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Study of the Structure of Near-Rings with n-Derivations

A. Zerbane, A. Boua and A. Raji

abstract: This paper aims to formulate a set of theorems that guarantee the commutativity of the near-ring
N under specific conditions. We show that if N admits an n-derivation D with certain properties, then N
must be a commutative ring. Our results are illustrated with concrete examples, highlighting their crucial role
in the logical framework of the proofs.
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1. Introduction

Throughout this paper, N will be a left near-ring with multiplicative center Z(N ). A near-ring N is
called zero symmetric if 0x = 0, for all x ∈ N (recall that the left distributive law yields x0 = 0), and N
is called 2-torsion free if for each r ∈ N , 2r = 0 implies r = 0. Further, N is called 3-prime if rN t = {0}
for all r, t ∈ N , implies r = 0 or t = 0. Let α be any mapping from N into itself; for any pair of elements
r, t ∈ N , we define [r, t]α = α(r)t − tα(r) and (r ◦ t)α = α(r)t + tα(r). In particular, [r, t]1 = [x, y] and
(r ◦ t)1 = r ◦ t in the usual sense. An additive mapping H: N → N is said to be a left (resp. right)
multiplier if H(rt) = H(r)t (resp. H(rt) = rH(t)) holds for all r, t ∈ N . H is said to be a multiplier if
it is both a left and a right multiplier. Let n be a fixed positive integer. An n-additive (i.e., additive in
each argument) mapping D : N ×N × · · · × N︸ ︷︷ ︸

n-times

−→ N is said to be an n-derivation of N if the following

equations hold for all r1, r
′

1, r2, r
′

2, ..., rn, r
′

n ∈ N

D(r1r
′

1, r2, ..., ri, ..., rn) = D(r1, r2, ..., ri, ..., rn)r
′

1 + r1D(r
′

1, r2, ..., ri, ..., rn)

D(r1, r2r
′

2, ..., ri, ..., rn) = D(r1, r2, ..., ri, ..., rn)r
′

2 + r2D(r1, r
′

2, ..., ri, ..., rn)

...

D(r1, r2, ..., ri, ..., rnr
′

n) = D(r1, r2, ..., ri, ..., rn)r
′

n + rnD(r1, r
′

2, ..., ri, ..., r
′

n).

For an example of n-derivation, let S be a commutative left near-ring.

N =


0 x y
0 0 0
0 z 0

 | 0, x, y, z ∈ S

 .

Define D : N ×N × · · · × N︸ ︷︷ ︸
n-times

−→ N such that

D

0 x1 y1
0 0 0
0 z1 0

 ,

0 x2 y2
0 0 0
0 z2 0

 , . . . ,

0 xn yn
0 0 0
0 zn 0

 =

0 z1z2 . . . zn 0
0 0 0
0 0 0


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It can be easily verified that D is an n-derivation of N . An additive map d: N −→ N is termed a
derivation if d(xy) = d(x)y + xd(y) for all x, y ∈ N . Building on existing research, concepts like sym-
metric bi-derivation, permuting tri-derivation, and permuting n-derivation have been explored in ring
theory by researchers such as G. Maksa in [4], M. A. Ozturk in [5], and K. H. Park in [6]. Building on
previous studies, M. A. Ozturk and K. H. Park have investigated symmetric bi-derivations and permut-
ing tri-derivations within near-rings, with their findings presented in [7] and [8]. Based on the concept
of n-derivations in [3], our research demonstrates that prime near-rings with n-derivations, under spe-
cific conditions, exhibit commutative ring properties. There has been significant research focus on the
commutativity of near-rings that satisfy specific properties and identities, particularly those involving
derivations, generalized derivations, and permuting n-derivations, as documented in various studies (see
[3,9,10,11,12] for further details). Now our purpose is to examine the commutativity properties of prime
near-rings that admit n-derivations under certain conditions.

2. Preliminary Lemmas

We now state the following two results (see [1, Lemma1.2] for Lemma 2.1 and [2, Corollary 3.5] for
Lemma 2.2).

Lemma 2.1 Let N be a 3-prime near-ring. If z ∈ Z(N ) ∖ {0} and x is an element of N such that
xz ∈ Z(N ), then x ∈ Z(N ).

Lemma 2.2 Let N be a 3-prime near-ring, and α and β nonzero left multipliers on N , then the following
assertions are equivalent:

(i) [x, y]α,β ∈ Z(N ), for all x, y ∈ N ;

(ii) −[x, y]α,β ∈ Z(N ), for all x, y ∈ N ;

(iii) (x ◦ y)α,β ∈ Z(N ), for all x, y ∈ N ;

(iv) −(x ◦ y)α,β ∈ Z(N ), for all x, y ∈ N ;

(v) N is a commutative ring.

We now prove some preliminary results.

Lemma 2.3 Let N be a near-ring, D is a n-additive mapping. Then D is a n-derivation of N if and
only if

D(r1, r2, ..., rit, ..., rn) = riD(r1, r2, ..., t, ..., rn) +D(r1, r2, ..., ri, ..., rn)t

for all t, r1, r2, ..., rn ∈ N .

Proof: For all t, r1, r2, ..., rn ∈ N , we have

D(r1, r2, ..., ri(t+ t), ..., rn) = D(r1, r2, ..., ri, ..., rn)(t+ t) + riD(r1, r2, ..., t+ t, ..., rn)

= D(r1, r2, ..., ri, ..., rn)t+D(r1, r2, ..., ri, ..., rn)t

+ riD(r1, r2, ..., t, ..., rn) + riD(r1, r2, ..., t, ..., rn),

and

D(r1, r2, ..., rit+ rit, ..., rn) = D(r1, r2, ..., rit, ..., rn) +D(r1, r2, ..., rit, ..., rn)

= D(r1, r2, ..., ri, ..., rn)t+ riD(r1, r2, ..., t, ..., rn)

+ D(r1, r2, ..., ri, ..., rn)t+ riD(r1, r2, ..., t, ..., rn).

Combining above two equalities we obtain that

D(r1, r2, ..., ri, ..., rn)t+ riD(r1, r2, t, ..., rn) = riD(r1, r2, ..., t, ..., rn) +D(r1, r2, ..., ri, ..., rn)t
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which means that,

D(r1, r2, ..., rit, ..., rn) = riD(r1, r2, ..., t, ..., rn) +D(r1, r2, ..., ri, ..., rn)t.

Converse can be demonstrated similarly. 2

While the right distributive law generally fails in left near-rings, we can still derive specific partial
distributive properties.

Lemma 2.4 Let N be a near-ring. Let D be an n-derivation of N . Then(
D(r1, r2, ..., ri, ..., rn)r

′
i + riD(r1, r2, ..., r

′
i , ..., rn)

)
r
′′
i = D(r1, r2, ..., ri, ..., rn)r

′
ir

′′
i + riD(r1, r2, ..., r

′
i , ..., rn)r

′′
i

for all r
′

i, r
′′

i , r1, r2, ..., rn ∈ N .

Proof: Using the definition of D, we have

D(r1, r2, ..., (rir
′

i)r
′′

i , ..., rn) = D(r1, r2, ..., rir
′

i, ..., rn)r
′′

i + (rir
′

i)D(r1, r2, ..., r
′′

i , ..., rn)

=
(
D(r1, r2, ..., ri, ..., rn)r

′

i + riD(r1, r2, ..., r
′

i, ..., rn)
)
r
′′

i

+ rir
′

iD(r1, r2, ..., r
′′

i , ..., rn) for all r
′

i, r
′′

i , r1, r2, ..., rn ∈ N .

And

D(r1, r2, ..., ri(r
′

ir
′′

i ), ..., rn) = D(r1, r2, ..., ri, ..., rn)(r
′

ir
′′

i ) + riD(r1, r2, ..., r
′

ir
′′

i , ..., rn)

= D(r1, r2, ..., ri, ..., rn)r
′

ir
′′

i + riD(r1, r2, ..., r
′

i, ..., rn)r
′′

i

+ rir
′

iD(r1, r2, ..., r
′′

i , ..., rn) for all r
′

i, r
′′

i , r1, r2, ..., rn ∈ N .

From two expressions of D(r1, r2, ..., rir
′

ir
′′

i , ..., rn), we get the required result. 2

Lemma 2.5 Let N be a near-ring, and let D be an n-derivation of N . Then

D(r1, ..., ri−1,Z(N ), ri+1, ..., rn) ⊂ Z(N ) for all r1, ..., ri−1, ri+1, ..., rn ∈ N .

Proof: For all t ∈ Z(N ), r1, r2, ..., rn ∈ N , we have

D(r1, ..., ri−1, tri, ri+1, ..., rn) = D(r1, ..., ri−1, rit, ri+1, ..., rn),

and hence for all t ∈ Z(N ), r1, r2, ..., rn ∈ N , we have

D(r1, ..., ri−1, t, ri+1, ..., rn)ri + tD(r1, r2, ..., ri, ..., rn) = D(r1, r2, ..., ri, ..., rn)t+ riD(r1, ..., ri−1, t, ri+1, ..., rn).

From Lemma 2.3, we get D(r1, ..., ri−1, t, ri+1, ..., rn)ri = riD(r1, ..., ri−1, t, ri+1, ..., rn) r1, r2, ..., rn ∈ N .
Hence D(r1, ..., ri−1,Z(N ), ri+1, ..., rn) ⊂ Z(N ) for all t ∈ Z(N ), r1, ..., ri−1, ri+1, ..., rn ∈ N . 2

Lemma 2.6 Let N be a 3-prime near-ring, and α and β are nonzero multipliers. Then the following
properties are satisfied:

1. [x, y]α = [α(x), y] = [x, α(y)] = α([x, y]) for all x, y ∈ N ,

2. [[x, y]α, z]β = [[x, y]β , z]α for all x, y, z ∈ N .

Proof:

1. For all x, y ∈ N , we have

[x, y]α = α(x)y − yα(x) = xα(y)− α(y)x = α(xy − yx).
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2. For all x, y, z ∈ N , we have

[[x, y]α, z]β = [β([x, α(y)]), z]

= [[β(x), α(y)], z]

= [α([β(x), y)]), z]

= [[x, y]β , z]α for all x, y, z ∈ N .

2

Lemma 2.7 A near-ring N admits an n-derivation D. Then N is zero-symmetric.

Proof: Assume that N has an n-derivation D. We have for all t1, r1, r2, r3, ..., rn ∈ N

D((r1.0).t1, r2, r3, ..., rn) = D(r1.0, r2, r3, ..., rn)t1 + (r1.0)D(t1, r2, r3, ..., rn)

= 0.t1 + 0.D(t1, r2, r3, ..., rn).

On the other side, we have

D(r1(0.t1), r2, r3, ..., rn) = D(r1, r2, r3, ..., rn)(0.t1) + r1D(0.t1, r2, r3, ..., rn)

= 0.t1 + 0.t1 + 0.D(t1, r2, r3, ..., rn).

Now, compare the two expressions of D(r1.0.t1, r2, r3, ..., rn) we conclude that N is zero-symmetric. 2

3. Main Results

In this section, we give some new results and examples concerning the existence of n-derivations
in near-rings. We will also apply Lemma 2.7 several times without mentioning it. We begin with the
following interesting result.

Theorem 3.1 Let N be a 3-prime near-ring, D is a nonzero n-derivation on N and α is a nonzero left
multipliers on N . Then the following assertions are equivalent:

(i) D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) = 0, for all yi, r1, r2, ..., rn ∈ N ,

(ii) N is a commutative ring.

Proof: For (ii) ⇒ (i), it is obvious.
(i) ⇒ (ii). By our hypothesis, we have

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) = 0 for all yi, r1, r2, ..., rn ∈ N . (3.1)

Substituting α(ri)yi for yi in (3.1), and using the fact that [ri, α(ri)yi]α = α(ri)[ri, yi]α, we obtain

D(r1, ..., ri−1, α(ri)[ri, yi]α, ri+1, ..., rn) = 0 for all yi, r1, r2, ..., rn ∈ N .

This implies thatD(r1, ..., ri−1, α(ri), ri+1, ..., rn)[ri, yi]α+α(ri)D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) = 0 for
all yi, r1, r2, ..., rn ∈ N . Using (3.1) in the last relation, we getD(r1, ..., ri−1, α(ri), ri+1, ..., rn)[ri, yi]α = 0.
Therefore, (r1, ..., ri−1, α(ri), ri+1, ..., rn)α(ri)yi = D(r1, ..., ri−1, α(ri), ri+1, ..., rn)yiα(ri). Putting yi =
yit in the last relation and using it, we obtain D(r1, ..., ri−1, α(ri), ri+1, ..., rn)yi[α(ri), t] = 0 for all
t, yi, r1, r2, ..., rn ∈ N , which can be rewritten as D(r1, ..., ri−1, α(ri), ri+1, ..., rn)N [α(ri), t] = 0 for all
t, r1, r2, ..., rn ∈ N , Since N is 3-prime, we find that

D(r1, ..., ri−1, α(ri), ri+1, ..., rn) = 0 ∈ Z(N ) or α(ri) ∈ Z(N ) for all r1, r2, ..., rn ∈ N . (3.2)
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But α(ri) ∈ Z(N ) also implies that D(r1, ..., ri−1, α(ri), ri+1, ..., rn) ∈ Z(N ) for all r1, r2, ..., rn ∈ N , by
Lemma 2.5, hence (3.2) reduces to

D(r1, ..., ri−1, α(ri), ri+1, ..., rn) ∈ Z(N ) for all r1, r2, ..., rn ∈ N . (3.3)

For ri = riz, where z ∈ N in (3.3), we get

D(r1, ..., ri−1, α(ri), ri+1, ..., rn)z + α(ri)D(r1, ..., ri−1, z, ri+1, ..., rn) ∈ Z(N ). (3.4)

Thus, for all z, r1, r2, ..., rn ∈ N ,

z
(
D(r1, ..., ri−1, α(ri), ri+1, ..., rn)z + α(ri)D(r1, ..., ri−1, z, ri+1, ..., rn)

)
=

(
D(r1, ..., ri−1, α(ri), ri+1, ..., rn)z + α(ri)D(r1, ..., ri−1, z, ri+1, ..., rn)

)
z.

Now using Lemma 2.3 and (3.3) in the above equation, we infer that

D(r1, ..., ri−1, α(ri), ri+1, ..., rn)z
2 + zα(ri)D(r1, ..., ri−1, z, ri+1, ..., rn)

= D(r1, ..., ri−1, α(ri), ri+1, ..., rn)z
2 + α(ri)D(r1, ..., ri−1, z, ri+1, ..., rn)z.

Hence, zα(ri)D(r1, ..., ri−1, z, ri+1, ..., rn) = α(ri)D(r1, ..., ri−1, z, ri+1, ..., rn)z for all z, r1, r2, ..., rn ∈ N .
Replacing z by α(z) and using (3.3), we obtain D(r1, ..., ri−1, α(z), ri+1, ..., rn)[α(z), α(ri)] = 0, which
can we rewritten as D(r1, ..., ri−1, α(z), ri+1, ..., rn)N [α(z), α(ri)] = {0} for all z, r1, r2, ..., rn ∈ N , Since
N is 3-prime, we implies that

D(r1, ..., ri−1, α(z), ri+1, ..., rn) = 0 or [α(z), α(ri)] = 0 for all z, r1, r2, ..., rn ∈ N . (3.5)

Suppose there exists z0 ∈ N ∖ {0} such that

D(r1, ..., ri−1, α(z0), ri+1, ..., rn) = 0 for all r1, r2, ..., ri−1, ri+1, ..., rn ∈ N .

Replacing ri by z0 and z by α(t) in (3.4), we infer that α(z0)D(r1, ..., ri−1, α(t), ri+1, ..., rn) ∈ Z(N ) for
all t, r1, r2, ..., rn ∈ N . By Lemma 2.1, we obtain α(z0) ∈ Z(N ) or D(r1, ..., ri−1, α(t), ri+1, ..., rn) = 0 for
all t, r1, r2, ..., rn ∈ N . In this case, (3.5) becomes

D(r1, ..., ri−1, α(t), ri+1, ..., rn) = 0 or [α(z), α(ri)] = 0 for all t, z, r1, r2, ..., rn ∈ N . (3.6)

If D(r1, ..., ri−1, α(t), ri+1, ..., rn) = 0 for all t, r1, r2, ..., ri−1, ri+1, ..., rn ∈ N . Replacing t by tyri in the
(3.6) and using it, we obtain α(t)ND(r1, ..., ri−1, ri, ri+1, ..., rn) = {0} for all t, r1, r2, ..., rn ∈ N . By the
3-primeness of N , we conclude that D = α = 0 is a contradiction. Then (3.6) becomes [α(z), α(ri)] = 0
for all z, ri ∈ N , then α(z)α(ri) = α(ri)α(z) for all z, ri ∈ N . By substituting rit in place of ri, we obtain
α(z)α(ri)t = α(ri)tα(z) for all z, t, ri ∈ N . Using the two above expressions, we arrive at α(z)[α(ri), t] = 0
for all z, t, ri, t ∈ N . Putting zs instead of z, we get α(z)s[α(ri), t] = 0 for all s, t, z, ri ∈ N . Since N is
3-prime and α ̸= 0, we obtain [α(ri), t] = [ri, t]α = 0 ∈ Z(N ) for all ri, t ∈ N , which shows by Lemma
2.2 that N is a commutative ring. 2

Theorem 3.2 Let N be a 2-torsion-free 3-prime near-ring, D be a nonzero n-derivation, and α be a
nonzero multiplier on N . Then the following assertions are equivalent:

(i) D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) ∈ Z(N ) for all yi, r1, r2, ..., rn ∈ N ,

(ii) N is a commutative ring.

Proof: For (ii) ⇒ (i), it is obvious.
(i) ⇒ (ii). By hypothesis given, we have

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) ∈ Z(N ) for all yi, r1, r2, ..., rn ∈ N . (3.7)

Now we have two cases,
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• If Z(N ) = {0}. So, our hypothesis becomes

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) = 0 for all yi, r1, r2, ..., rn ∈ N .

By the previous theorem, we conclude that N = Z(N ) = {0}, which is a contradiction.

• If Z(N ) ̸= {0}. Putting tri instead of ri, where t ∈ Z(N ), in relation (3.7), we infer that
D(r1, ..., ri−1, t[ri, yi]α, ri+1, ..., rn) ∈ Z(N ) for all t ∈ Z(N ), yi, r1, r2, ..., rn ∈ N . Expanding
the last equation, we get D(r1, ..., ri−1, t, ri+1, ..., rn)[ri, yi]α+ tD(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) ∈
Z(N ) for all t ∈ Z(N ), yi, r1, r2, ..., rn ∈ N , and therefore

x
(
D(r1, ..., ri−1, t, ri+1, ..., rn)[ri, yi]α + tD(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn)

)
=

(
D(r1, ..., ri−1, t, ri+1, ..., rn)[ri, yi]α + tD(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn)

)
x

Using Lemmas 2.3, 2.4, and 2.5 together (3.7), we get D(r1, ..., ri−1, t, ri+1, ..., rn)[[ri, yi]α, x] =
0. Left multiplying by s, where s ∈ N , and invoking Lemma 2.5, the above expression gives
D(r1, ..., ri−1, t, ri+1, ..., rn)s[[ri, yi]α, x] = {0} for all t ∈ Z(N ), x, s, yi, r1, r2, ..., rn ∈ N , and there-
fore D(r1, ..., ri−1, t, ri+1, ..., rn)N [[ri, yi]α, x] = {0} for all t ∈ Z(N ), x, yi, r1, r2, ..., rn ∈ N . By the
3-primeness of N , we conclude that

D(r1, ..., ri−1,Z(N ), ri+1, ..., rn) = {0} or [ri, yi]α ∈ Z(N ) for all yi, r1, r2, ..., rn ∈ N . (3.8)

Assume that D(t1, ..., ti−1,Z(N ), ti+1, ..., tn) = {0} for all t1, ..., ti−1, ti+1, ..., tn ∈ N . By (3.7), we
can see that

D(t1, ..., ti−1, D(t1, ..., ti−1, [ti, si]α, ti+1, ..., tn), ti+1, ..., tn) = 0 for all si, t1, ..., tn ∈ N . (3.9)

Replacing si by tisi in (3.9) and using the fact that [x, xt]α = x[x, t]α, we get

0 = D(t1, ..., ti−1, D(t1, ..., ti−1, ti[ti, si]α, ti+1, ..., tn), ti+1, ..., tn)

= D
(
t1, ..., ti−1, D(t1, ..., ti−1, ti, ti+1, ..., tn), ti+1, ..., tn

)
[ti, si]α

+ 2D(t1, ..., ti−1, ti, ti+1, ..., tn)D
(
t1, ..., ti−1, [ti, si]α, ti+1, ..., tn

)
+ tiD

(
t1, ..., ti−1, D(t1, ..., ti−1, [ti, si]α, ti+1, ..., tn), ti+1, ..., tn

)
for all si, t1, t2, ..., tn ∈ N .

By (3.9), preceding relation forces

0 = D
(
t1, ..., ti−1, D(t1, ..., ti−1, ti, ti+1, ..., tn), ti+1, ..., tn

)
[ti, si]α

+ 2D(t1, ..., ti−1, ti, ti+1, ..., tn)D
(
t1, ..., ti−1, [ti, si]α, ti+1, ..., tn

)
for all si, t1, t2, ..., tn ∈ N .

Substituting [ti, xi]α for ti in the last expression and using (3.9) together with 2-torsion free-
ness, we get D

(
t1, ..., ti−1, [ti, xi]α, ti+1, ..., tn

)
D
(
t1, ..., ti−1, [[ti, xi]α, si]α, ti+1, ..., tn

)
= 0 for all

xi, si, t1, ..., tn ∈ N . Thus, for all xi, si, t1, t2, ..., tn ∈ N

D
(
t1, ..., ti−1, [ti, xi]α, ti+1, ..., tn

)
ND

(
t1, ..., ti−1, [[ti, xi]α, si]α, ti+1, ..., tn

)
= {0}.

Since N is 3-prime, we get

D(t1, ..., ti−1, [ti, xi]α, ti+1, ..., tn) = 0 or D
(
t1, ..., ti−1, [[ti, xi]α, si]α, ti+1, ..., tn

)
= 0

for all xi, si, t1, t2, ..., tn ∈ N . (3.10)

Suppose there exist x0i , t01 , t02 , ..., t0n ∈ N such that

D
(
t01 , ..., t0i−1

, [[t0i , x0i ]α, si]α, t0i+1
, ..., t0n

)
= 0 for all si ∈ N .
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Using the fact that [x, y]α = α(x)y − xα(y) = xα(y)− α(y)x, we infer that

D
(
t01 , ..., t0i−1 , [t0i , x0i ]αα(si), t0i+1 , ..., t0n

)
= D

(
t01 , ..., t0i−1 , α(si)[t0i , x0i ]α, t0i+1 , ..., t0n

)
for all si ∈ N . Now invoking (3.7) and Lemma 2.3 in the latter expression, we get

D
(
t01 , ..., t0i−1

, α(si), t0i+1
, ..., t0n

)
[t0i , x0i ]α

= [t0i , x0i ]αD
(
t01 , ..., t0i−1

, α(si), t0i+1
, ..., t0n

)
for all si ∈ N . (3.11)

Replacing si by [t0i , x0i ]αsi in the left-hand side of the last equation together using Lemma 2.4 and
(3.11), we obtain

D
(
t01 , ..., t0i−1

, [t0i , x0i ]αα(si), t0i+1
, ..., t0n

)
[t0i , x0i ]α

= D
(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
α(si)[t0i , x0i ]α

+[t0i , x0i ]
2
αD

(
t01 , ..., t0i−1

, α(si), t0i+1
, ..., t0n

)
for all si ∈ N .

Putting si = [t0i , x0i ]αsi in the right-hand side of equation (3.11) and using it with (3.7), we get

[t0i , x0i ]αD
(
t01 , ..., t0i−1 , [t0i , x0i ]αα(si), t0i+1 , ..., t0n

)
= D

(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
[t0i , x0i ]αα(si)

+[t0i , x0i ]
2
αD

(
t01 , ..., t0i−1 , α(si), t0i+1 , ..., t0n

)
for all si ∈ N .

Comparing the last two equations, we get

D
(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
[t0i , x0i ]αα(si)

= D
(
t01 , ..., t0i−1 , [t0i , x0i ]α, t0i+1 , ..., t0n

)
α(si)[t0i , x0i ]α for all si ∈ N .

Substituting siz for si in the above equation, we get

D
(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
[t0i , x0i ]αα(si)z

= D
(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
α(si)z[t0i , x0i ]α for all z, si ∈ N .

From the last two equations, we obtain

D
(
t01 , ..., t0i−1 , [t0i , x0i ]α, t0i+1 , ..., t0n

)
α(si)

[
[t0i , x0i ]α, z

]
= 0 for all z, si ∈ N . (3.12)

Substituting usiv for si in (3.12) and since α is a multiplier, we conclude that

D
(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
uα(si)v

[
[t0i , x0i ]α, z

]
= 0 for all u, v, z, si ∈ N .

This gives us

D
(
t01 , ..., t0i−1 , [t0i , x0i ]α, t0i+1 , ..., t0n

)
Nα(si)N

[
[t0i , x0i ]α, z

]
= {0} for all z, si ∈ N .

Since α ̸= 0 and N is a 3-prime, the latter relation gives

D
(
t01 , ..., t0i−1

, [t0i , x0i ]α, t0i+1
, ..., t0n

)
= 0 or [t0i , x0i ]α ∈ Z(N ) for all si ∈ N . (3.13)

By the hypothesis and Lemma 2.5, (3.13) becomes D
(
t01 , ..., t0i−1 , [t0i , x0i ]α, t0i+1 , ..., t0n

)
= 0 and

therefore (3.10) reduces to D(t1, ..., ti−1, [ti, xi]α, ti+1, ..., tn) = 0 for all xi, t1, t2, ..., tn ∈ N . So that
(3.8), becomes D(t1, ..., ti−1, [ti, xi]α, ti+1, ..., tn) = 0 or [ri, yi]α ∈ Z(N ) for all xi, ri, yi, t1, ..., tn ∈
N . Which forces that N is a commutative ring by Lemma 2.2 and Theorem 3.1.

2

The conclusion of Theorem 3.2 remains valid if we replace [ri, yi]α by [[ri, yi]α, zi]β . In fact, we obtain
the following result.
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Theorem 3.3 Let N be a 2-torsion-free 3-prime near-ring, D be a nonzero n-derivation, and α and β
be nonzero multipliers on N . Then the following assertions are equivalent:

(i) D(r1, ..., ri−1, [[ri, yi]α, zi]β , ri+1, ..., rn) ∈ Z(N ) for all yi, zi, r1, r2, ..., rn ∈ N ,

(ii) N is a commutative ring.

Proof: For (ii) ⇒ (i), it is obvious.
(i) ⇒ (ii).

Suppose that Z(N ) = {0}, then our hypothesis becomes

D(r1, ..., ri−1, [[ri, yi]α, zi]β , ri+1, ..., rn) = 0 for all yi, zi, r1, r2, ..., rn ∈ N . (3.14)

Substituting [ri, yi]αzi for zi in (3.14), we get

[ri, yi]αD(r1, ..., ri−1, [[ri, yi]α, zi]β , ri+1, ..., rn) (3.15)

+D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn))[[ri, yi]α, zi]β = 0 for all yi, zi, r1, r2, ..., rn ∈ N .

From (3.14), (3.15) gives

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn))[[ri, yi]α, zi]β = 0 for all yi, zi, r1, r2, ..., rn ∈ N .

Expanding the last equation, we obtain

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn)[ri, yi]αβ(zi) (3.16)

= D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn)β(zi)[ri, yi]α for all yi, zi, r1, r2, ..., rn ∈ N .

Now changing zi by zit, where t ∈ N , in the last expression and using it, we find

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn)β(zi)[[ri, yi]α, t] = 0 for all yi, zi, t, r1, ..., rn ∈ N .

Replacing uziu by zi, where u, v ∈ N , in (3.15) and using the fact that H(xyz) = xH(y)z, we get

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn)Nβ(zi)N [[ri, yi]α, t] = {0} for all yi, t, r1, ..., rn ∈ N .

Since Z(N ) = {0} and β ̸= 0 with using the 3-primeness of N , we conclude that

D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) = 0 or [ri, yi]α = 0 for all yi, t, r1, ..., rn ∈ N .

Then,
D(r1, ..., ri−1, [ri, yi]α, ri+1, ..., rn) = 0 for all yi, r1, r2, ..., rn ∈ N

forces that N is a commutative ring by the previous theorem, so that N = Z(N ) = {0}, which is a
contradiction. Hence Z(N ) ̸= {0}. By our hypothesis, we have

D(r1, ..., ri−1, [[ri, yi]α, zi]β , ri+1, ..., rn) ∈ Z(N ) for all yi, zi, r1, r2, ..., rn ∈ N . (3.17)

Putting zi = tzi, where t ∈ Z(N ), in (3.17), we obtain D(r1, ..., ri−1, t, ri+1, ..., rn)[[ri, yi]α, zi]β +
tD(r1, ..., ri−1, [[ri, yi]α, zi]β , ri+1, ..., rn) ∈ Z(N ) for all yi, zi, r1, r2, ..., rn ∈ N , which can be written
as

x
(
D(r1, ..., ri−1, t, ri+1, ..., rn)[[ri, yi]α, zi] + tD(r1, ..., ri−1, [[ri, yi]α, zi], ri+1, ..., rn)

=
(
D(r1, ..., ri−1, t, ri+1, ..., rn)[[ri, yi]α, zi]β + tD(r1, ..., ri−1, [[ri, yi]α, zi]β , ri+1, ..., rn)

)
x

for all x, yi, zi, r1, r2, ..., rn ∈ N , t ∈ Z(N ). From Lemma 2.4 and Lemma 2.3, the above equation gives
D(r1, ..., ri−1, t, ri+1, ..., rn)[[ri, yi]α, zi]β ∈ Z(N ) for all yi, zi, r1, r2, ..., rn ∈ N , t ∈ Z(N ). Also by Lemma
2.5 and Lemma 2.1, we obtain

D(r1, ..., ri−1,Z(N ), ri+1, ..., rn) = {0} or [[ri, yi]α, zi]β ∈ Z(N ) for all yi, zi, r1, r2, ..., rn ∈ N . (3.18)

We now distinguish two cases
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• If [[ri, yi]α, zi]β ∈ Z(N ) for all yi, zi, ri ∈ N , putting β([ri, yi]α)zi in place of zi in the last equation,
we arrive at β([ri, yi]α)[[ri, yi]α, zi]β ∈ Z(N ) for all yi, zi, ri ∈ N . According to lemma 2.1 it follows
β([ri, yi]α) ∈ Z(N ) or [[ri, yi]α, zi]β = 0, for all yi, zi, ri ∈ N . Then β([ri, yi]α)zi = ziβ([ri, yi]α)
for all ri, yi, zi ∈ N . Taking zit in place of zi in the last expression and using it again, we get
zi[β([ri, yi]α), t] = 0 for all t, ri, yi, zi ∈ N . Replacing zi by zis in the above expression and using
Lemma 2.6, we get β(zi)s[[ri, yi]α, t] = 0 for all t, s, ri, yi, zi ∈ N . Since β ̸= 0 and by 3-primeness
of N , we get [ri, yi]α ∈ Z(N ) for all ri, yi ∈ N , now replacing and therefore by Lemma 2.2 N is a
commutative ring.

• If D(r1, ..., ri−1,Z(N ), ri+1, ..., rn) = {0} for all r1, ..., ri−1, ri+1, ..., rn ∈ N . Using (3.17) we obtain

D(r1, ..., ri−1, D(r1, ..., ri−1, [[ri, ti]α, zi]β , ri+1, ..., rn), ri+1, ..., rn) = 0 (3.19)

for all zi, ti, r1, r2, ..., rn ∈ N . Substituting zi by β([ri, ti]α)zi in (3.19), we infer that

0 = D(r1, ..., ri−1, D(r1, ..., ri−1, β([ri, ti]α)[[ri, ti]α, zi]β , ri+1, ..., rn), ri+1, ..., rn)

= D
(
r1, ..., ri−1, D(r1, ..., ri−1, β([ri, ti]α), ri+1, ..., rn), ri+1, ..., rn

)
[[ri, ti]α, zi]β

+ 2D(r1, ..., ri−1, β([ri, ti]α), ri+1, ..., rn)D
(
r1, ..., ti−1, [[ri, ti]α, zi]β , ri+1, ..., rn

)
+ β([ri, ti]α)D

(
r1, ..., ri−1, D(r1, ..., ri−1, [[ri, ti]α, zi]β , ri+1, ..., rn), ri+1, ..., rn

)
for all zi, ti, r1,2 , ..., rn ∈ N .

From (3.19), we conclude that

0 = D
(
r1, ..., ri−1, D(r1, ..., ri−1, β([ri, ti]α), ri+1, ..., rn), ri+1, ..., rn

)
[[ri, ti]α, zi]β

+ 2D(r1, ..., ri−1, β([ri, ti]α), ri+1, ..., rn)D
(
r1, ..., ri−1, [[ri, ti]α, zi]β , ri+1, ..., rn

)
for all zi, ti, r1, r2, ..., rn ∈ N .

Thus,

0 = D
(
r1, ..., ri−1, D(r1, ..., ri−1, [β(ri), ti]α, ri+1, ..., rn), ri+1, ..., rn

)
[[ri, ti]α, zi]β

+ 2D(r1, ..., ri−1, [β(ri), ti]α, ri+1, ..., rn)D
(
r1, ..., ri−1, [[ri, ti]α, zi]β , ri+1, ..., rn

)
for all zi, ti, r1, r2, ..., rn ∈ N . (3.20)

Putting ri = [ri, xi] in (3.20) and applying Lemma 2.6 with the 2-torsion freeness of N , and using
(3.19), we obtain

D(r1, ..., ri−1, [[ri, xi]α, ti]β , ri+1, ..., rn)D
(
r1, ..., ri−1, [[[ri, xi], ti]α, zi]β , ri+1, ..., rn

)
= 0

for all xi, zi, ti, r1, r2, ..., rn ∈ N . Left multiplying by s, where s ∈ N , together using the relation
(3.17) with Lemma 2.5, the preceding expression gives, for all xi, zi, ti, r1, r2, ..., rn ∈ N

D(r1, ..., ri−1, [[ri, xi]α, ti]β , ri+1, ..., rn)ND
(
r1, ..., ri−1, [[[ri, xi], ti]α, zi]β , ri+1, ..., rn

)
= {0}.

Using the 3-primeness of N , we conclude that

D(r1, ..., ri−1, [[ri, xi]α, ti]β , ri+1, ..., rn) = 0 or D
(
r1, ..., ri−1, [[[ri, xi], ti]α, zi]β , ri+1, ..., rn

)
= 0

for all xi, zi, ti, r1, r2, ..., rn ∈ N . (3.21)

Suppose that there exist bi, ci, a1, a2, ..., an ∈ N such that

D
(
a1, ..., ai−1, [[[ai, bi], ci]α, zi]β , ai+1, ..., an

)
= 0 for all zi ∈ N .
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Thus, D
(
a1, ..., ai−1, [[[ai, bi]α, ci]β , zi], ai+1, ..., an

)
= 0 for all zi ∈ N , by Lemma 2.6. Now using

Lemmas 2.3 and 2.4 together with (3.17), we obtain

D
(
a1, ..., ai−1, zi, ai+1, ..., an

)
[[ai, bi]α, ci]β = [[ai, bi]α, ci]βD

(
a1, ..., ai−1, zi, ai+1, ..., an

)
for all zi ∈ N . (3.22)

For zi = [[ai, bi]α, ci]βzi in the left-hand side of the last equation, together using Lemma 2.4 and
(3.22), we obtain

D
(
a1, ..., ai−1, [[ai, bi]α, ci]βzi, ai+1, ..., an

)
[[ai, bi]α, ci]β

= D
(
a1, ..., ai−1, [[ai, bi]α, ci]β , ai+1, ..., an

)
zi[[ai, bi]α, ci]β

+[[ai, bi]α, ci]
2
βD

(
a1, ..., ai−1, zi, ai+1, ..., an

)
for all zi ∈ N .

On the other hand, putting [[ai, bi]α, ci]βzi instead of zi in the right-hand side of equation (3.22)
and using it together with (3.17), we get

[[ai, bi]α, ci]βD
(
a1, ..., ai−1, [[ai, bi]α, ci]βzi, ai+1, ..., an

)
= D

(
a1, ..., ai−1, [[ai, bi]α, ci]βzi, ai+1, ..., an

)
[[ai, bi]α, ci]βzi

+[[ai, bi]α, ci]
2
βD

(
a1, ..., ai−1, zi, ai+1, ..., an

)
for all zi ∈ N .

From the last two equations, we get

D
(
a1, ..., ai−1, [[ai, bi]α, ci]β , ai+1, ..., an

)
zi[[ai, bi]α, ci]β (3.23)

= D
(
a1, ..., ai−1, [[ai, bi]α, ci]βzi, ai+1, ..., an

)
[[ai, bi]α, ci]βzi for all zi ∈ N .

Replacing zi by yzi in (3.23) and using it, we infer that

D
(
a1, ..., ai−1, [[ai, bi]α, ci]β , ai+1, ..., an

)
N
[
[[ai, bi]α, ci]β , zi

]
= {0} for all zi ∈ N .

Using the 3-primeness of N , we conclude that

D
(
a1, ..., ai−1, [[ai, bi]α, ci]β , ai+1, ..., an

)
= 0 or [[ai, bi]α, ci]β ∈ Z(N ).

By the hypothesis, the above expression implies that D
(
a1, ..., ai−1, [[ai, bi]α, ci]β , ai+1, ..., an

)
= 0.

Hence, (3.21) becomes

D(r1, ..., ri−1, [[ri, xi]α, ti]β , ri+1, ..., rn) = 0 for all ti, xi, r1, r2, ..., rn ∈ N . (3.24)

Substituting [ri, xi]αti for ti in (3.24) and using it, we get

D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn)[[ri, xi]α, ti]β = 0 for all xi, ti, r1, r2, ..., rn ∈ N .

Which means that

D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn)[ri, xi]αβ(ti) (3.25)

= D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn)β(ti)[ri, xi]α for all xi, ti, r1, r2, ..., rn ∈ N .

Put ti = tis in (3.25) and using it, we get D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn)β(ti)[[ri, xi]α, s] = 0 for
all xi, s, ti, r1, r2, ..., rn ∈ N . Substituting utiv for ti in the last equation, we obtain

D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn)Nβ(ti)N [[ri, xi]α, s] = {0} for all xi, ti, s, r1, r2, ..., rn ∈ N .

Since N is 3-prime and β ̸= 0, the last expression becomes D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn) = 0
or [ri, xi]α ∈ Z(N ) for all xi, r1, r2, ..., rn ∈ N . Then, D(r1, ..., ri−1, [ri, xi]α, ri+1, ..., rn) = 0 for all
xi, r1, r2, ..., rn ∈ N . Otherwise, by Theorem 3.1, we conclude that N is a commutative ring.
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2

We aim to prove in the example below that the condition of 3-primeness of N in Theorem 3.3 is essential.

Example 3.1 Let S be a commutative left near-ring, and let β and α be any nonzero multipliers.

N =


0 x y
0 0 0
0 z 0

 | 0, x, y, z ∈ S

 .

Let us define maps D : N ×N × · · · × N︸ ︷︷ ︸
n-times

−→ N as follows:

D

0 x1 y1
0 0 0
0 z1 0

 ,

0 x2 y2
0 0 0
0 z2 0

 , . . . ,

0 xn yn
0 0 0
0 zn 0

 =

0 z1z2 . . . zn 0
0 0 0
0 0 0


It is easy to verify that D is a nonzero n-derivation, and D(R1, ..., Ri−1, [[Ri, Yi]α, Zi]β , Ri+1, ..., Rn) ∈
Z(N ) for all Yi, Zi, R1, R2, ..., Rn ∈ N , but N is not a commutative ring.
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