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Novel Extensions of Hermite–Hadamard Type Inequalities via the Riemann–Liouville
Fractional Integral Operator

Aftab Ahmed, Arslan Munir, Ather Qayyum, Muhammad Muawwaz∗ and Sara Ghareeb

abstract: This study presents new Hermite–Hadamard type inequalities formulated via the Riemann–
Liouville fractional integral operator for functions whose derivatives, in absolute value, satisfy convexity
conditions. By exploiting fundamental properties of convex functions, the proposed results extend classi-
cal Hermite–Hadamard inequalities into the fractional calculus setting. This generalized framework highlights
the interplay between convexity and modern fractional integral operators, thereby enriching and unifying sev-
eral recent developments in the literature. In addition, numerical examples and graphical illustrations are
provided to support the theoretical findings, demonstrating the sharpness, effectiveness, and applicability of
the obtained inequalities in advanced fractional calculus research.
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1. Introduction

The Hermite–Hadamard inequality is a basic result in convex analysis that provides both lower and
upper bounds for the integral mean of a convex function over a compact interval. Due to its fundamental
role in analysis, the inequality independently developed by Hermite and Hadamard has seen widespread
investigation, optimization, and applied sciences. It characterizes the relationship between convexity
and integral estimation, offering a powerful tool for deriving various functional and fractional integral
inequalities. The Hermite–Hadamard inequality concerning convex functions is a strong tool across
numerous branches of Mathematics. We can define it as:

Q

(
ca + cb

2

)
≤ 1

cb − ca

∫ cb

ca

Q (ρ1) dρ1 ≤ Q (ca) +Q (cb)

2
. (1.1)

Integral inequalities are essential to many theoretical and mathematical analysis. Significant contributions
have been made in this area, particularly concerning Riemann–Liouville and Atangana–Baleanu fractional
integral operators [1,2,3,4,5]. Dragomir et al. [6] pioneered the development of Hermite–Hadamard-type
results within the framework of Riemann–Liouville fractional integrals [18]. Building on this foundation,
researchers have employed generalized fractional calculus to formulate refined inequalities of Simpson–type
[7,8] and trapezoidal–type [9,10]. On the other hand, Ostrowski–type inequalities have been extensively
investigated in the classical setting [17]. Moreover, recent work has paid particular attention to midpoint–
type fractional inequalities tailored for convex functions [11,12], demonstrating the ongoing development
of this field. The theory of convex functions and convex sets has received increasing attention in recent
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years, which has resulted in creative generalizations across several mathematical contexts. Inspired by
these developments, this paper serves as a basis for additional research on fractional integral inequalities
by reviewing key definitions pertaining to convex functions and the left–right Riemann–Liouville fractional
integral operators.

Definition 1.1 The function Q : [ca, cb] ⊂ ℜ → ℜ, convexity of a function is confirmed when the
following inequality is satisfied:

Q (Φσ̃1 + (1− Φ) σ̃2) ≤ ΦQ (σ̃1) + (1− Φ)Q (σ̃2) ,

for all σ̃1, σ̃2 ∈ [ca, cb] and Φ ∈ [0, 1]. The function Q is termed concave when its negation −Q,
exhibits convex behavior.

Definition 1.2 [13] Suppose Q ∈ L1 [ca, cb]. The fractional integrals Jβ
ca+Q and Jβ

cb−
Q corresponding

to the Riemann–Liouville definition and of order β > 0, are expressed as follows:

Jβ
ca+Q =

1

Γ (β)

∫ σ̃1

ca

(σ̃1 − y)
β−1

Q (y) dy, σ̃1 > ca,

and

Jβ
cb−

Q =
1

Γ (β)

∫ cb

σ̃1

(y − σ̃1)
β−1

Q (y) dy, σ̃1 < cb,

Here, Γ (β) is the function of Gamma and J0
ca+Q (σ̃1) = J0

cb−
Q (σ̃1) = Q (σ̃1) .

In [14], H. Wang et al. introduced a set of new inequalities derived through the use of the Riemann–
Liouville fractional integral operator.

Theorem 1.1 Consider a differentiable function Q : [ca, cb] → ℜ defined on the interval (ca, cb) with
0 < β ≤ 1. If the absolute value of its derivative, |Q′| is convex on [ca, cb], then the following result holds:

∣∣∣∣Q (ca) +Q (cb)

2
− Γ(β + 1)

2(cb − ca)β

[
Jβ

(cb)
−Q(ca) + Jβ

(ca)
+Q(cb)

]∣∣∣∣
≤

(cb − ca)
(
2β − 1

)
2β+1 (β + 1)

[|Q′(ca)|+ |Q′(cb)|] .

Proposition 1.1 If the Assumptions in Theorem 1.1 are satisfied and we take β = 1, the resulting
expression reduces to a trapezoidal inequality.∣∣∣∣Q (ca) +Q (cb)

2
− 1

cb − ca

∫ cb

ca

Q (σ̃1) dσ̃1

∣∣∣∣ ≤ (cb − ca)

8
(|Q ′ (ca)|+ |Q ′ (ca)|) ,

which is obtained by Dragomir in [15].

Theorem 1.2 Consider a differentiable function Q : [ca, cb] → ℜ defined on the interval (ca, cb) with
0 < β ≤ 1. If the absolute value of its derivative, |Q′| is convex on [ca, cb], then the following result holds:

∣∣∣∣ Γ(β + 1)

2(cb − ca)β

[
Jβ

(cb)
−Q(ca) + Jβ

(ca)
+Q(cb)

]
−Q

(
ca + cb

2

)∣∣∣∣
≤ cb − ca

4 (β + 1)

(
2β−1 (β − 1) + 1

2β−1

)
[|Q′(ca)|+ |Q′(cb)|] .
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Proposition 1.2 If the Assumptions in Theorem 1.2 are satisfied and we take β = 1, the resulting
expression reduces to a midpoint inequality.∣∣∣∣ 1

cb − ca

∫ cb

ca

Q (σ̃1) dσ̃1 −Q

(
ca + cb

2

)∣∣∣∣ ≤ α̃2 − α̃1

8
[|Q′(α̃1)|+ |Q′(α̃2)|] ,

which was derived by Kirmaci in [16].

Significant contributions related to the right-hand side of equation (1.1) were made by Dragomir and
Agarwal in [15].

Lemma 1.1 Consider a differentiable function Q : I0 ⊂ ℜ → ℜ where I0, ca, cb ∈ I0 with ca < cb. If the
derivative Q ′ ∈ L [ca, cb], then the equality below holds:

Q (ca) +Q (cb)

2
− 1

cb − ca

∫ cb

ca

Q (σ̃1) dσ̃1 (1.2)

=
cb − ca

2

∫ 1

0

(1− 2y)Q ′ (yca + (1− y) cb) dy.

Theorem 1.3 Consider a differentiable function Q : I0 ⊂ ℜ → ℜ where I0, ca, cb ∈ I0 with ca < cb. If
the derivative Q ′ ∈ L [ca, cb] is convex, then the inequality below holds:

∣∣∣∣Q (ca) +Q (cb)

2
− 1

cb − ca

∫ cb

ca

Q (σ̃1) dσ̃1

∣∣∣∣
≤ (cb − ca)

8
[|Q′(ca)|+ |Q′(cb)|] .

There are two primary components to the current paper. The main ideas and theories that underpin
the investigation are introduced in the first section. It describes the reasons for the research and estab-
lishes the foundation for the next advancements. The results obtained for each of the inequalities under
examination are presented in the second section, which is broken up into smaller portions. Making use
of methods from fractional calculus, and places these findings in the framework of recent research. It is
hoped that the information offered here may spur new developments and study in this area.

2. Main Findings

Lemma 2.1 Consider a differentiable function Q : I0 ⊂ ℜ → ℜ where I0, ca, cb ∈ I0 with ca < cb. If the
derivative Q ′ ∈ L [ca, cb], then the equality below holds:

1

cb − ca

∫ Φcb+(1−Φ)ca

Φcb+(1−Φ)ca

Q (σ̃1) dσ̃1 −
(1− 2Φ)

2
[Q (Φca + (1− Φ) cb) +Q (Φcb + (1− Φ) ca)]

=
(1− 2Φ)

2
(cb − ca)

2

∫ 1

0

(1− 2y)Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy.

Proof: Let

I =

∫ 1

0

(1− 2y)Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=

∫ 1

0

Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

−2

∫ 1

0

yQ ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

I = I1 + I2.
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The desired outcome is obtained by systematically applying integration by parts to each integral.

I1 =

∫ 1

0

Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=
1

(1− 2Φ) (cb − ca)
|Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]|10

=
Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)
− Q (Φcb + (1− Φ) ca)

(1− 2Φ) (cb − ca)
. (2.1)

Similarly, we have

I2 = −2

∫ 1

0

yQ ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

= − 2

(1− 2Φ) (cb − ca)
|yQ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]|10

+
2

(1− 2Φ) (cb − ca)

∫ 1

0

Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

= −2Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)
+

2

(1− 2Φ)
2
(cb − ca)

2

∫ (Φca+(1−Φ)cb)

(Φcb+(1−Φ)ca)

Q (σ̃1) dσ̃1. (2.2)

Adding the equalities (2.1) and (2.2), we obtained

I =
2

(1− 2Φ)
2
(cb − ca)

2

∫ (Φca+(1−Φ)cb)

(Φcb+(1−Φ)ca)

Q (σ̃1) dσ̃1 −
Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)

−Q (Φcb + (1− Φ) ca)

(1− 2Φ) (cb − ca)
. (2.3)

Multiplying both sides equality (2.3), with (1−2Φ)2(cb−ca)
2 , we have

(1− 2Φ)
2
(cb − ca)

2
I

=
1

(cb − ca)

∫ (Φca+(1−Φ)cb)

(Φcb+(1−Φ)ca)

Q (σ̃1) dσ̃1 −
(1− 2Φ)

2
[Q (Φca + (1− Φ) cb) +Q (Φcb + (1− Φ) ca)] .

Therefore, we get

1

cb − ca

∫ Φcb+(1−Φ)ca

Φcb+(1−Φ)ca

Q (σ̃1) dσ̃1 −
(1− 2Φ)

2
[Q (Φca + (1− Φ) cb) +Q (Φcb + (1− Φ) ca)]

=
(1− 2Φ)

2
(cb − ca)

2

∫ 1

0

(1− 2y)Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy.

2

Remark 2.1 In Lemma 2.1, if we take Φ = 0 then we will get the equation (1.2)

Q (ca) +Q (cb)

2
− 1

cb − ca

∫ cb

ca

Q (σ̃1) dσ̃1

=
(cb − ca)

2

∫ 1

0

(1− 2y)Q ′ [yca + (1− y) cb] dy.
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3. Hermite–Hadamard Inequalities in Fractional Calculus

As shown below, Hermite–Hadamard inequalities can be reformulated through fractional integration.

Theorem 3.1 Suppose Q : [ca, cb] → ℜ be a positive function with 0 ≤ ca < cb and Q ∈ L1 [ca, cb]. If Q
is a convex on [ca, cb], then the following inequality involving fractional integrals holds:

Q

(
ca + cb

2

)
≤ Γ (β + 1)

2 (1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
≤ Q (ca) +Q (cb)

2

Proof: Since Q is convex on [ca, cb], we have for σ̃1, σ̃2 ∈ [ca, cb] with Φ = 1
2 ,

Q

(
σ̃1 + σ̃2

2

)
≤ Q (σ̃1) +Q (σ̃2)

2
(3.1)

σ̃1 = y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca) ,

and

σ̃2 = (1− y) (Φca + (1− Φ) cb) + y (Φcb + (1− Φ) ca)

2Q

(
ca + cb

2

)
≤ Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]

+Q [(1− y) (Φca + (1− Φ) cb) + y (Φcb + (1− Φ) ca)] .

Applying multiplying by yβ−1 followed by integration on the interval [0, 1], we derive the next expression:

2

β
Q

(
ca + cb

2

)
≤

∫ 1

0

yβ−1Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

+

∫ 1

0

yβ−1Q [(1− y) (Φca + (1− Φ) cb) + y (Φcb + (1− Φ) ca)] dy

=

∫ Φca+(1−Φ)cb

Φcb+(1−Φ)ca

(
ca − u+ (cb − ca) Φ

(1− 2Φ) (cb − ca)

)β−1

Q (u)
du

(1− 2Φ) (cb − ca)

+

∫ Φcb+(1−Φ)ca

Φca+(1−Φ)cb

(
v − cb + (cb − ca) Φ

(1− 2Φ) (cb − ca)

)β−1

Q (v)
dv

(1− 2Φ) (cb − ca)

=
Γ (β)

2 (1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb + (cb − ca) Φ) + Jβ

cb−
Q (ca + (cb − ca) Φ)

]
.

i.e.

Q

(
ca + cb

2

)
≤ Γ (β + 1)

2 (1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
.

The 1st inequality is proved of this theorem.
For proving the 2nd inequality of this theorem, we first observe that if Q is convex and Φ ∈ [0, 1], it

yields.

Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]

≤ yQ (Φca + (1− Φ) cb) + (1− y)Q (Φcb + (1− Φ) ca) ,

and

Q [(1− y) (Φca + (1− Φ) cb) + y (Φcb + (1− Φ) ca)]

≤ (1− y)Q (Φca + (1− Φ) cb) + yQ (Φcb + (1− Φ) ca) .
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Adding both inequalities, we have.

Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]

+Q [(1− y) (Φca + (1− Φ) cb) + y (Φcb + (1− Φ) ca)]

≤ yQ (Φca + (1− Φ) cb) + (1− y)QΦcb + (1− Φ) ca

+(1− y)Q (Φca + (1− Φ) cb) + yQ (Φcb + (1− Φ) ca) .

By multiplying both side’s by yβ−1, and subsequently integrating the resulting inequality w.r.t y over
the interval [0, 1], we obtain∫ 1

0

yβ−1Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

+

∫ 1

0

yβ−1Q [(1− y) (Φca + (1− Φ) cb) + y (Φcb + (1− Φ) ca)] dy

≤ y [Q (ca) +Q (cb)] + (1− y) [Q (ca) +Q (cb)]

∫ 1

0

yβ−1dy.

Γ (β)

(1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
≤ Q (ca) +Q (cb)

β

Γ (β + 1)

2 (1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
≤ Q (ca) +Q (cb)

2
.

Therefore, we get

Q

(
ca + cb

2

)
≤ Γ (β + 1)

2 (1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
≤ Q (ca) +Q (cb)

2
.

2

Corollary 3.1 In Theorem 3.1, if we put Φ = 0, then we get

Q

(
ca + cb

2

)
≤ Γ (β + 1)

2 (cb − ca)
β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
≤ Q (ca) +Q (cb)

2
.

Remark 3.1 In Theorem 3.1, if we put Φ = 0 and β = 1 then it gave equation (1.1).

Lemma 3.1 Consider a function which is differentiable Q : [ca, cb] → ℜ on (ca, cb) with ca < cb. If
Q ′ ∈ [ca, cb], then the given inequalities verified:

Q (Φcb + (1− Φ) ca) +Q (Φca + (1− Φ) cb)

2
− Γ (β + 1)

2 (1− 2Φ)
β
(cb − ca)

β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
(3.2)

=
(1− 2Φ) (cb − ca)

2

∫ 1

0

[
(1− y)

β − yβ
]
Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy.

Proof: It is sufficient to examine that

I =

∫ 1

0

[
(1− y)

β − yβ
]
Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=

∫ 1

0

(1− y)
β
Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

−
∫ 1

0

yβQ ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

I = I1 + I2. (3.3)
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Taking integration by parts

I1 =

∫ 1

0

(1− y)β Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=
(1− y)β

(1− 2Φ) (cb − ca)
|Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]|10

− 1

(1− 2Φ) (cb − ca)

∫ 1

0

Γ (1− y)β−1 Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=
Q (Φcb + (1− Φ) ca)

(1− 2Φ) (cb − ca)
− β

(1− 2Φ) (cb − ca)

∫ cb

ca

(
ca − σ̃1

ca − cb

)β−1
Q (σ̃1)

(1− 2Φ) (ca − cb)
dσ̃1

I1 =
Q (Φcb + (1− Φ) ca)

(1− 2Φ) (cb − ca)
− Γ (β + 1)

(1− 2Φ)2 (cb − ca)
β+1

Jβ

cb
−Q (ca) , (3.4)

and similarly, we get

I2 = −
∫ 1

0

yβQ ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=
yβ

(1− 2Φ) (cb − ca)
|Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)]|10

− β

(1− 2Φ) (cb − ca)

∫ 1

0

yβ−1Q [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy

=
Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)
− β

(1− 2Φ) (cb − ca)

∫ cb

ca

(
σ̃1 − cb
cb − ca

)β−1
Q (σ̃1)

(1− 2Φ) (ca − cb)
dσ̃1

I2 =
Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)
− Γ (β + 1)

(1− 2Φ)
2
(cb − ca)

β+1
Jβ
ca+Q (cb) . (3.5)

Using (3.4) and (3.6) in (3.3), it follows that

I =
Q (Φcb + (1− Φ) ca)

(1− 2Φ) (cb − ca)
− Γ (β + 1)

(1− 2Φ)
2
(cb − ca)

β+1
Jβ
cb−

Q (ca) +
Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)

− Γ (β + 1)

(1− 2Φ)
2
(cb − ca)

β+1
Jβ
ca+Q (cb)

=
Q (Φcb + (1− Φ) ca) +Q (Φca + (1− Φ) cb)

(1− 2Φ) (cb − ca)
− Γ (β + 1)

(1− 2Φ)
2
(cb − ca)

β+1

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
.

Thus by multiplying (1−2Φ)(cb−ca)
2 on both sides we have conclusion (3.2).

Q (Φcb + (1− Φ) ca) +Q (Φca + (1− Φ) cb)

2
− Γ (β + 1)

2 (1− 2Φ) (cb − ca)
β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
=

(1− 2Φ) (cb − ca)

2

∫ 1

0

[
(1− y)

β − yβ
]
Q ′ [y (Φca + (1− Φ) cb) + (1− y) (Φcb + (1− Φ) ca)] dy.

2

Corollary 3.2 In Lemma 3.1, if we put Φ = 0, then have

Q (ca) +Q (cb)

2
− Γ (β + 1)

2 (cb − ca)
β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
=

(cb − ca)

2

∫ 1

0

[
(1− y)

β − yβ
]
Q ′ (yca + (1− y) cb) dy.
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Remark 3.2 In Lemma 3.1, if we put Φ = 0 and β = 1, then equality (3.3), change into equality
(1.2).

Q (ca) +Q (cb)

2
− Γ (β + 1)

2 (cb − ca)
β

[
Jβ
ca+Q (cb) + Jβ

cb−
Q (ca)

]
=

(cb − ca)

2

∫ 1

0

[
(1− y)

β − yβ
]
Q ′ (yca + (1− y) cb) dy.

Theorem 3.2 Consider function which is differentiable Q : [ca, cb] → ℜ on (ca, cb) with ca < cb. If |Q ′|
is convex on [ca, cb], then the following inequality for fractional integrals holds:

∣∣∣∣∣Q (Φcb + (1− Φ) ca) +Q (Φca + (1− Φ) cb)

2
− Γ̃ (β + 1)

2 (1− 2Φ)
β
(cb − ca)

β̃

[
J β̃
ca+Q (cb) + J β̃

cb−
Q (ca)

]∣∣∣∣∣
≤ (1− 2Φ) (cb − ca)

2
(
β̃ + 1

) (
1− 1

2β̃

)
[|Q ′ (Φcb + (1− Φ) ca)|+ |Q ′ (Φca + (1− Φ) cb)|] . (3.6)

Proof: Using lemma 3.1 and the convexity of |Q ′|, we find

∣∣∣∣∣∣Q (Φcb + (1− Φ) ca) +Q (Φca + (1− Φ) cb)

2
−

Γ̃
(
β̃ + 1

)
2 (1− 2Φ) (cb − ca)

β̃

[
J β̃

ca+Q (cb) + J β̃

cb
−Q (ca)

]∣∣∣∣∣∣
≤ (1− 2Φ) (cb − ca)

2

∫ 1

0

∣∣∣(1− y)β̃ − yβ̃
∣∣∣Q ′ |y (Φcb + (1− Φ) ca) + (1− y) (Φca + (1− Φ) cb)| dy

≤ (1− 2Φ) (cb − ca)

2

∫ 1

0

∣∣∣(1− y)β̃ − yβ̃
∣∣∣ [y ∣∣Q ′ (Φcb + (1− Φ) ca)

∣∣+ (1− y)
∣∣Q ′ (Φca + (1− Φ) cb)

∣∣] dy
=

(1− 2Φ) (cb − ca)

2

{∫ 1
2

0

[
(1− y)β̃ − yβ̃

] [
y
∣∣Q ′ (Φcb + (1− Φ) ca)

∣∣+ (1− y)
∣∣Q ′ (Φca + (1− Φ) cb)

∣∣] dy
+

∫ 1

1
2

[
(1− y)β̃ − yβ̃

] [
y
∣∣Q ′ (Φcb + (1− Φ) ca)

∣∣+ (1− y)
∣∣Q ′ (Φca + (1− Φ) cb)

∣∣] dy}

K =
(1− 2Φ) (cb − ca)

2
(K1 +K2) . (3.7)

Calculating K1 and K2, we have

K1 = |Q ′ (Φcb + (1− Φ) ca)|

[∫ 1
2

0

y (1− y)
β̃
dy −

∫ 1
2

0

yβ̃+1dy

]

+ |Q ′ (Φca + (1− Φ) cb)|

[∫ 1
2

0

(1− y)
β̃+1

dy −
∫ 1

2

0

(1− y) yβ̃dy

]

K1 = |Q ′ (Φcb + (1− Φ) ca)|

 1(
β̃ + 1

)(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)


+ |Q ′ (Φca + (1− Φ) cb)|

 1(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)
 . (3.8)
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and similarly

K2 = |Q ′ (Φcb + (1− Φ) ca)|

[∫ 1
2

0

yβ̃+1dy −
∫ 1

2

0

y (1− y)
β̃
dy

]

+ |Q ′ (Φca + (1− Φ) cb)|

[∫ 1
2

0

(1− y)
β̃
yβ̃dy −

∫ 1
2

0

(1− y)
β̃+1

dy

]

K2 = |Q ′ (Φcb + (1− Φ) ca)|

 1(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)


+ |Q ′ (Φca + (1− Φ) cb)|

 1(
β̃ + 1

)(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)
 . (3.9)

Putting the equalities (3.8) and (3.9) in (3.7), then we have

K =
(1− 2Φ) (cb − ca)

2

|Q ′ (Φcb + (1− Φ) ca)|

 1(
β̃ + 1

)(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)


+ |Q ′ (Φca + (1− Φ) cb)|

 1(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)


+ |Q ′ (Φcb + (1− Φ) ca)|

 1(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)


+ |Q ′ (Φca + (1− Φ) cb)|

 1(
β̃ + 1

)(
β̃ + 2

) −
(
1
2

)β̃+1(
β̃ + 1

)


=
(1− 2Φ) (cb − ca)

2
(
β̃ + 1

) (
1− 1

2β̃

)
[|Q ′ (Φcb + (1− Φ) ca)|+ |Q ′ (Φca + (1− Φ) cb)|]

Therefore, we get∣∣∣∣∣∣Q (Φcb + (1− Φ) ca) +Q (Φca + (1− Φ) cb)

2
−

Γ̃
(
β̃ + 1

)
2 (1− 2Φ)

β̃
(cb − ca)

γ̃

[
J γ̃
ca+Q (cb) + J γ̃

cb−
Q (ca)

]∣∣∣∣∣∣
≤ (1− 2Φ) (cb − ca)

2
(
β̃ + 1

) (
1− 1

2γ̃

)
[|Q ′ (Φcb + (1− Φ) ca)|+ |Q ′ (Φca + (1− Φ) cb)|] .

2

Corollary 3.3 In Theorem 3.2, if we put Φ = 0, then we obtain∣∣∣∣∣∣Q (ca) +Q (cb)

2
−

Γ̃
(
β̃ + 1

)
2 (cb − ca)

γ̃

[
J γ̃
ca+Q (cb) + J γ̃

cb−
Q (ca)

]∣∣∣∣∣∣
≤ (cb − ca)

2 (γ̃ + 1)

(
1− 1

2γ̃

)
[|Q ′ (ca)|+ |Q ′ (cb)|] .
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Remark 3.3 In Theorem 3.2, if we put Φ = 0 and β̃ = 1, then inequality (3.6), change into inequality
(1.2). ∣∣∣∣Q (ca) +Q (cb)

2
− 1

cb − ca

∫ cb

ca

Q (σ̃1) dσ̃1

∣∣∣∣ ≤ (cb − ca)

8
(|Q ′ (ca)|+ |Q ′ (ca)|) .

4. Graphical Illustration

Example 4.1 Suppose Q(σ̃) = σ̃4 over a continuously varying interval[ca, cb] in Corollary 1, where
ca ∈ [0.1, 0.5] and cb = 1 − ca. The parameter β = 0.6 is fixed and the left hand side gives error of an
approximation of the integral of the function and the right hand side tells about the error bound, the
behavior of this has been shown graphically in figure 1.

Figure 1: Graphical illustration of Example 1

Example 4.2 Suppose Q(σ̃) = ( σ̃2 )
2 in Corollary 1. We investigate the inequality components over a

series of interval [ca, cb], where ca ∈ [0.1, 0.5] and cb = ca+0.4. The fractional order is chosen as β = 0.6,
the behavior of this has been shown graphically in figure 2.

Figure 2: Graphical illustration of Example 2



Novel Extensions of Hermite–Hadamard Type Inequalities 11

Example 4.3 In this example, we analyze the behavior of fractional integral bounds in comparison with
classical midpoint and endpoint-based approximation using the convex and rapidly increasing function
Q(σ̃) = eσ̃ in Corollary 1. We define a one-dimensional slice where the interval endpoint satisfy cb =
ca+0.4 and ca ∈ [0.1, 0.5], ensuring ca < ca. The fractional order is fixed at β = 0.6, the behavior of this
has been shown graphically in figure 3.

Figure 3: Graphical illustration of Example 3

Example 4.4 SupposeQ(σ̃) = σ̃2+1 over a a family of interval [ca, cb] in Corollary 1, where ca ∈ [0.1, 0.5]
and cb = ca + 0.4, ensuring ca < ca. The fractional order is chosen as β = 0.6, the behavior of this has
been shown graphically in figure 4.

Figure 4: Graphical illustration of Example 4

5. Conclusion

In this work, we have established new Hermite–Hadamard type inequalities involving the Riemann–
Liouville fractional integral operator under refined convexity assumptions on the derivatives of the under-
lying functions. The obtained results extend and sharpen several existing inequalities in the literature,
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thereby providing a unified and generalized framework that strengthens the connection between convex-
ity theory and fractional calculus. The validity and effectiveness of the theoretical findings are further
confirmed through graphical illustrations, which highlight the accuracy and consistency of the proposed
bounds. Future research directions include the application of alternative analytical techniques, as well
as the extension of the present approach to other fractional operators, particularly the Caputo-Fabrizio
fractional operator.
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