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Study of the Structure of Near-Rings with n-Derivations

A. Zerbane, A. Boua and A. Raji

ABSTRACT: This paper aims to formulate a set of theorems that guarantee the commutativity of the near-ring
N under specific conditions. We show that if A/ admits an n-derivation D with certain properties, then N’
must be a commutative ring. Our results are illustrated with concrete examples, highlighting their crucial role
in the logical framework of the proofs.
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1. Introduction

Throughout this paper, N will be a left near-ring with multiplicative center Z(N). A near-ring N is
called zero symmetric if Ox = 0, for all z € A (recall that the left distributive law yields 0 = 0), and N
is called 2-torsion free if for each r € A/, 2r = 0 implies r = 0. Further, NV is called 3-prime if rN't = {0}
for all r,t € NV, implies r = 0 or t = 0. Let o be any mapping from N into itself; for any pair of elements
r,t € N, we define [r, ], = a(r)t — ta(r) and (r ot), = a(r)t + ta(r). In particular, [r,t]; = [z,y] and
(rot); = rot in the usual sense. An additive mapping H: N — N is said to be a left (resp. right)
multiplier if H(rt) = H(r)t (resp. H(rt) = rH(t)) holds for all v, € N'. H is said to be a multiplier if
it is both a left and a right multiplier. Let n be a fixed positive integer. An n-additive (i.e., additive in
each argument) mapping D : N X N x -+ x N/ — N is said to be an n-derivation of N if the following

n-times

. ’ 2 !/
equations hold for all ry, 7,729,759, ...,70,7,, €N

’ ! !
D(r179,72, s Tiy ey Tn) = D(r1,72, ey iy ooy P )T + 11D (1, T2y ooy Ty ooy T)

’ ’
D(r1,79y ey Tiy ooy T )Ty F T2 D (11, 7o, ey Ty vy T

’
D(Th(rQTZa vy Ty eeny Tn)

’ /

! ’
D(r1,79, ey Tiy ey TnTy) = D(r1,79, oy Tiy ooy T )T+ T D(r1, gy oy Tiy oy T, )

For an example of n-derivation, let S be a commutative left near-ring.

0 = y
N = 0 0 0)|0,z,y,2€S8
0 z O
Define D : N x N x -+ x N — N such that
n-times

0 =1 n1 0 o Yo 0 Zn Yn 0 z1z0...2, O
D{{o o o},{0 0 O}],....10 0 O0]]=160 0 0
0 2z O 0 2o O 0 2z, O 0 0 0

2020 Mathematics Subject Classification: 16N60, 16W25, 16Y 30.
Submitted October 22, 2025. Published June 05, 2026.

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.79698

2 A. ZERBANE, A. BOUA AND A. RAJI

It can be easily verified that D is an n-derivation of A/. An additive map d: N — N is termed a
derivation if d(zy) = d(z)y + xd(y) for all z,y € N. Building on existing research, concepts like sym-
metric bi-derivation, permuting tri-derivation, and permuting n-derivation have been explored in ring
theory by researchers such as G. Maksa in [4], M. A. Ozturk in [5], and K. H. Park in [6]. Building on
previous studies, M. A. Ozturk and K. H. Park have investigated symmetric bi-derivations and permut-
ing tri-derivations within near-rings, with their findings presented in [7] and [8]. Based on the concept
of n-derivations in [3], our research demonstrates that prime near-rings with n-derivations, under spe-
cific conditions, exhibit commutative ring properties. There has been significant research focus on the
commutativity of near-rings that satisfy specific properties and identities, particularly those involving
derivations, generalized derivations, and permuting n-derivations, as documented in various studies (see
[3,9,10,11,12] for further details). Now our purpose is to examine the commutativity properties of prime
near-rings that admit n-derivations under certain conditions.

2. Preliminary Lemmas

We now state the following two results (see [1, Lemma 1.2] for Lemma 2.1 and [2, Corollary 3.5] for
Lemma 2.2).

Lemma 2.1 Let N be a 3-prime near-ring. If z € Z(N) ~ {0} and x is an element of N such that
zz € Z(N), then x € Z(N).

Lemma 2.2 Let N be a 3-prime near-ring, and o and 8 nonzero left multipliers on N, then the following
assertions are equivalent:

(i) [z, ylap € ZWN), for allz,y e N ;

(ii) —[z,ylap € ZWN), forallz,y e N ;
(iii) (zoy)ap € ZWN), for allz,y e N ;
(iv) —(zoy)ap € ZWN), for allz,y e N ;
(v) N is a commutative ring.

We now prove some preliminary results.

Lemma 2.3 Let N be a near-ring, D is a n-additive mapping. Then D is a n-derivation of N if and
only if
D(ry1,rey ey ity ey mn) = 1 D(r1, 9, oy by ey ) + D11, 72, oy Ty vy T )

for all t,ry,79,....;7, €N

Proof: For all t,71,7a, ..., € N, we have

D(ri,roycqri(t+1),.srn) = D(ri,ra, ey vy mn)(E+ 1) + 1 D(r1,r2, oyt + 4,0y 10)
= D(r1,re, s Tiy ey T)t + D(r1, 79, ooy Ty ooy T )t
+ 1 D(r1,79, ety ey o) F 1 D11, oy e ),

and

D(r,roycyrit + ity cyry) = D(ri,ro, . rity ) + D(r1, o, o 1ty oy 1)
= D(r1,7r2, s Tiy ey ")t 13 D(r1, 10, ooy by ooy )
+ D(71,72, ooy Tiy ey P )t + 1 D(r1, oy oy By oy 7).

Combining above two equalities we obtain that

D(r1,79, ey Tiy ey T )t + 13 D(r1, 10, by ooy mn) = 1 D(11, 70, ooy by ooy 1) D(11, 72y ooy Ty ooy T )
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which means that,
D(r1,79, oy ity oy ) = 1, D(11, 72, ooy by ey ) + D(r1, 72, oy Ty ooy T )L
Converse can be demonstrated similarly. i

While the right distributive law generally fails in left near-rings, we can still derive specific partial
distributive properties.

Lemma 2.4 Let N be a near-ring. Let D be an n-derivation of N'. Then

i "

! ! " ’
(D(rl,rz,...,ri,...,rn)ri +T¢D(r1,r2,...,ri,...,rn))ri = D(r1,72, coes Tiy ooy To)757 + 1 D(11,72, ooy Ty ey TR)Ty
!’ 1
for allr;,r; ,r1,79, sy €N

Proof: Using the definition of D, we have

!’ ! ! 1" !
D(rl,rg,...,(riri)ri/,...,rn) = D(rl,rg,...,riri,...,rn)ri—|—(rir;)D(rl,rg,...,ri/,...,rn)

’ ! 1
= (D(rl, T2y ey Tiy vy T )Ty + 13 D(r1, 72, oy 14, ...,rn))ri

1"

’ ! "
+ i, D(r1,72, oy Ty 5oy for all vy ry 71,70, 7 €N

709" PR AR
And
o o o
D(ri,79, cyri(1;1; )y ooy ™n) = D(r1,79, ey Tiy ooy ) (1375 ) F 1 D(11, oy oy 1515 ey )
o ! 1"
= D(r1,7ro, ey Tiy ey T)151; 1D (11,72, ooy Ty oy T)T;
!’ " !’ "
+ i, D(r1, 79, ey Ty ey ) Tor all vy e, 1y, e,y €N
. a7 .
From two expressions of D(ry,re, ..., 777 , ..., ), we get the required result. O

Lemma 2.5 Let N be a near-ring, and let D be an n-derivation of N'. Then

D(T’l,...,7‘1'_1,2(./\/),7"1‘_1_1,...,Tn) CZ(N) fOT all T1yeers Ti—1,Ti415 -9 T EN.

Proof: For all t € Z(N),ry,ra,...,7n € N, we have
D(r1y ey P, U, it 1y oy ) = D(11y ey Pim 1, ity Pt 15 ooy T,

and hence for all t € Z(N),r1,r2,...,mn € N, we have
D(r1y ey Tic1, by i1y ooy Tn)Ts 8D (11,725 ey iy ooy Tn) = D(r1, 72, ey Py ooy T )t 1 D (11, oy i1, 6y Tige 1y ooy T -
From Lemma 2.3, we get D (71, ..., Ti—1, b, Tit1s ooy T )Ti = T D(71, ey Tim 1, 6y Tia 1y ooy Tn) 71,725 ooy T, € N
Hence D(r1,...,ri—1, Z(N),Tix1, 0y 7n) C Z(N) for all t € Z(N), 71, ey Ti1,Tit 15 s Tn € N O
Lemma 2.6 Let N be a 3-prime near-ring, and o and 3 are nonzero multipliers. Then the following
properties are satisfied:

1 [z, yla = [a(@),y] = [z, a(y)] = o[z, y]) for all z,y €N,

2. [@,ylas 2l = [z, Y], 2)a for all z,y,z € N.
Proof:

1. For all z,y € N, we have

[7,Y]la = a(z)y — ya(z) = za(y) — a(y)r = a(ry — yz).
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2. For all z,y,z € N, we have

([, 4]as 2]

B
=,
>
X,
g
=
|
=
8
<
S
m

Lemma 2.7 A near-ring N' admits an n-derivation D. Then N is zero-symmetric.

Proof: Assume that N has an n-derivation D. We have for all ¢t1,71,79,73,...,70, € N

D((r1.0).t1,79,73, ey ) = D(r1.0,72,73,...;r5)t1 + (r1.0)D(t1, 72,73, ..., 7))
= O.tl +0.D(t1,?"2,7"3,...77"n).

On the other side, we have

D(Tl(o.tl),TQ,T‘g,...,T'n) = D(T‘l,?"g,?"g,...,T,L)(O.tl) +T1D(O.t1,7’2,7‘3,...,7"n)
= 0.t +0.t1 + O.D(tl,’/’27’l"3, ~-~yrvn)-

Now, compare the two expressions of D(r1.0.t1, 72,73, ..., ) we conclude that N is zero-symmetric. O

3. Main Results

In this section, we give some new results and examples concerning the existence of n-derivations
in near-rings. We will also apply Lemma 2.7 several times without mentioning it. We begin with the
following interesting result.

Theorem 3.1 Let N be a 3-prime near-ring, D is a nonzero n-derivation on N and « is a nonzero left
multipliers on N'. Then the following assertions are equivalent:

(1) D(r1,.eyTic1, [TisYilas Tit 1y -y Tn) = 0, for all yi, 1,79,y €N,
(i) N is a commutative ring.
Proof: For (i) = (i), it is obvious.
(i) = (i7). By our hypothesis, we have
D(r1, s Tic1, [T, Yilay Tit1y s Tn) = 0 for all y;, 71,79, ..cim €N (3.1)
Substituting a(r;)y; for y; in (3.1), and using the fact that [r;, a(r;)y;]a = a(r;)[7i, Yi]a, we obtain
D(r1,y ey Tie1, (1) [Py Yila, Tig1s oosTn) = 0 for all y;, 71,72, .., € N.

This implies that D(ry, ..., 7—1, (1), i1y eooy 7)) [Ti5 Yi)at (1) D(T1, ooy Tie 1, [Ti, Yil o, Tit 1y -y 7)) = 0 for
all y;, 71,72, ..., € N. Using (3.1) in the last relation, we get D(r1,...,7i—1, (T;), Tit1s o 7)) [T, Yi]a = 0.
Therefore, (11,...,Ti—1, @(T5), Tit1y ooy Tn)(T)yi = D(r1, e, rim1, (1), i1y ooey Tn ) yse(r;). Putting y; =
y;t in the last relation and using it, we obtain D(ry,...,7—1,a(r), Tit1, -y rn)yz[ (r;),t] = 0 for all
t,YiyT1,72, -, 7n € N, which can be rewritten as D(r1,...,7_1,a(r;), 71, o, 7o )N [ (r;),t] = 0 for all
t, 71,72, ....,7n € N, Since N is 3-prime, we find that

D(ry,y.ccyric1,a(r:), g1y ooy mn) =0€ Z(N) o a(r;) € Z(N)  for all rq,re,...7n € N. (3.2)
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But a(r;) € Z(N) also implies that D(r1,...,7;_1,(r;),7ix1, s ) € Z(N) for all rq,ra,...,7, € N, by
Lemma 2.5, hence (3.2) reduces to

D(ry,.crim1,0(r;),7ix1, ooy 7)) € Z(N) for all 71,79, ..., € N. (3.3)
For r; = r;z, where z € N in (3.3), we get
D(r1y s i1, (1), it 1y ey )2 + (1) D(11, ooy T2 1, 2, Tid 15 -y Tn ) € Z2(N). (3.4)
Thus, for all z,71,72,...,7n €N,
z(D(rl, s i1, QT3), it 1y ooy T ) 2 Q(P) D (71, oy T 1, 2, Tt 1y ey rn)>
= (D(Tl7 oy Pim 1y Q1) P 1y ooy P ) 2 (1) D71y ooy Ty 2 T 1y oes rn))z
Now using Lemma 2.3 and (3.3) in the above equation, we infer that
D11, oy i1, Q(15), Pig 1y ooy T ) 22 4 20(1)) D(11, oy Ti 15 2, Tig 1y ooy )
= D(r1, ey Tie 1, T5), Tig 1y ooy T ) 22 A+ (1) D(T1,y oy To 15 2, T 1y ey T ) 2

Hence, za(r;)D(11, ooy Tim1, 2, Tid 1y o0y Tn) = (1) D(P1, o, 741, 2, T 1, ey )2 Tor all 2,71, 70, sy € N
Replacing z by a(z) and using (3.3), we obtain D(ry,...,7;—1,a(2),7it1, ..., ™) [c(2), a(r;)] = 0, which
can we rewritten as D(r1,...,7i—1,@(2), Pix1, oo, T )N [(2), a(r;)] = {0} for all z,71,79,...,7, € N, Since
N is 3-prime, we implies that

D(r1y ey mic1,@(2), Pig1y oy tn) =0 or [a(2),a(r;)] =0 for all z,ry,re,....r, € N. (3.5)
Suppose there exists zo € N\ {0} such that
D(ry,.cyic1,0(20), Tig1s oy 7)) = 0 for all 71,79, ooy 71, g1, ooy T € N

Replacing r; by 29 and z by «(t) in (3.4), we infer that a(zo0)D(r1,...,7i—1,@(t), 7541, ..., n) € Z(N) for
all t,ry,ra, ..., € N. By Lemma 2.1, we obtain a(z) € Z(N) or D(r1,...,ri—1, (), 7i41, ...y 7n) = 0 for
all t,71,72,...,7, € N. In this case, (3.5) becomes

D(ry,.ymic1,a(t), miq1, ™) =0 or [a(2),a(r;)] =0 for all ¢, 2,7y, 79, ...,7n € N. (3.6)

If D(ry,.ymic1,a(t), 541, ymn) = 0 for all ¢,71,72, ...,7;_1,7i41,---,7n € N. Replacing ¢ by tyr; in the
(3.6) and using it, we obtain a(t)ND(r1, ..., 751,74, Tix1, -, Tn) = {0} for all t,7r1,7a,...,7, € N. By the
3-primeness of N, we conclude that D = a = 0 is a contradiction. Then (3.6) becomes [a(z), a(r;)] =0
for all z,r; € N, then a(z)a(r;) = a(r;)a(z) for all z,7; € N. By substituting r;t in place of r;, we obtain
a(z)a(r;)t = a(r;)ta(z) for all z,t,r; € N. Using the two above expressions, we arrive at a(z)[a(r;),t] =0
for all z,t,7;,t € N. Putting zs instead of z, we get a(z)s[a(r;),t] = 0 for all s,t,z,r; € N. Since N is
3-prime and « # 0, we obtain [a(r;),t] = [ri,t]a = 0 € Z(N) for all r;,t € N, which shows by Lemma
2.2 that A is a commutative ring. O

Theorem 3.2 Let N be a 2-torsion-free 3-prime near-ring, D be a nonzero n-derivation, and o be a
nonzero multiplier on N'. Then the following assertions are equivalent:
(1) D(r1,eeyTic1, [Tis Yilas Tid1y - Tn) € ZN) for all ys, 11,72, ;70 €N,
(it) N is a commutative ring.
Proof: For (ii) = (i), it is obvious.
(i) = (i1). By hypothesis given, we have
D(r1, s Tie1, [T, Yila, Tid1s -y Tn) € Z(N) for all y;, 71,79, ...y € N (3.7)

Now we have two cases,
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e If Z(N) = {0}. So, our hypothesis becomes
D(r1, ey Tie1, [T, Yilos Tit1s - 7)) = 0 for all y;, 71,79, ... 7 € N
By the previous theorem, we conclude that N = Z(N') = {0}, which is a contradiction.

o If Z(N) # {0}. Putting tr; instead of r;, where t € Z(N), in relation (3.7), we infer that
D71,y Tim 1, T, Yilas Tik 1, s n) € Z(N) forallt € Z(N),y;,7r1,72,....7, € N. Expanding
the last equation, we get D(r1, ..., 7i—1, b, Tit 1y ooy To)[Ti, Yila FED (11, ooy 71, [T4s Yilas Tik 1y ooy Tn) €
Z(N) for all t € Z(N),yi, 1,72, ..., 7 € N, and therefore

$(D(T17---77”1'—1,7577"i+17---77”n)[7”i,yi]a +tD(r1, .. 71, [Tiayi]a,ﬁ+1,---,7“n))
= (D(Tu s Tim 1y Tty ooy T) [Ty Yila + 2D (71, o 71, T3y Yil o Tig 1, -~-77“n)>9€

Using Lemmas 2.3, 2.4, and 2.5 together (3.7), we get D(r1, ..., Tim1, b, Vit 1y ooy "n) [[T5s Yias ] =
0. Left multiplying by s, where s € N, and invoking Lemma 2.5, the above expression gives
D(ry,..;mi—1,t, 741, -y Tn)S[[Ti, Yila, ] = {0} for all t € Z(N),x, s,y;, 71,72, ..., Tn € N, and there-
fore D(r1,...;Ti 1,115 ooy T )N[74, Yil o, ] = {0} for all t € Z(N), z,y;, 71,72, ...,7n € N. By the
3-primeness of N, we conclude that

D(ri,..,rim1, ZIN ), riga, o mn) = {0} or [y, ila € Z(N) for all y;,ry, 79,70 €N (3.8)

Assume that D(tq,....,t;—1, Z(N), tix1, s tn) = {0} for all t1,...;t_1,tis1, ..., tn € N. By (3.7), we
can see that

D(tl, -~~7ti—1a D(tl, -~~7t1'—17 [ti, Si](x;ti—i-h ...7tn),t¢+1, ,tn) =0 for all Si,tl, ...,tn € N (39)
Replacing s; by t;8; in (3.9) and using the fact that [z, zt], = z[x,t]4, we get

0 =D(tr, e ti1, D(t1, o tio1, tiltiy Silas ity oostn)s ticds oo tn)
= D(t1, ey tiz1, D(t1, ooy tim1, iy b1, oo tn) L1y oo b)) [E, Sia
4+ 2D(t1, o tit, iy tigts e b)) D (t1, o tim, [is Silas L1, oo )
4+t D(t1, oy tiz1, D(t1, ooy tia, [ty Silas tigts oo tn) s bige1s s B) fOr all s, 1,80, . b € N

By (3.9), preceding relation forces

0 =D(t1, ey tic1, D(t1, ooy tiz1s tis tig 1, oo tn) tig1s oo b)) [Eis Sia
+ 2D(t1, ...,t¢,17ti,ti+1, ...,tn)D(th ...7t7;,1, [ti, Si]a,ti+1, ,tn) for all Si,tl,tQ, ...,tn € N

Substituting [t;, z;]o for ¢; in the last expression and using (3.9) together with 2-torsion free-
ness, we get D(t17~-~7ti—17[tiami]a;ti+17~--7tn)D(t17-~-ati—17Htiaxi}aasi]aati-‘rlv~-~7tn) = 0 for all
z;,8i,t1, ..., t, € N. Thus, for all z;, s;,t1,t0,....,0, EN

D(t1, ooy tizt, [tis Tilas tig1, ooor tn )N D(t1, ooy timt, [tis il Silas tig1s - tn) = {0}

Since N is 3-prime, we get

D(t1, oo tiz1, [ty Tilas tigts o tn) =0 0or D(t1, .. tiz1, [[ti, Tilas Silas tigt, or tn) =0
for all z;, 85, t1,t2,....tn € N. (3.10)

Suppose there exist xo,, to;, toy, ---, to, € N such that

D(t017 "'7t07:—17 [[tOiain}aasi]aatOi_Hv ...,ton) =0 for all S; € N
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Using the fact that [z, y]o = a(z)y — za(y) = za(y) — a(y)z, we infer that
D(tol g ooy t0i71 : [toi, J;Oi]aa(si), t0i+1, vevy ton) = D(t01 g ooy toFl 5 a(si)[toi ) in]a) toHl, veey ton)
for all s; € A/. Now invoking (3.7) and Lemma 2.3 in the latter expression, we get

D(t017---7t0i_17a(5i)at01+17~~~at0n)[t0mx0¢]a
= [tO,”mOi]aD(tOp ...,toifl,oz(si),toiﬂ, . ton) for all s; € N. (3.11)

Replacing s; by [to,, Zo,]as; in the left-hand side of the last equation together using Lemma 2.4 and
(3.11), we obtain

D(tom ) toi—l? [toi’xoi]aa(si)7 t0i+1 ey tOn) [t0i71'0i]0¢
= D(t()l bR t01717 [tOinyi]ou t0i+17 A ton)a(sl)[tchj in]a
—‘r[toi, Z‘Oi]iD(tol s b0, 04(81'), L0;i1s e ton) for all s; € NV.

Putting s; = [to,, Zo,]as; in the right-hand side of equation (3.11) and using it with (3.7), we get

[tO'N‘TOi]OZD(tOl’ ) t07‘,—1’ [toi’ xoi]aa(si)v t071+1’ ) ton)
= D(t017 v to, [toi,woi]a, t0i+1, ey ton) [toi,l’oi]aa(si)
—‘r[toi, in]iD(tOU wto, 01(81‘), L0;i1s e ton) for all s; € NV.

Comparing the last two equations, we get

D(tou o o qs [t0i7x0i]0¢7 tOi+1 ey tOn) [tom "Eoi}aa(si)
= D(tol, et [t0i7$0i]a>t0i+1a ...,ton)a(si)[toi, $0i]a for all s; € N.

Substituting s;z for s; in the above equation, we get

D(t01 PR t01717 [t0l7 in]ou toi+17 A t0n> [t017x01]01a(8l)z

= D(toy, s t0; 15 [to;> 0, ]ar Lo,y s s o, ) (i) 2[to, , To,]a for all z,s; € N.

From the last two equations, we obtain

D(toys - to,_ys [to,s To,Jas o,y s o to, ) (si) [[to,s To,)a, 2] = 0 for all z,s; € N. (3.12)
Substituting us;v for s; in (3.12) and since « is a multiplier, we conclude that

D(toy, s o,y [to,> 0,]as to,sy s s o, Jua(si)v [ [to, To,]a, 2] = 0 for all u, v, z,s; € N.
This gives us

D(toy, s to; 15 [to;, T0,)as Lo,y s s to, )N ()N [[to,, 20, ]as 2] = {0} for all z,s; € N.
Since o # 0 and N is a 3-prime, the latter relation gives

D(toy,s s to, 15 [to,> 0,]ar to,.ys s o, ) = 0 or [to,, Zo,]a € Z(N) for all s; € N. (3.13)

By the hypothesis and Lemma 2.5, (3.13) becomes D(tol, e to, 15 [0, 0, )as tosgs s ---,ton) =0 and
therefore (3.10) reduces to D (1, ..., ti—1, [ti, Tila, tit1, -y tn) = 0 for all z;, ¢q,t9, ..., t, € N. So that
(3.8), becomes D(t1, ..., ti—1, [tis Tilo, tit1, - tn) = 0 0Or 1y, y:]a € Z(N) for all x;, 7, ¥, t1, .oy by €
N. Which forces that N is a commutative ring by Lemma 2.2 and Theorem 3.1.

d

The conclusion of Theorem 3.2 remains valid if we replace [r;, y;]a by [[74,Yila, z:]s. In fact, we obtain
the following result.
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Theorem 3.3 Let N be a 2-torsion-free 3-prime near-ring, D be a nonzero n-derivation, and o and 8
be nonzero multipliers on N'. Then the following assertions are equivalent:

(1) D(r1, i1, [[76, Yila, 2 s Tig1s s n) € Z(N) for all ys, zi, 71,72, .y 70 €N,
(i1) N is a commutative ring.
Proof: For (ii) = (i), it is obvious.
Suppose that Z(N) = {0}, then our hypothesis becomes
D(r1, .oy i1, [[T6, Yilas 2il gy Tig1s oy ) = 0 for all gy, 24, 71,79, 00y € N (3.14)
Substituting [r;, ¥:]az: for z; in (3.14), we get

[rivyi]aD(rlv'”arifl7 [[Ti7yi]a72i]ﬂari+17"'7rn) (315)
+D(r1,y ey Tie 1, [Tis Yilas Tidk 1y s Tn) ) [Ty Yil o, 23] g = O for all y;, 25,71, 72, ooy 7y, € N

From (3.14), (3.15) gives
D(r1, s i1y [Tis Yilas Tit1s oo ) [T Yilas 2i]p = 0 for all gy, 23,71, 72, s € N
Expanding the last equation, we obtain

D(r1, ey Tie15 [T Yilas Tige1s oo ) [T35 Uil B(24) (3.16)
= D(r1,...,Ti1, [T5, Yila, Tit1, -, Tn) B(23) [1i, Yil o for all y;, 2,71, 72, ..., € N

Now changing z; by z;t, where t € N, in the last expression and using it, we find
D(r1y ey Tic 1y [Tis Yil o Tik 1y - T ) BZO[745 Yil s 1] = 0 for all y;, 24, 6,71, .0y 7 €N
Replacing uz;u by z;, where u,v € N, in (3.15) and using the fact that H(zyz) = xH (y)z, we get
D(r1y s T 1, [T, Yil oo Tid1s oo T )N BGON[74, Yil o, t] = {0} for all y;, ¢, 71, ...,7n € N
Since Z(N) = {0} and 8 # 0 with using the 3-primeness of A/, we conclude that
D(71, s Tie1, [Tis Yila, it 1s s Tn) = 0 0T [1i,yi]a = 0 for all y;, t,71,...,7, € N.

Then,
D(r1, s T 1, [T, Yilas Tid1s o 7 ) = 0 for all y;, 71,79, iy €N

forces that A is a commutative ring by the previous theorem, so that N' = Z(N) = {0}, which is a
contradiction. Hence Z(N) # {0}. By our hypothesis, we have

D(r1, .oy Tiz1s [[Tis Yilas 2il gs Tit 1, s 7n) € Z(N) for all y;, 2,71, 72, .oy 7y € N (3.17)

Putting z; = tz;, where t € Z(N), in (3.17), we obtain D(r1,...,7i—1,t, Tit1, ooy Tn)[[74, Yilas zil g +
tD(r1, ooy i1, ([T, Yilas Zil gy it 15 ooy Tn) € Z(N) for all y;, 2i,7m1,72, ..., € N, which can be written
as

x(-D(Th ...7T7;71,t77'i+17 ...7’1"“)[[7“7;, yi]on Zz] + t-D(/rla ey Ti—1, [[ﬁ‘ﬂi}a, Zi],'f’i+1, ...,’I"n)
= (D(Tlv "'7ri—1at7ri+17 "'7rn)[[ri7yi}om 21]6 + tD(rh ey Ti—1, [[Tiayi]av ZZ]B; Ti4+1, "',rn))l'

for all z,y;, 2;,71,72, ;7 € N,t € Z(N). From Lemma 2.4 and Lemma 2.3, the above equation gives
D(r1y ey Tic1s ty Pige1s ooy To) (74, Yilas 2il g € Z(N) for all y;, 24,71, 72, ooy € Nt € Z(N). Also by Lemma
2.5 and Lemma 2.1, we obtain

D(r1y ey iz, ZIN), Pig1s ooy ) = {0} o1 [[14, Yilas 2ilg € Z(N) for all y;, 2z, 71,72, ...y, € N (3.18)

We now distinguish two cases
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o If [[ri, Yilas 2i]g € Z(N) for all y;, z;, 7; € N, putting B([r;, yi]a)2: in place of z; in the last equation,
we arrive at B([ri, yila)[[7is Yila, 2ilp € Z(N) for all y;, z;,7; € N. According to lemma 2.1 it follows
B([risyila) € Z(N) or [[ri,yila, zilp = 0, for all y;, 2,7 € N. Then B([ri, yila)zi = 2iB([ri, yila)
for all r;,y;,2 € N. Taking z;t in place of z; in the last expression and using it again, we get
zi[B([ri, vi)a), t] = 0 for all ¢,7;,y;,2; € N. Replacing z; by z;s in the above expression and using
Lemma 2.6, we get 5(2;)s|[7i, ¥ila,t] = 0 for all ¢, s,7;,v;, 2, € N. Since B8 # 0 and by 3-primeness
of N, we get [, yi]la € Z(N) for all r;,y; € N, now replacing and therefore by Lemma 2.2 N is a
commutative ring.

e If D(ry,...;mim1, ZN), mig1y oy ) = {0} for all v1, ..., -1, 741, -, 7 € N. Using (3.17) we obtain
D(Tl, ey i1, D(Tl, ey i1, Hriati]cw Zi]B,TZ‘+1, ...,'f‘n),TZ‘+1, ...,’I"n) =0 (319)
for all z;,t;,71, 72, ..., 7, € N. Substituting z; by B8([r:, ti]a)z: in (3.19), we infer that
0 = D(rla"'ari—hD(rla"'7Ti—17B([Tiati]a)[[riati]a7Zi]ﬂari+1a"'7Tn)ari+1a"'7rn)
= D(r1,.,7ie1, D(r1, s i1, B([Tis tila) ikt o Tn) s Tikds oo ™) [T Bias 2i) 8
+ 2D(T17 ceey -1, B([rivti]a)a’ri+17 cey Tn)D(Tl, "'7ti717 [[Thti]ou Zi]ﬁ7ri+17 "'77077,)

+ B([ris tila) D (11, ey Tie1, D1, ooy i1, [Py il 2il 8y i 15 ey T ) T 1 o0 )
for all z;,ti, 11,2, ...;rn €N

From (3.19), we conclude that

0 = D(Tla"'7ri—17D(r1a"'7ri—17ﬂ([riati]a)7ri+17"'7rn)7ri+17"'7rn)[[ri?ti]0¢7'z’i}5
+2D(r1, oo mim1, B([Pis tila) s ikt oo ) D (71, ooy i1, [[Tis Bil s 2i) 80 Tige 15 oo 7))
for all z;,t;, 71,72, ..., € N.

Thus,
0 = D(ri,.,7ie1, D(r1, ooy 71, [B(ri) tila, Tit1s s Tn) s Tikds ooy 7o) [T Bias 2i)8
+ 2D(T17 ey Ti—1, [ﬂ(ri%ti}aa ri+17 ...771n)D(T'1, ey Ti—1, Hri7ti]a7 Zi],@7ri+17 -~~7rn)
for all z;,t;,71,72,...,7n € N. (3.20)

Putting r; = [r;, z;] in (3.20) and applying Lemma 2.6 with the 2-torsion freeness of A/, and using
(3.19), we obtain

D('f’l, ey Ti—1, [[Ti7xi]a7ti]ﬁ7ri+17 [RED) Tn)D(T17 ey Ti—1, [[[Tiaxi]7ti]a7 zi],@7ri+17 ~-~7rn) = 0

for all x;, z;,t;, 71,72, ..., 7n € N. Left multiplying by s, where s € N, together using the relation
(3.17) with Lemma 2.5, the preceding expression gives, for all x;, z;,t;,71,72, ..., 7, € N

D(r1, .o, Tis [Ti, Tilas til go i 15 coos T )N D (11, oy mim1, ([ @), ti s 23l go Pige1s o) = {0}
Using the 3-primeness of A/, we conclude that

D(Tl, ey Ti—1, H’I“i, xi]a,ti]ﬂ,mﬂ, ...,Tn) = O or D(Tl, ey i1, [[[ri,xi], ti]a, Zi]g, Tit1y-ees ’I“n) = 0
for all x;, z;,t;, 1,79, ..., T € N. (3.21)

Suppose that there exist b;, ¢;, a1, as, ...,a, € N such that

D(al, ey Qg1 [[[ai,bi],ci]a,zi]ﬁ,ai+1, ...,CLn) = 0 for all z; € N
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Thus, D(al, ey (1, [[[ai7bi]a,Ci]ﬁ,Zi],aiJrl,...,an) = 0 for all z; € N, by Lemma 2.6. Now using
Lemmas 2.3 and 2.4 together with (3.17), we obtain

D(alv"'7a’i—17ziaai+17"‘7an)[[ai;bi]a7ci]ﬁ = Haivbi]aaci]ﬁD(alv"‘7ai—1azi7ai+17"'aa/n)
for all z; € N. (3.22)

For z; = [[as, bi]a, ¢i]pzi in the left-hand side of the last equation, together using Lemma 2.4 and
(3.22), we obtain

D(alu ey Qj—1, Haiu bi]aaci]ﬁzh ai+17 seey an)[[a’h bi}om c’i]ﬂ
= D(a1, ..., ai—1, [[ai, bila, il g, @it 1, .y an) 2i[[ai, bilas cil

+[[ai, bi]ou ci]%D(al, ey Qi — 15 Ry g1y eey an) for all Zi € N

On the other hand, putting [[a;, bi]a, ¢i]g#: instead of z; in the right-hand side of equation (3.22)
and using it together with (3.17), we get

[lai, bila, cilpD (a1, ..., ai—1, [[ai, bila, ¢ilg2i, @ig1, o )
= D(al, ey @1, (@i, i), Ci}ﬁzia Qi+1, "'»an)[[ai; bi]a,ci]ﬁzi

+[[as, bi]a,ci]%D(al, ooy i1, %4y Qig 1, ooy Q) for all 2; € N
From the last two equations, we get

D(ay, ..., ai—1, [[ai, bila, ¢ilg; Qit1, -y an) Zi[[ai, bila, cilp (3.23)
= D(al, ey A1, [[ai,bi]mci]gzi, ai+1, veey an)[[ai, bi]a,ci]gzi fOI‘ all Zi S N

Replacing z; by yz; in (3.23) and using it, we infer that
D(ay, ..., ai—1, [[ai, bila, ¢ilg; Qit1, -y an) N [[[ai, bila, cilg, 2] = {0} for all z; € N.
Using the 3-primeness of A/, we conclude that
D(al, ey @1, [[@iy bi] s Cil By Qit 1, ...,an) =0 or [[a;, bila,cilp € Z(N).

By the hypothesis, the above expression implies that D(al, s @1, [[@a5 bi] s Cil By @ity ey an) =0.
Hence, (3.21) becomes

D(r1, ey mic1,s [[Tis @ilas til gy Pig1s -y 7o) = 0 for all &, @i, 71,72, ., € N (3.24)
Substituting [r;, x;]at; for ¢; in (3.24) and using it, we get
D(r1, ey Tim1, [Ty Tilas Tig1s oo To)[[T4) Tilas ti] g = 0 for all @y, b, vy, 72,0,y € N
Which means that

D(r1, ey Tie15 [Ti il o, Tige 15 oo T ) [T, Tila B(E:) (3.25)
= D(r1, s Tie15 [Tis Tilo, Tit 15 - T ) B(E:) 73, T3] o Tor all @y by, 71,72, .m0 € N

Put t; = t;s in (3.25) and using it, we get D(r1, ..., 751, [Ti, Tilas Tit1s -y Tn) B(E)[[155 Ti) o, 8] = O for
all ;,s,t;,71,72,...,7n € N. Substituting ut;v for ¢; in the last equation, we obtain

D(T‘l, ey i1, [Ti,"ﬂi]a, Tidly ey T’n)Nﬂ(tl)N[[T“.’Iz]a, S] = {O} for all I’i,ti, S8,T1,72,y...,Tn S N

Since N is 3-prime and 3 # 0, the last expression becomes D (71, ..., 7i—1, [Ti, Tilas Tit1s ooy Tn) = 0
or [ry, Tila € ZWN) for all x;,71,72,...,7, € N. Then, D(r1,...,7i—1, [T, Tila, Tit1s -, Tn) = 0 for all
ZiyT1,72,...,7n € N. Otherwise, by Theorem 3.1, we conclude that N is a commutative ring.
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We aim to prove in the example below that the condition of 3-primeness of A/ in Theorem 3.3 is essential.

Example 3.1 Let S be a commutative left near-ring, and let 8 and a be any nonzero multipliers.

0
N = 0 |0,z,y,2€ S
0

n O 8
oo

Let us define maps D : N x N x -+ x N — N as follows:

n-times
0 =1 n1 0 o yo 0 Zn Yn 0 z12z0...2, O
D o o0 o}J,{0 0 O0},....,10 0 O =10 0 0
0 2 O 0 2z O 0 2z, O 0 0 0

It is easy to verify that D is a nonzero n-derivation, and D(Ry, ..., Ri—_1,[[Ri, Yilas Zilg, Rit1, -, Bn) €
Z(N) for all Y;, Z;, Ry, Ra, ..., R, € N, but N is not a commutative ring.
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