q : I C ® — R where I°,cq, cp € I° with c, < cp. If the
derivative Q' € L{cq, cp], then the equality below holds:

Q(61)doy —

Qcp+(1—-P)cq —
1 / M[Q (Pey + (1= D)) + Q (P, + (1 — D) )]

Cb =~ Ca J®cy,+(1—P)c,
(1—29) (¢ — ca)
2

[ - 20Q e+ (1= )+ (-0 @+ (1))
Proof: Let
D= [ 0-20Q @ 0 @)+ (10 @t (- D) ey
= [ @@+ (1= @)+ (1) (Bt (- @)l

1
—2/0 yQ [y (Bey + (1— @) cp) + (1— ) (Bey + (1 — @) )] dy

I = I+ DL
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The desired outcome is obtained by systematically applying integration by parts to each integral.

1
I = /OQ/[y(cbcaJr(l*‘I))Cb)Jr(1*y)(¢)cb+(1f¢>)ca)]dy
1 1
= (1—2®) (cp — ca) IQ [y (Pca +(1=D@)cp) + (1 —y) (Pep + (1 — D) Ca)“o

Q(Pca+(1—-DP)cy) Q(Pep+ (1 —D)cy,)

1-20) (e —ca)  (1-20)(cp—ca) 21)
Similarly, we have
o= =2 [ 4Qly (@, + (1= 9)a) + (1 =) (@, + (1= B)cy)] dy
2
= T8 (g ey V@ (et (1= D)) + (1 —y) (B + (1= B)ea)ll
2 1
A 20) (0 —c) /0 Q ly(Pea+(1-2)cp) + (1 —y)(Pcr + (1~ P)ca)l dy
_2Q (CI)CQ + (1 — (I)) Cb) 2 (Pea+(1-P)cp) - _
(1=2®) (e — ca) (1—22) (cp — ca)’ /(cpcb+(1—<1>)ca) Q(61)dor. (22)
Adding the equalities (2.1) and (2.2), we obtained
_ 2 (etome) s - Q@+ (1= ®)cy)
(1- 2‘1))2 (cb — Ca)2 /(¢Cb+(1q>)ca) 96 day (1 —2®) (cp — ca)
_Q(®ep+(1=P)ca) 23)

(1 -29) (cp — ¢q)

1—2®)%(cp—ca
%’ we have

Multiplying both sides equality (2.3), with (

(1 —28)° (¢ — ¢a)
2

1

1 (Pca+(1—-P)cp) ~ ~ 1—9p
- 7/ Q (0'1) d0'1 — ( )
(

- (@ (Pca + (1 —P)cp) +Q(Pey + (1 — @) ca)]-
(eb — ca) Bep+(1—P)cq)

Therefore, we get

Dcp+(1-P)cq —
i / Q(&l)da.l_(ITQ(I))[Q((I)Ca+(I—Q)Cb)—l—Q(CDCb"'(l_CD)Ca)]
Cb =~ Ca JBcy+(1—P)c,
2 1
_ a- 2¢>2<cb ~Ca) / (1-29) Q' [y (Pea + (1 = @) ) + (1 — y) (Bey + (1 — @) c,)] dy.

Remark 2.1 In Lemma 2.1, if we take ® = 0 then we will get the equation (1.2)

., 1
Q(C);Q(Cb)_%_ca/ca Q (61) doy
(cy — Ca

1
) [ 0-20Q ew+ (=)l
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3. Hermite—Hadamard Inequalities in Fractional Calculus

As shown below, Hermite-Hadamard inequalities can be reformulated through fractional integration.

Theorem 3.1 Suppose Q : [ca,cs] = R be a positive function with 0 < ¢, < ¢, and Q € Ly [cq,cp]. If Q
is a convex on [cq, cp), then the following inequality involving fractional integrals holds:

Cq + Cp rp+1) 8 . 5 ) Qe) +Q(e)
Q< 9 )SQ(I—N’)B(Cb—ca)B [JCQ+Q(b)+JCb—Q(a) < .

Proof: Since Q) is convex on [c,, ], we have for 61,52 € [cq, ] with @ = 1,

0 (51;—52> < Q(ﬁl)‘;Q(@)

g1 =y (Pca + (L= @)cp) + (1 —y) (Pep + (1 = D) ca)

and
go=1-9)(Pce+(1—P)cp) +y(Pcp + (1 — D) c,)

20 (%5%) < Qly(@e+ (L= D))+ (1-1) (B + (1 By
QL —y) (Pea + (1 = @) cp) +y (Pep + (1 — @) ca)].

Applying multiplying by y®~! followed by integration on the interval [0, 1], we derive the next expression:

2
BQ

<;b> < /0yﬂ—lcz[y<q>ca+<1—¢>cb>+<1—y><¢6b+<1—¢>6aﬂdy

+/O VO [(1 = ) (B + (1— ®) ) +y (Bey + (1 — D) ca)] dy
B Pca+(1—P)cyp Ca—u+(cp—ca)® B-1 du
- Acbm@ca ( (1= 28) (cr — ca) > Q) =28 (0~ ca)

Dep+(1—-P)cq v—cp+ (Cb _ Ca) P B-1 dv
v (Tmae) O amaa

Pea+(1—P)cy
r (9
= U Tae) (o [Pt (@) B+ I Qe+ (o~ ) ®)].

i.e.

Q (Ca —2'— Cb) < 2(1— g;fﬁ—:ct)— ca)’ [JfﬁQ (co) + JZ*Q (Ca)] '

The 1st inequality is proved of this theorem.
For proving the 2nd inequality of this theorem, we first observe that if @ is convex and ® € [0, 1], it
yields.

Qly(®ca+(1—2)cp) + (1 —y) (Pey + (1 — @) ca)]

< YQ(Pea + (1 —P)ep) + (1 —y) Q(Pep + (1 = P)cy),
and
Ql—y)(Pca+(1—=D)cp) +y (Pep + (1 — D) cy)]
< (1-9)Q((Pca+ (1 —P)cp) +yQ (Pep + (1 — @) ca).
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Adding both inequalities, we have.
Qly(Pca+(1—P)cp) + (1 —gy) (Pep + (1 — D) cq)]
FQR[(1 —y) (Pea+ (1 — @) ) +y (Pep + (1 = D) ¢a)]
< YyQ (P +(1—=P)cp) + (1 —y) QPcp + (1 — D) ¢y
T =y Q(Pea+ (1 —P)r) +yQ (Pep + (1 — D) ca).

By multiplying both side’s by y#~!, and subsequently integrating the resulting inequality w.r.t y over
the interval [0, 1], we obtain

/0 PIQLY (Bey + (1— @) ay) + (1— ) (e + (1— ) )] dy

4 / Q1 — ) (Bea + (1 B) )+ (Bey + (1 — @) c,)] dy

1
< ylQ(ca) +Q () + (1 -y) [Q(Ca)+Q(Cb)]/ Yy’ ldy.

0

(1- 2<I>§6((ﬂ) — )’ {Ji+Q (c) + Ji,Q (ca)} < Q(Ca)g(%)
Cp Ca Q

—F<I>(ﬂ 1)_ : ’Q Qlea) + Q)

2(1-2 )/3 (¢ ca)’B {JCQ+Q (cv) + JCb_ (ca)} < . Q '

Therefore, we get

Cq + Cp rB+1) P . 5 . M
Q( 2 )32(12@5(%%)5 [J2.Qe) + 2 Q)] < £9(a)

Corollary 3.1 In Theorem 3.1, if we put ® =0, then we get

Catc r+1) 0+ )
Q( 2 b)§2(cb—ca)’@ Jfa+Q(Cb)+JZ—Q(Ca)}Sfb.

Remark 3.1 In Theorem 3.1, if we put ® =0 and § = 1 then it gave equation (1.1).

Lemma 3.1 Consider a function which is differentiable Q : [cq,cp] — R on (cq,cp) with cq < ¢p. If
Q' € [ca,cp], then the given inequalities verified:

Q(Per+(1-P)ca) +Q(Pca + (1 —P)cp) rp+1)
2 2(1—28)" (¢ — o)’

I2.Q @)+ ) Q(e)]

(3.2)

(1—29)(cp —ca)

= 5 /0 {(1_?4)6_.@6}Ql[y@)%-i-(l—q))cb)—i-(l—y) (Bey + (1 — D) c,)] dy.

Proof: It is sufficient to examine that
I = /0 [(1 —y)’ —yﬂ Q' ly(Pea+ (1=P)cp) + (1 —y) (Pcp + (1 — @) ca)| dy
1
= [ A=) Q (e + (1= @) ) + (1 =) @+ (1= D))l dy

—/O Q" [y (Bc + (1— @) ) + (1 — y) (Bey + (1 — @) )] dy

I = L+ I (33)
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Taking integration by parts

L o= /0(1—y)f*Q/[y(@ca+(1—@)cb>+<1—y>(<1>cb+<1—<1>>ca>]dy

_ (1_y)ﬂ _ _ _ 1
= 1Q e+ (1= ®)e) + (1) (B + (1 = D)

1 ! 1
s e L PO et (1= @) + (=) (B (1 - ) ey

QP+ (1-2)ca) B / (ca—&l)/“( Q (1) .

(1—29) (cp — ca) (1—-29)(cy — ca) Ca — Cb 1—2®) (cq — )
_ QP+ (1—-P)eca) r'p+1) 8 .
h= (1—=2®) (e — ca) (1- 2@)2 (cp — ca)5+1 Jcb_Q( a), (3.4)

and similarly, we get

o= - [ Q @ (- @)+ () e (- e dy
= 2(;;?% — 519 ly(@ca+ (1= @) ) + (1= y) (Bey + (1 = @) o)l
e | Y e (- ) () @+ (- 9y
- e Twema ) (28) e
= Q((léfg)((lcb —q)iff) Ta- 2;25(; i)ca)ﬁ“ Ter Q). (35)
Using (3.4) and (3.6) in (3.3), it follows that
r= Q(gq)fb2$)((lcb_—(1) ic)) (- 2(15)26(; i)ca)fﬁ“ Jey-Qe) + Q((l(b—cgg)((lcb_ _@23,)
Q)
QP+ (1 (1¢ic;;))+(§(_<bcc:)+ (1-9)cp) = 2;2/3(; i)ca)6+1 [J&Q(c@ n Jfb_@(ca)} .

(1-2®)(cp—cq)

Thus by multiplying 5

on both sides we have conclusion (3.2).

Q(Pep + (1 —P)ca) +Q(Pea + (1= P)cp) rp+1)
2 2(1—2®) (¢, — ca)”

[J2.Q )+ _Q (c)]

- e —¢ !
- 0220 [ ) -] Q (e + (1= )+ (1) (@ + (1 - ) )] d

2

d

Corollary 3.2 In Lemma 3.1, if we put ® = 0, then have

Qe +Q(e)  T(B+1)
2 2 (cp — ¢q)

5 |2 Q@) + 75 Qe

= L;C“) /01 [(1—y)ﬁ—yﬂ}Q’(yca+(1—y)6b)dy~
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Remark 3.2 In Lemma 3.1, if we put ® = 0 and § = 1, then equality (3.3), change into equality
(1.2).

Qle) +Q(a)  T(B+1)
2 2 (cp — ca)ﬁ

= o) Moy -] Qs (- pea.

2 Q) + T Q)

Theorem 3.2 Consider function which is differentiable Q : [cq,cs] = R on (cq,cp) with ¢, < cp. If Q]
is convexr on [cq, cp], then the following inequality for fractional integrals holds:

'Q(%bﬂl_@)ca)m(%ﬁ(l_q))cb)— LOHY 175 Q) +77 Q)]
2 2 (1 o 2(1))5 (Cb . Ca)ﬁ cqt cy ™ a
< (1 —22&1;)—(:51)— Ca) <1_215) Q7 (®ey + (1 — ) ca)| +1Q " (Bea + (1 — ) )] (3.6)

Proof: Using lemma 3.1 and the convexity of |Q ’|, we find

Q(Pcy + (1= P)ca) + Q(Pea + (1 — @) ) _ f(3+1) _ [JB+Q(Cb)+J37Q(ca)]
2 2(1—28) (cp —ca)?® - @
< %2(0”_0“)/1]1— B—yé(Q’ly Doy + (1 — ) ca) + (1 — 1) (Bea + (1 — D) )| dy
< (172<I>)2(cbfca / ’( _y‘[y‘@ (Pcp + (1= ®)ca)|+ (1 — 1) |Q (Pea + (1 — D) c)|] dy
- (1—”@2(%—60{/02[(1_ 1) =37 W)@ (e + (1= @) ca)| + (1= 9) [Q (Pea + (1 = B)cs)[] dy

+/l (1= )7 =47 y]Q" (@cs + (1= @) ca)| + (1= ) [Q (@ + (1 — D) cs)]] dy}

K = %M(KWKQ). (3.7)

Calculating K7 and K5, we have

Ki = Q" (P, +(1—-@ V y(l—y / B“dy]
0

+1Q (Pcg+ (1@ I[ y) L dy - /O (1y)y5dy]

K Q' (Bep + (1 — B) ca)| ! - (5)B+1
1 ' ’ (B+1)(B+2) (B+1)

(l)3+1
+]Q ' (Pca + (1 — D) ¢y — ; ] . (3.8)
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and similarly

Ky = Q" (®ch+ (1 —9)cy)l [/Ogyﬁ“dy—/;y(l—y)édy]

+1Q " (P + (1 — @) cp)] [/0 (1—y)§yédy—/02(1—y)ﬁ+ldy1

K = |@’<¢cb+<1<b>ca>|[ I (?)ﬁﬂ
(B+2) (5+1)
L@ @eat (- D)) |t BT ] (3.9)
(6+1><B+2) (ﬂ+1)

Putting the equalities (3.8) and (3.9) in (3.7), then we have

1\A+1
K - (1‘2‘1’)2(6”_6“) {Q’(‘I’Cﬁ(l_@ ) [(5+1)l(3+2) B ((;)++1)]
/ 1 O
+1Q " (Pea + (1 - ) ) (5+2) - (B+1)
+1|Q ' (Pcp + (1 — @) cy)| (Bl 2) B ((é)m:)
+ +
o (&)™

e 6]

(1- 215) 1Q (®cy+ (1 = ®)ca) | + Q" (@a + (1= @) y)]

+1Q " (Pea + (1 - ) )] [(

(1 —=2®) (ep — ca)
2 (B+ 1)

Therefore, we get

Qe+ (1~ )e) + Qe+ (L-0))  T(7+1) [77.Qa) + 77 -Q )
9 9 (1 o 2(1))ﬁ (Cb _ Ca):/ cat cp~

(1-28) (o
P (B+ 1

)Ca) (1 - ;) 1Q (Dey+ (1= ®) ca)| + Q" (Be + (1 — ) )]

Corollary 3.3 In Theorem 3.2, if we put ® = 0, then we obtain

Ca C r BJrl 8 g
|Q( )+Qa) Q(C(bca?& [JCQ+Q(Cb)+JCb—Q<Ca)}‘

(C _Ca) 1 / /
e (1- 55 ) 1@ el + 0 (@l
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Remark 3.3 In Theorem 3.2, if we put ® = 0 and B = 1, then inequality (3.6), change into inequality
(1.2).

., 1o
Q(C);Q(Cb)_q)_ca/ca Q(O_l)do_l

4. Graphical Illustration

<@l (g7 (e + 1@ ().

Example 4.1 Suppose Q(5) = &% over a continuously varying interval|c,, c;] in Corollary 1, where

¢qe €[0.1,0.5] and ¢, = 1 — ¢4. The parameter § = 0.6 is fixed and the left hand side gives error of an
approximation of the integral of the function and the right hand side tells about the error bound, the
behavior of this has been shown graphically in figure 1.

0.35 T T

——LHS
= = MID
........ RHS
03 ]
*,
025+ E
3 e,
=2
s .
c *,
S o2l ]
5 .
o s,
5 N .,
u:f ~ '.,.
045 < 8
~ e,
~
-~
N
-~
S~ o,
01+ ~ e
S ~o e,
e
0.05 | | | | | | |
0.1 015 0.2 025 03 035 04 045 05
C,

Figure 1: Graphical illustration of Example 1

Example 4.2 Suppose Q(5) = (%)2 in Corollary 1. We investigate the inequality components over a
series of interval [cq, ¢p], where ¢, € [0.1,0.5] and ¢, = ¢, + 0.4. The fractional order is chosen as 3 = 0.6,
the behavior of this has been shown graphically in figure 2.

Function Value

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
C

Figure 2: Graphical illustration of Example 2
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Example 4.3 In this example, we analyze the behavior of fractional integral bounds in comparison with
classical midpoint and endpoint-based approximation using the convex and rapidly increasing function
Q(6) = €% in Corollary 1. We define a one-dimensional slice where the interval endpoint satisfy c, =
¢, +0.4 and ¢, € [0.1,0.5], ensuring ¢, < ¢,. The fractional order is fixed at 8 = 0.6, the behavior of this
has been shown graphically in figure 3.

21 T T

Function Value
N » ©

=)

3 s
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 3: Graphical illustration of Example 3
Example 4.4 Suppose Q(7) = 2+1 over a a family of interval [c,, ¢3] in Corollary 1, where ¢, € [0.1,0.5]

and ¢, = ¢, + 0.4, ensuring ¢, < c¢,. The fractional order is chosen as 8 = 0.6, the behavior of this has
been shown graphically in figure 4.

1.55 T T

1.35

Function Value
o N
S

I
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 4: Graphical illustration of Example 4

5. Conclusion

In this work, we have established new Hermite-Hadamard type inequalities involving the Riemann—
Liouville fractional integral operator under refined convexity assumptions on the derivatives of the under-
lying functions. The obtained results extend and sharpen several existing inequalities in the literature,
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thereby providing a unified and generalized framework that strengthens the connection between convex-
ity theory and fractional calculus. The validity and effectiveness of the theoretical findings are further
confirmed through graphical illustrations, which highlight the accuracy and consistency of the proposed
bounds. Future research directions include the application of alternative analytical techniques, as well
as the extension of the present approach to other fractional operators, particularly the Caputo-Fabrizio
fractional operator.
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