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Stochastic Physics-Informed Neural Networks for Solving Drug Transport Equations with
Uncertain Inputs

Saadeddine Essarrout, Said Raghay and Zouhir Mahani

ABSTRACT: Accurate modeling of drug transport in biological tissues is essential for optimizing therapeutic
strategies. However, traditional numerical methods such as finite differences or finite elements become com-
putationally expensive and inefficient when accounting for uncertainties in physiological parameters, including
diffusion coefficients, reaction rates, and tissue heterogeneity. In this work, we employ Physics-Informed Neural
Networks (sPINN) as a direct solver for drug transport equations with random coefficients, thereby replacing
conventional discretization-based approaches. The governing partial differential equations are embedded into
the neural network loss function, which allows the model to enforce physical laws throughout the training
process. Once trained, the sPINN is combined with Monte Carlo sampling to estimate statistical quantities of
interest, such as means, variances, and confidence intervals, under different realizations of uncertain parame-
ters. Numerical results show that the proposed method achieves accuracy comparable to reference solutions
while significantly reducing computational cost. This hybrid framework, combining sPINN with Monte Carlo
estimation, offers a robust and data-efficient approach for modeling drug distribution in complex biological
environments under uncertainty.
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1. Introduction

Pharmacokinetic compartmental (PKC) models, particularly three-compartment models, form the
foundation for modeling drug transport in the body and are widely used to predict the distribution,
metabolism, and elimination of therapeutic substances. These models are typically represented by systems
of ordinary or partial differential equations, often coupled with uncertain parameters such as inter-
compartmental transfer rates and elimination rates (see Figure 1), and for further information, see [11,
12,4,7]. The presence of these uncertainties necessitates their explicit consideration. To address this, the
deterministic problem is transformed into a stochastic problem by modeling the uncertain parameters as
random fields. Since analytical solutions for such problems are challenging, classical numerical methods,
such as finite difference schemes or finite element methods combined with Monte Carlo simulations
[1,3,2,7], while effective, can become computationally expensive and sensitive to uncertainty propagation.

In the context of pharmacokinetics, the application of Physics-Informed Neural Networks (sPINN)
[10] to multi-compartment models with uncertain parameters remains largely unexplored. The main
challenges include managing the stochastic uncertainty of the parameters, accurately capturing the tran-
sient dynamics, and ensuring network convergence. Motivated by these issues, this study investigates the
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Figure 1: Three-compartment pharmacokinetic model with inter-compartmental transfer and elimination
rates.

effectiveness of SPINN for solving a three-compartment drug transport model with uncertain parameters,
comparing different strategies to improve convergence and accuracy, and evaluating performance against
classical numerical methods.

This study aims to address the following questions:

1. Can sPINN provide a reliable framework for uncertainty quantification in differential equations
arising from pharmacokinetics?

2. What improvements to the basic SPINN model are necessary to accurately and robustly solve the
three-compartment system with uncertain parameters?

3. How do sPINN compare with traditional numerical methods in terms of accuracy and computational
efficiency?

The paper is structured as follows. Section 2 introduces the mathematical formulation of the problem
and the main notations used throughout the study. In Section 3, we describe the sPINN algorithm
applied to the three-compartment drug transport model with uncertain parameters. Section 4 details
the loss functions employed for training the sPINN. In Section 5, Monte Carlo estimations of statistical
quantities are presented. Section 6 provides numerical experiments to validate the proposed approach.
Finally, Section 7 concludes the paper and discusses potential directions for future work.

2. Problem Formulation
Deterministic Model of Drug Transport:

We consider a compartmental pharmacokinetic model describing the transport of a drug (e.g.,
cisplatin) across three biological compartments:

e Si(x,t): extracellular drug concentration,
e Sy(z,t): cytosolic concentration,
e S3(z,t): nuclear (DNA-bound) concentration.

Let D C R? denote the spatial domain and ¢ € [0,7] the time interval of interest. The governing
system of partial differential equations (PDEs) is:

%81 = D,AS| — kjpS: + 28,
92 — k12V.Sy — (ka1 + ko + ka3) Sa, (2.1)

0.
80 _ 1Sy — ksSs,

subject to homogeneous Dirichlet boundary conditions:
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Si(z,t)=0 on 0D fori=1,2,3. (2.2)

and prescribed initial conditions:

Si(x,0) =Spi(x) in D fori=1,23. (2.3)
Here:
e Dy: diffusivity of the drug in tissue,
e V. local cell volume,
e k;;: drug transfer rates between compartments
e k;: elimination or repair rates,
. k;j = k;;/F, where F is the extracellular volume fraction.

Incorporation of Uncertainty

In realistic biological systems, parameters such as diffusivity, volume fractions, and transfer rates
are spatially heterogeneous and subject to experimental uncertainty. To account for this, we model the
coefficients D, V¢, kij, ki as random fields defined over a complete probability space (©2,§,P). Conse-
quently, the concentrations S; = S;(z, t;w) also become stochastic processes.

Let & = (¢',...,&Y) denote a set of independent random variables obtained through a

finite-dimensional stochastic representation of the random fields, such as the Karhunen-Loeve (KL) ex-
pansion [8]. Then, each parameter can be written as:

F(w,z) = k(@) + Y VA (@)én(w) (2.4)

where k(z) is the mean, \,, ¢, (), are eigenpairs of the covariance kernel, and &, ~ U[—1,1] (or
standard normal) are independent random variables.

The stochastic PDE system now becomes:

81 (1,1:€) = Dy, ) AS1 (. 1:€) — Ko (x,6)S1 (2, 1:€) + 22D Sy (a, 11€)
9:; (,8:6) = k1o (2, ) Ve(,)S1(2, ;) — (ka1 + ko +k23)< £)Sa(x, t;€) (2.5)
(x,t,ﬁ) = k23($ 5)82(1' t; 5) kg(l’,f)Sg(.’ﬂ,t,f)

with stochastic initial and boundary conditions:
Si(z,0;€) = Spi(x; &), Si(z,t;§) =0 ondD fori=1,23. (2.6)

3. Physics-Informed Neural Network Framework

Physics-Informed Neural Networks (sPINN) constitute a class of neural networks specifically de-
signed to approximate the solutions of partial differential equations (PDEs) by directly embedding the
governing equations, along with boundary and initial conditions, into the training process. Unlike tra-
ditional purely data-driven neural networks, sSPINN leverage prior knowledge of the underlying physics.
This is achieved by constructing a composite loss function that penalizes violations of the PDE residuals
as well as deviations from boundary and initial constraints. Such a framework is particularly advanta-
geous for solving both forward and inverse problems, especially in scenarios where the system exhibits
uncertainty.
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Application to Stochastic Drug Transport

In the context of stochastic drug transport modeling, the objective is to learn a functional mapping
of the form:

(x,yvtaglw"ag]v)}—>(Sl,SZaS3)7 (31)

where (x,y) denote spatial coordinates, ¢ is the time variable, and £ = (¢!, ..., &) represents the stochas-
tic parameters capturing uncertainties in model coefficients or initial/boundary conditions. The outputs
Si(z,y,t;€) correspond to the drug concentrations in the three compartments and are modeled as the
outputs of a neural network. This formulation allows the sPINN to approximate the solution of the
stochastic PDE system introduced in Section 2.

Two main strategies can be adopted to handle the stochasticity:

(A) External Monte Carlo (one network per realization). Alternatively, one can sample M real-
izations {£("™}M_  and train a separate deterministic SPINN for each realization. Although conceptually
straightforward, this method is computationally intensive, as it requires training M independent net-
works. Efficiency can be improved using warm-starting, where the weights of one network are initialized
from the previous realization’s trained network.

(B) Stochastic PINN (sPINN) with Monte Carlo in the loss. In this approach, a single neural
network

N@ : (xayat7§) = (Sl7§27‘§3)

is trained to directly take the stochastic variables £ as inputs. This network learns a simultaneous
approximation of the solution across all realizations. The training loss is computed using a Monte Carlo
approximation of the expected physics-informed loss, effectively integrating the stochastic dimension
into the optimization process. This approach is highly efficient when estimating statistical quantities of
interest such as mean, variance, or higher-order moments.

Strategy A: Monte Carlo Strategy B: Single PINN
+ PINN repeated with random input

[ Input (z,y.t.&) ]

Sampling £,

[ Snltlt[uuS{.z'.y.t.{_]]

Figure 2: Illustration of Alternative Strategies for Solving with sPINN.

In this study, we adopt strategy (B), where the stochastic parameters ¢ are included as network inputs
and the physics-informed loss is approximated by Monte Carlo sampling. This allows a single sSPINN to
capture the solution across random realizations, and once trained, the same framework can be combined
with external Monte Carlo sampling to estimate statistical quantities such as mean and variance with
high efficiency.
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Network Architecture and Initialization

The neural network weights are initialized using the Randomized Weight and Bias Fourier (RWF)
technique proposed by Wang et al.[14], which improves convergence and training stability. The network
architecture is defined as:

hO = J(W(O)<I>(P(x)) + b(o)) , (input to first hidden layer) (3.2)
p® = a(W”>h“—1> n b(”) : [=1,2,...,L (hidden layers) (3.3)
u=WEDRL) 4 pEAD) (output layer) (3.4)

where o is the nonlinear activation function; in this work, the hyperbolic tangent function tanh is em-
ployed. The network receives spatial coordinates, time, and stochastic parameters as inputs, propagates
them through L hidden layers, and outputs the approximated concentrations in the three compartments.

NN(tx56)
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Figure 3: Schematic of the sSPINN architecture applied to the 2-D stochastic pharmacokinetic equations.

BC LOSS
‘ X

e
’61;\'\\\‘

4. Loss Function: sPINN with Monte Carlo Sampling

To incorporate parametric uncertainty during training, we use Monte Carlo sampling to approxi-
mate the expectation integrals in the loss function. At each training iteration, a mini-batch of random
parameters

is drawn, and for each realization, collocation points (z;,y;,t;) are sampled in the physical domain. The
empirical loss functional is then computed as

Bg Nf 3
1 Z 1
L(0) = AppE B¢ EZZR?(%,%,Q;{(Z’))
b=1

j=11i=1
Be No

1 1 N 2
+Mc =) — Si(@, yiy 0 €)Y — Soi 2k, yi; €P)
By b:zl No 7 |

3
i=1

=1

B Ny, 3
+ ABC iiiizwi(xr Yrstr €O (4.1)
B5 b:1 Nb b ) ) b

r=11i=1
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where Appg, A\ic, ABc are penalty parameters. The residuals R; correspond to the stochastic three-
compartment PDE system and are given by

8§ A / A k/ 9 R
Ri = Gt = Du(o,€) AS + Kyl 051 - 085, (4.2)
95, . .
Ra = T k12(z, &) Ve, ) St + (ko1 + ko + kos) (z, €) Sa, (4.3)
Rs3 = % — kos(2,€)S2 + k3(x, €)Ss. (4.4)

In practice, mini-batching is performed both in the random space (over the realizations Be) and in the

physical space (over collocation, initial, and boundary points Ny, Ny, Np). The optimization procedure
first employs the Adam optimizer for robustness, followed by L-BFGS for fine convergence. All gradients
are computed using automatic differentiation.
Remark: Monte Carlo sampling is used during training to approximate the expectation integrals in
the loss function. After training, a separate Monte Carlo procedure is applied to the trained sPINN
to estimate statistical quantities such as mean, variance, or other moments. This distinction ensures
that Monte Carlo serves both as a tool for stochastic approximation in the loss and for post-training
uncertainty quantification.

5. Monte Carlo Estimation of Statistical Quantities

Once the surrogate model Ny has been trained, statistical quantities of interest (Qols) are estimated
through a standard Monte Carlo (MC) procedure. Specifically, we evaluate Ny at a set of independent
and identically distributed (i.i.d.) realizations of the random parameters

€ m=1,..., M.
For each solution component S;, the empirical mean field is computed as

~

M
1 ~
E[SZ}(‘CL‘,y,t) = M E Si(xvyat;f(m))a
m=1

while the empirical variance reads

— M N ~ 2
m=1

In addition to the solution fields, one often considers generic quantities of interest Q(S), such as
the total mass of drug or the dose at the nucleus. For such a Qol, the Monte Carlo estimator of the
expectation is

B LSS (50 £
E[Q] = 77 > Q(S(56™)).
m=1

To assess statistical reliability, we compute confidence intervals for these estimators. Assuming ap-
proximate normality, the 95% confidence interval of @ is given by

Clysy, ~ E[Q] + 1.96 %,

where 6¢ is the empirical standard deviation of Q:
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6. Results and Discussion

To demonstrate the effectiveness of the proposed method, we perform two numerical tests in this
section with the following deterministic initial condition:

S9(z,y) = 0.05kg/m*,  S9(x,y) = 0.05kg/m>,  SI(z,y) = 0.05kg/m”>.
The parameters k1o, k21, kio, kby, k2, k3, Ve, and Dy are chosen as follows:

Vo, y,6) = [520- 1070 + 107" - sin((& + & + &)z — (Sa + & + &6)y) |,
kio(w,y,€) = |1.48 — 0.1 -sin((& + & + &)o — (G + & + &)y) |,

k
kio(z,y,€) = %7
ko1 (w,y,€) = [0.071+ 0.1 cos((&1 + &2 + &3)x — (& + & + &6)y) |,
/ ka1 (z,y,§)
ko (2, y,8) = ————=

048
ka(z,y,€) = [1.55+ 0.5 sin((&1 + & + &)z + 2(&a + & + &6)y)

( )=
( )=

kos(x,y,&) = [11.8 + 0.1 -sin((&1 + & + &3)a — 2(&4 + & + &6)Y)
(2,9.€) = |
(z,y,8) = )

b

)

ks(2,y,€) = [0.95 4 0.2 sin((& + & + &)z — (&4 + & + &6)y)
Dy(z,y, 0.003 + 1072 - sin((&1 + & + &)z — (§a + & + &6)y) |

)

where (z,y) € D = [0,1] x [0,1] and & (0 < k < 6) is an independent random variable uniformly
distributed over [0, 1].

To study the training dynamics of the PINN for stochastic drug transport in two dimensions, we
consider the spatial domain (z,y) € D C R? and a temporal interval ¢ € [0,7]. The concentrations in
the three compartments are denoted by Si(x,y,;€), Sa2(x,y,t;€), and Ss(z,y,t; ), depending on the
random variables & = (&1, ..., ¢N) representing uncertainties in the pharmacokinetic parameters.

Boundary Conditions (Homogeneous Cauchy). All concentrations are zero on the boundaries of the spatial
domain:
Sk:(x7yat7€) :07 V(x,y) EaDa k= 1a253'

The loss associated with the boundary conditions is then:

Lpc = NtN Z Z Z (Sk( l‘b,ymtuf))

i=1 (zb,yb)eaDk 1
where N}, is the number of collocation points on the boundaries.

Initial Conditions. At ¢ = 0, the concentrations are non-zero in the spatial domain, corresponding to the
initial state of the drug in each compartment:

f) Smlt(xi,yj))2,

where S,i;‘it(%y) represents the known or measured initial distribution of the drug in compartment k,
and N, x IV, is the number of collocation points in the domain D.

Residual Loss. The residual loss is computed from the stochastic transport equations for each compart-

ment:
N, Ny N,

Lres = v NN NN ZZZZ

Y =1 j=1¢=0 k=1

2
<6Sk 'rzaijtbg) - fk(Sla S27S37§)) ‘| )

where fi represents the transfers and degradation specific to compartment k.
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Total Loss. The total loss used for PINN training is:
‘ctotal = wICEIC + wBCEBC + wresﬁres-

This 2D formulation with homogeneous Cauchy boundary conditions and non-zero initial conditions
allows the sPINN to accurately capture the spatial and temporal distribution of concentrations in the
three compartments while incorporating uncertainties in the model parameters.

The penalization parameters in the total loss are chosen as follows:

'LUIC = 107 wBC = 1Oa wres = 20)

reflecting the relative importance of satisfying the transport equations compared to the initial and bound-
ary conditions. These values were determined empirically to ensure stable convergence and good model
accuracy.

Test1:

First, it is essential to analyze the influence of the number of realizations M on the statistical accuracy
of the obtained results. Indeed, both the mean of the solution and the confidence interval directly depend
on the value of M. As illustrated in Figure 4, when the number of realizations is small, the estimates
exhibit significant variability and the confidence intervals remain relatively wide, reflecting a high level
of uncertainty in the results. As M increases, the law of large numbers comes into play: the mean
progressively stabilizes toward a value representative of the true expectation, and the confidence interval
narrows significantly. Therefore, choosing a sufficiently large number of realizations reduces uncertainty,
enhances the robustness of numerical estimates, and ensures the reliability of statistical conclusions. This
step is thus fundamental to guarantee that the results are not driven by artifacts due to an insufficient
sample size, but rather reflect the general trend of the studied phenomenon.

Next, to check the convergence of the proposed method, we solve the following system

% == DSA»Sl - /1251 + k'IQIVCSQ + hl,

N

87; = k12VeS1 — k2152 — k2So — ka3 Sa + ho,
0853

998 _ hpySs — kS5 + h

ot 2352 353 + hs,

where the functions hq, hs, and hs are the added source terms used to construct exact solutions. The
exact solutions are given by

Sl(.’lf, y7t7§) = {L‘y(l - 1’)(1 - y) eXp(DS + (k/12 + kél)(m7y7£)) eXp(—‘/C(LL', y7§) t) )
Sa(x,y,t,8) = xy(1 — x)(1 — y) exp((k12Ve — ka1 — k2) (2, y, §)) exp(—ka3(2,y,6) 1) ,
S3(z,y,t,&) = zy(1 — x)(1 — y) explkos(z,v,&) + = + y) exp(—k3(z,y,&) t).

The error for the mean and the variance of the solution is given and compared betwin the sSPINN and
FDM [5] for different values of the number of realizations M where the values of the parameter of the
difference scheme Az = Ay = 0.001 are given in the tables.

The table clearly shows that increasing the number of realizations improves the accuracy of the
statistical estimates (mean and variance), and that the sPINN method is capable of providing reliable
approximations comparable to those of the classical finite difference method, even for complex stochastic
systems, which confirms the reliability of our approach.

Test2:

In the second test, the analysis begins with the resolution of the deterministic problem, where the
model is evaluated using the fixed set of parameters presented in Table 2. This initial step allows for
a comparison of the curves obtained for case 1 and case 2, thereby highlighting the differences arising
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Table 1: Error for the mean and the variance of the solution components S, .52, 53 obtained by sPINN
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Figure 4: The confidence interval for fi at the 95% level.

and FDM for different values of the number of realizations M with Az = Ay = 0.001.

M Component Mean error Variance error
sPINN FDM sPINN FDM
S 1.2x107 [ 1.0x107T | 21 x 107t [ 1.9 x 10!
500 So 1.5x107" | 1.1 x 107! | 24 x 107 | 2.0 x 107!
S3 1.0x 1071 | 22x 1071 | 1.9x 107 | 1.6 x 107!
S 6.5x1072 [ 5.0x 1072 [ 1.2x 1072 | 1.0 x 1072
1000 S 7.0x1072 | 55x 1072 | 1.3x 1072 | 1.1 x 1072
S3 58x 1072 | 4.2x1072 | 1.1 x 1072 | 9.0 x 1073
S1 32x107% [ 25x107* | 7.5 x107* | 6.5 x 10~*
10000 Ss 35x107% [ 28x107* | 7.8 x 107 | 6.8 x 10™*
Ss 29x107% [ 23x107* | 6.9x107% | 5.9 x 107*
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from the choice of parameters and emphasizing the potential presence of uncertainties. In a second
stage, the stochastic problem is addressed through the proposed stochastic Physics-Informed Neural
Network (sPINN) approach, which explicitly accounts for uncertainties in the model parameters. This
framework enables the neural network to capture not only the average behavior of the system but also
the variability induced by random fluctuations in the parameters. To rigorously assess both the accuracy
and the efficiency of the sPINN method, the solutions obtained are systematically compared with those
provided by the classical finite difference method, which serves as a benchmark in the referenced study.
The results of this comparison, illustrated in Figure 5, highlight the capability of the sPINN to provide
reliable approximations while effectively handling the stochastic nature of the problem.

In particular, the solution we used for comparison is exactly the mean approximated solution by
different random parameters than the first test and which reads

Table 2: Values of parameters for Cisplatin (from Sinek et al., Troger et al., Lavasseur et al. and
associated references).

Parameter | Description Case 1 value | Reference Case 2 value | Reference

Vo Cell volume (fL cellT) 520 Sinek et al. [12] 520 Sinek et al. [12]

F Interstitial Fraction 0.48 - 0.48 -

D, Drug diffusivity (um? min=T) 3.0 x 107 — 3.0 x 107 —

k2 Inactivation rate (min~T) 1.7 - 1.7 -

k12 Drug uptake (min—T) 0.043 Troger et al. [13] 0.00545 Lavasseur et al. [9]
ka1 Drug efflux (min—1) 0.00197 - 0.0004 -

ka3 Drug-DNA binding (min~7) 0.00337 - 0.06242 -

ks Drug-DNA repair (min=1) 0.00785 - 0.02402 -

The values of kja, ko1, k23 and k3 can be found in [4] (Table 3, Peak-bound intracellular model), and
k{4, kb, are obtained using the formula

kgj = ]%Jv i,7 € {1,2}.

Figure 5 shows the general behavior of the variation of cisplatin concentration in the three com-
partments as a function of time, for two deterministic cases and for the stochastic case. The optimal
parameters obtained in the two cases presented in Table 2 provide reasonably good results, but with in-
sufficient accuracy due to the differences between case 1 and case 2, as clearly illustrated by the blue and
yellow curves. To overcome this issue, we use the stochastic method, which yields the results represented
by the red curve for the proposed method (sPINN) and the green curve for the finite difference method
(see [5]).

As illustrated in Figure 5, the dynamic profiles of cisplatin concentration in the three compartments
exhibit significant variations over time for the two specific deterministic cases described in Table 2. How-
ever, the optimally adjusted parameters in these deterministic scenarios appear implausible, as evidenced
by the inaccuracies in the obtained results. To address this problem, we introduced stochasticity into the
model by assigning a random nature to the parameters, thereby providing a more realistic representation
of the system’s behavior, as shown in Figure 5.

Our approach based on stochastic sSPINN offers a more detailed and nuanced understanding of phar-
macokinetic dynamics, taking into account the uncertainties and variability inherent in biological systems.
The results demonstrate the relevance of our method compared to the combination of the finite differ-
ence method and Monte Carlo simulations (see [5] ), with the curves showing striking similarities. This
agreement highlights the robustness of our approach, ensuring model predictions that are both valid and
accurate.
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7. Conclusion

In this work, we have presented a stochastic Physics-Informed Neural Network (sPINN) framework
for solving drug transport equations with random coefficients. By embedding the parametric uncertainty
directly into the neural network, our method allows the solution to capture the effects of variability in
physiological parameters without relying on repeated deterministic simulations.

The combination of PINNs with Monte Carlo sampling enables the efficient estimation of statistical
quantities such as mean and variance, while maintaining high accuracy in approximating the underlying
partial differential equations. Numerical experiments demonstrate that the SPINN approach can generate
a large number of virtual realizations rapidly, providing detailed insights into the uncertainty propagation
in drug concentrations across compartments.

Overall, this study highlights the potential of SPINNs as a powerful alternative to classical numerical
methods for uncertain PDEs in pharmacokinetics, offering both computational efficiency and flexibility
in handling complex stochastic models. Future work will explore extensions to more complex geometries,
time-dependent uncertainties, and multi-scale pharmacological models.
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