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Employment Neoteric Double Integral Transformation to Solve Applied Equations

Huda Ali Falih and Athraa Neamah Albukhuttar

ABSTRACT: In this work, a novel double transform in one dimension is presented. The double transform
is derived from the ZZ and Shehu transforms, the existence, uniqueness, and some special properties are
established. Moreover, it is supported by solving some applied partial differential equations such as Laplace
equation, Poisson and telegraph.
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1. Introduction

Initial value problems are one of the most important mathematical tools of expressing models for
complex occurrences in medicine, engineering and physics. Therefore, the solutions of these problems
are a field in which researchers compete due to their effective in this aspect that can be obtained using
various integral transforms methods. Many integral transforms are presented in literatures as Laplace,
Z7, Ezaki, Shehu transforms...etc [6,3,12,10], that play a vital role in solving many types of ordinary
equations, partial, delay so on with its applications. The solutions to initial and boundary value problems
can be obtained using various integral transforms [1,2,7,9], which are important applied tools in other
sciences.

Recently, double integral transforms have attracted significant attention from researchers due to their
extensive applications in various Scientifics and the smoothness of its solution mechanism [5,8,4,11]. In
this study, we offer a combination of two single transformations called double ZZ-Shehu transformation.
Moreover, the most important fundamental properties and transformation formulas for the functions are
discussed. Several related theorems are proved and used to solve applied partial differential equations
that support the method.

2. Preliminaries

Some definitions and theorems that useful in this work are introduced:

Definition 2.1 Let be A (n) a function defined for all n > 0, then ZZ transform of A (n) is defined by
[12]:
H [ _H,
Z(H,B) = Z{A(n)} = E/ A(n)e¥ndn
0
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Definition 2.2 The Shehu transformation [10] is defined by:
S(Z,p) = SA(m) = /0 h A(m) e #™dm
Definition 2.3 The double ZZ-Shehu (ZS) of function A(n,m) is denoted by ts
toA(n ,m) = ZS[(H,T), (B, )] = 7;/000 /Oo e~ (B i A(n, m)dndm

the inverse double ZZ- Shehu transform of to is defined as:

' {tA(n ,m)} = 287" (ZS[(H, 1), (B, n)))

1 e+i00 1 e+i00 1
L[ R s . B tras. L [

27” €—100 B 2mi e—ico M

S[(HT),(B,p)]e +™ dI
where ZS™! is the inverse of transform operator.
2.1. Essential the Double ZZ-Shehu Transformation
The following two theorems are showed the existence and uniqueness of t;
Theorem 2.1 For a continuous with exponential order mapping a,b € R.

[A(n, m)|

sup,, m>0m < 00, a, beR.

Then ty of A(n,m) exists.

Proof: From Definition 2.3

A ()] = | / / #rEm) 4 (n, m) |dndm]
g / EntEm)| A (n, m) |dndm
<I€ / / —(En-‘r m) (an+bm)dndm

S / e —(%- a)ndn/ e ( b)7ndm
w Jo 0

k Hup
(H —aB) (Z — bn)

d

m)) be double ZZ-Shehu transformation for ki(n,m) and

Theorem 2.2 Let ta(k1(n,m)) and ta(ka(n,m
) = ta(ka(n,m)) then
k1(n,

ka(n,m) respectively. If ta(kyi(n,m)
m) = ka(n,m)

Proof: Assume o and 7 to be sufficiently large then since

ol

o+1i00 e+1i00
o) =" e ] = g [ R e asos [ e T (7 (nomaz
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we deduce

1 o+100 Y u 1 etico 1 .
g o (e F")dB— Z(eT ™)ty (k dZ
) = o /Hoo B "B o e )
1 o+ic0 H u 1 e+ioco 1 .
2ri B (¢ By —(e7k" dT
27” o—ico B (6 )dBQWi /e—ioo /L(e )tz(kQ(n’m))
= ka(n,m)

3. Double ZZ Transform for Some Functions
. If A(n,m) =1, then

to {(A(n,m)} = Z25[(H, 1), (B, )] = %/ e (EME™) dndm
0
:/0 ef%mdm:%

. If A(n,m) = el@n+b™) then

= ~(Y—ayn —(F-b)m dndm — Hy
e e ndm =
/0 /0 (H —aB) (T — bu)

to {A(n,m)} = ZS[(H,1), (B, p)] = %/0 /O elantbm) o=(En+im) qn dm
H
B

. If A(n,m) = n°mPe,p=10,1,2,..., then

o {A(n,m)} = ZS [(H,T), (B, ) = - / OO / " nemee (B0 E™) dndm

. If A(n,m)= nmPe, p > —1 then

b {A(n,m)} = 28 [(H.2), (B,)] = & /Ooo /OOO nempe(Bm+Em) dndm

- ﬂ/ / nt mPe~ (BnEm) dndm
B 0 0

+1
By letting d = n andh = fm —=T(e +1) (%)e L'(p+1) (%)p

. If A(n,m) = cos (an + bm) , then
t {A(n,m)} — ZS[(?—[ ) ,(

=e Brtam / / cos (an + bm)e ( n+%m) dndm

(an+bm) —i((an+bm))
:ﬂ/ / <1an m) | g—i((antbm )e,(%nqL%m) dndim

2

// z(an+bm) n+%m) dndm + % /00 /‘X’ efi((an+bm))ef(%n+%m) dndm)
0 0

Hu(HL + apZb)
(H2 + a2B2) (1'2 + b2 )
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6. If A(n,m) = sin (an + bm)
to {A(n,m)} =ZS[(H,I),(B,un)]

[(#,T)
_ / sin(anerm)e*(B £im) dndm
o Jo

=) [eS) i(and+bm) _ _—i((an+by)) WL T,
= H/ / (e 2(_2 )e_(B Mz )dndm
12

FntZm
1 H// gilantbm) o= Frtim dndm**/ / e Hlamrbme (B )dndm

Hu(Hub + Ba)
(H? G2B2) (I2 + M2b2)

|

oy \

¥ \

7. If A(n,m) = cosh (an + bm), then

to {A(n,m)} = ZS[(H, 1), (B, )]

H/ / cosh (an + bm)e ~(Fn
an+bm) an+bm
’H,/ / (e( + +2€ ((an+ ))>6_(§n+im)dndm

_ Hu I + auBb)
(H2 — a2B2) (T2 — b%2)

+im) dndm

8. A(n,m) = sinh (an + bm), then
to{ A(n,m)} = ZS[(H,T), (B, 1))

(gorEn)
/ sinh (an 4+ bm)e” \B " # "/ dndm

(an«H)m) 7((an+bm)) ", m
/ / < 3 ) 67(8 i )dndm
%// lanttm) ~ (FntEm) o0 7/ / o~ ((antbm)) — (Fr+ T m)dndm)

Hu(puHb + aBI)
(H? — a2B2) (T2 — b212)

‘\3‘“ tx\i m\;&

Table 1: Double ZZ-Shehu transformation for some special functions

No. A(n,m) to{ A(n,m)}
1 1 Z
an+bm H
2 elonttm) (=aB)(Z—b)
€0y P 1A (HNE(Z PFI
3 nem elp! (E) (;)

H\E )\
4| nfmPep>—1 | T(e+1) ()T (p+1) (p )
5 cos (an + bm) (Hﬁ’;%ff;é‘ ﬁg )

6 sin (an + bm) (Hﬁﬁéﬁﬁf (—;gfz)zm)
7 | cosh(an+ bm) (Hzf‘ofé(éﬁfffzz, )
8 | sinh (an 4 bm) (Hﬁﬁ;(z’g;‘f (-;;B,Zbl )
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4. Properties of t; Transformation

4.1. Linear properties of the double ZZ - Shehu transformation

to {a1.A1 (n,m) + asAs(n,m) + ...+ agAr(n,m)} = agta{ A1 (n,m)} + ... + apta{ Apx(n,m)}

From definition
H oo oo ez
:E/ / {OélAl(nam)}-f—...—|—{akAk(n’m)}e—(5 +Zm)
0 0
- ﬂ/ / a1A1(n,m)e—(%n+%m)dndm+,,,+ ﬂ/ / akAk(n,m)e—(%”Jr%m) dn dm
BJ, Jo 5/ |
= alﬂ/ / Al(n,m)ef(%nJr%m) dndm+akﬂ/ / Ak<n’m)67(%n+%m) dn dm
BJ, Jo 5/ |

= a1ty (A1(n,m)) + ... + aptoAx((n,m))

4.2. Changing of scale property
If t; (A(n,m)) = ZS[(H,T), (B, 1)] then

o (A (an, bm)) = %%zs ((7: f) (B, u))

From definition

ta (A (an,bm)) = % 000 /OOOA(cm, bm) e_(BnJr%m) dn dm
Let an = y, bm = z we get
zalbg/ooo/ooo (Aly, =) e F) gy az
- %% OOO /Ooo (A(y,2)) e (k) dy dz
557 ((5:5) @)

Where H is the Heaviside function.
4.3. Shifting Property
I£ t (A(n,m)) = ZS[(H,Z) , (B,)] then

b [(An,m)et )] = 2 25((H — aB) (T — )8, )

From definition

ta(A(n,m))el@mHm) = %/ / A (ny m) elantom) o= (FEH5m) g gy
0 0

- ﬂ/ / A(n,m)e—((H%“B)H(I?”)m) dndm
B 0 0

= gzs (H — Ba,T —bu), (B, 1))

Theorem 4.1 Let t2(A(n,m)) = ZS[(H,Z), (B, )], then
dm

A (nm)] = (-1) "W 2

to[ A (n,m)]
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Proof: If m =1, then

gzt mom) = 2 (5 [ [7 Awm) e 5 g
7—[/00 °° 5 _
B

( S m)A( ,m) dndm

0
/ / (nA(n,m) ( ntiim) dndm

_ fth (nA(n,m)} = t {nA(n,m)} = —Bi to LA (n,m)}

It m = 2, then
- dd—; (Z OOO OOO.A(n,m) e<?”+5m)dndm)
_Z/Ooo /Ooo %A(n,m)e*(%“%m) dndm
- ;*2/000 /00c (n2A(n,m)) e~ EE™) gpam
= o {n? A} =t (A (mm)} = B0 b (A (m))
then,
to {mPA(n,m)} = (-1)'B° tgA(n m)

dH™

Theorem 4.2 If f(n,m) and h(n,m) have ty transformation, then
H
tZ(f * *h) (HvI) ) (Bv :LL)) - EtQ {f (H7I) ) (Ba /L)} toh (H,I) ’ (Ba :u')

Proof: By definition double ZZ-Shehu transform, we have

_ Z/OOO /0°° o (Bn+Zm) (/O" /Oxf(a,b) h(na)(mb)dadb)> dndm

G{(f  +h) (M), (B, )} = 7% ta { f OLT) (B )} Coh (H,T) (B, )

Theorem 4.3 Double ZZ-Shuhe transformation for partial derivatives is

1t {df‘(" >} () to(A (n,m)) — (HB)S(A(0,m))

2.ty {82“‘5(2’;’”1)} = <7g—22> t2(A(n,m)) — (%j) S(A0,m)) = (5) (5:2A(0,m))
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Proof: The proof is obtained directly by definition of t5

H/ [ fA (n,m) e_(%n+%m) dn|dm

_ (B) (A (nm)) — ()S(A(0,m)

As with the proof of the first point, proofs for the remaining points can be deduced based on the definition.
O

5. Application

In this section, some supported examples are solved.

Example 5.1 To solve Laplace equation
Apn + Ay = 0, with

A(n.0)=0 A, =(n.0)=cosn
A(0,m) =sinhm A, =(0,m)=0

Solution: Applying the double ZZ-Shehu transformation

(%) wtamm) - () saom) - (%) (Zza0.m)

(L) utatmmy - (2) 240 -2 (2 Aw.0)

H2M2 +I2B2 . (A(n m)) B H4M2+H2M282+H2B2I2—H282M2
B2 2 ) - B2(1% — 1i2)(H? + B?)

HQMQ +I282 _ (H4M2 +H28212)
e UM = pEEGE
Simplification
B H2(H2M2 +w212) BQMQ
t2(A (n,m))) - 82(I2 7 MQ)(HQ +82) 82H2 4 72132
_ H2M2
A ™) = T a6+ o)
22
A(n,m) =6 o ] = cosn sinhm

(1 +2) (@ = )
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Figure 1: The solution A(n, m) of Example 5.1

Example 5.2 Consider the Poisson equation
Apn — Amim — A — A =0, with
An-0)=e* A, (n0)=—e"
A0,p)=e—m A, (0,m)=e™

Solution: By taking t; to both sides

(2 Jucaim ()

(&)

0

(a% ZA (0,m)> + (i-i) ty (A (n,m))
Z(A(n,0)) — Z <a_m An ,0))

Simple calculation

H2N2 + I2B2 IQHBQ _ H3M2
e M) = mpGe s ey
Then 2B
_ —TLp
t2 (A (nam)) - IQ (HQ 4 BQ)
After taking invers of double ZZ-Shehu transform
_ —Hu’B .
1
.A(n,m) = tQ [m] = —m sSinn

Figure 2: The solution A(n,m) of Example 5.2

Example 5.3 Consider the Telegraph equation
Apn — Amim — A — A =0, with

A(n .0)=e" A, (n0)=—€"
A0,9)=e—m A, (0,m)=e™
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Solution: Applying the formable tranform to all conditions, we have
H? H? H
<82 )tg (A(n,m)) — (13‘2> S(A0,m)) — (B) <8 ZA(0,m )
A
) tmm) - (1) 24000~ 2 (A0 .0)

(
_ (i ) (A (nom)) — Z(A(n ,0)) — to (A(n,m))
0

Simple calculation to get:

(7‘[2#2 _1232 —IQB,u _ 82N2) . (A(n m)) _ H(H2M2 _ ,LLQBZ _ BQIQ _ BQI,LL)
B2 AR uB(Z + p)(H — p)
. (A (n m)) _ H(H2M2 _ ,LL282 _ BQIZ _ BZI,[L) 82/12
’ uB2(Z + p)(H — p) H2p? — 6282 — 6B% 1 — B2p?
_ Hp

Taking the inverse double ZZ-Shehu transform

Figure 3: The solution A(n, m) of Example 5.3
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