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Variations on Quasi Cauchy Double Sequences

Huseyin Cakalli

ABSTRACT: The notion of a p quasi Cauchy double sequence is introduced and investigated. A double
sequence {xy ;} is called p-quasi-Cauchy if given an € > 0 there exists an ng € N such that

max {lZbg — Thgpiritprsl} <e
r,s=1 and/or 0

whenever k,l > ng. We study compactness types of theorems of a double subset A x A of R?, and continuity
type properties of factorable double functions defined on a double subset A x A of R? into R, and obtain
interesting results related to uniform continuity, sequential continuity, continuity, compactness, and a newly
introduced type of continuity of factorable double functions defined on a double subset A x A of R? into R.
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1. Introduction

Pringsheim ([25]) introduced the concept of convergence of real double sequences. Four years later,
Hardy ([19]) improved the convergence of real double sequences, introducing the notion of regular con-
vergence for double sequences in the sense that double sequence has a limit in Pringsheim’s sense and
has one sided limits which guaranties limit of a double sequence in the first variable when the second is
fixed, vice versa (see also [26,18]). A considerable number of papers which appeared in recent years study
double sequences from various points of view (see [14,16,20,22,23,24]). Some results in the investigation
are generalizations of known results concerning simple sequences to certain classes of double sequences,
while other results reflect a specific nature of the Pringsheim convergence (e.g., the fact that a double
sequence may converge without being bounded).

Using the idea of continuity of a real function in terms of single and double sequences, many kinds
of continuities were introduced and investigated, not all but some of them we recall in the following:
double slowly oscillating continuity ([14]), double ward continuity ([23]), slowly oscillating continuity
([3]), quasi-slowly oscillating continuity, A-quasi-slowly oscillating continuity ([15], [5], and [4]), ward
continuity, ([9]), 6-ward continuity, ([6]), p-ward continuity ([13]), statistical ward continuity, p statistical
ward continuity ([11] ), lacunary statistical ward continuity, ([7] and [8]). Investigation of some of these
kinds of continuities lead some authors to find certain characterizations of uniform continuity of a real
function in terms of sequences in the above manner ([23, Theorem 3.7], [14, Theorem 3.5], [27, Theorem
8], [7, Theorem 6], [2, Theorem 1], [10, Theorem 3.8], [13, Corollary 3.10, and Corollary 3.13]). Recently,
two concepts of continuity in terms of double sequences, namely functions that preserve quasi Cauchy
double sequences and functions that preserve slowly oscillating double sequences, are introduced and
studied in [23] and [14], respectively.

The aim of this paper is to introduce p-quasi-Cauchy double sequences, and investigate newly defined
types of compactness, and types of continuities for factorable double functions.
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2. Preliminaries

In this section, we recall main definitions.

Definition 2.1 ([25]) A double sequence x = {xj;} is Cauchy provided that, given an € > 0 there
exists an ng € N such that |xp; — zs+| < € whenever k,1,s,t > no.

Definition 2.2 ([25]) A double sequence x = {xj;} has a Pringsheim limit L (denoted by P-
limz = L) provided that, given an € > 0 there exists an ng € N such that |z,; — L| < € whenever
k,l > ng. Such an x is described more briefly as “P-convergent”.

If lim |x| = oo , (equivalently, for every e > 0 there are ny,ny € N such that |x,, | > M whenever

m > nq, n > ng), then x = {z,, ,} is said to be definitely divergent. A double sequence x = {z, »} is

bounded if there is an M > 0 such that |z, | < M for all m,n € N. Notice that a P-convergent double

sequence need not be bounded.

Definition 2.3 ([21]) A double sequence y is a double subsequence of x = (x,x) provided that
there exist increasing index sequences {n;} and {k;} such that, if {x;} = {2y, &, }, then y is formed
by

L1 T2 Ts T10
Ty T3 T
To9 T8 T7 @ —

Definition 2.4 ([23]) A factorable double function f defined on a double subset A x A of R? into
R is double sequentially continuous at a point L of A x A if f(x) is P-convergent to f(L) whenever
x = {xk,} is a P-convergent double sequence of points in A x A with P-limit L. If f is double
sequentially continuous at every point of A x A, we say f is double sequentially continuous on A x A.

3. Main Results

In the definition of a quasi double sequence, considering p-th forward difference instead of 1th-forward
difference we introduce the following definition.

Definition 3.1 Let p be a constant positive integer. A double sequence x = {xy,;} is called p
quasi-Cauchy if each € > 0 there exists an ng € N such that

max Ukt = Thaprritprs|} <e
rs=1 and/or 0

whenever k,[ > nyg.
Using the following equality
LTkl —Lk4ptr,l4+pt+s — (xk,l—xk+1+r,l+1+s)+($k+1+r,l+1+s—$k+2+r,l+2+s)+($k+2+r,l+2+s—$k+3+r,l+3+s)+
o = Thgptgrltp—1ts T (Thtp—1tnltp—1+s = Thtptritpts)
we obtain the following inequality
|Thi — Thtptritpts] < |Tkt — Zkti4ritits] + |Th+i4ridits — Thtotrito+s| +
+ ‘mk+p—1+r,l+p—1+s - xk+p+r,l+p+s|~
Hence
max, .1 and/or o Urki = Totptritprs|} < max, ., and /or 0{|$k,z = Thp 1+ 14s])
Fmax, o and/for o UTk+14ni14s = Thtritas|)

o maAX, y and/or o UTktp—14r14p—1+s = Thiptritpts|}H}-

We see from this inequality that any quasi Cauchy double sequence is p quasi Cauchy double sequence
for any positive integer p. Furthermore if there exist positive integers m and ¢ such that p = m.q,
either m quasi Cauchyness or ¢ quasi Cauchness implies p quasi Cauchyness. Any P-convergent double
sequence is p-quasi-Cauchy, so any regularly convergent double sequence is p-quasi-Cauchy. Any Cauchy
double sequence is p-quasi-Cauchy. Recalling that a double sequence {zj;} of real numbers is called
slowly oscillating if for any given € > 0, there exist a = a(e), 6 = d(e¢) > 0 and ng = np(e) such
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that |zg; — 25| < e if k1 > ng(e) and k < s < (1+a)k, | <t < (14 9)l, we see that any slowly
oscillating double sequence is p-quasi-Cauchy for any constant positive integer p. Any subsequence
of a P-convergent double sequence is P-convergent. Any subsequence of a Cauchy double sequence is
Cauchy, and subsequence of a slowly oscillating double sequence is slowly oscillating double sequence. But
situation is different for p-quasi-Cauchy double sequences. There are subsequences of a p-quasi-Cauchy
double sequence which are not p-quasi-Cauchy.

Example 3.1 Write s,, = log(n + p) for each positive integer n. Then the double sequence defined by

S1 S2 83 S84
S22 S22 S3 84
§3 83 83 S4
S4 S4 S4 S4

is not P-convergent nor Cauchy, however it is a p-quasi-Cauchy double sequence for any constant p € N.
In addition this double sequence has subsequences that are not p quasi-Cauchy at all.

Theorem 3.1 If a factorable double function f defined on a double subset Ax A of R? preserves factorable

double p quasi-Cauchy sequences from A X A, then it is continuous.

Proof: Suppose that f preserves factorable double p quasi-Cauchy sequences from Ax A. Let o = {a; ; }
be a double sequence defined by

a1 ai2 a3
2,1 Q22 G2;3
as,;1 ag2 as;3

be any P-convergent factorable double sequence with P-limit L. Then the sequence

a1,1 LL..L 1.2 LL..L 1.3 LL..L

L L L L L L

L L L L L L

L L L L L L
@21 LL..L a2 2 L @23 LL..L .

L L L L L L
a3 1 LL..L a3.2 LL..L a3.3 LL..L :

L L L L L L

is also P-convergent with P-limit L, where L repeats p times. Since any convergent double sequence is
p quasi-Cauchy this sequence is p quasi-Cauchy. So the transformed sequence f(a) = {f(a;;)} of the
sequence « is p quasi-Cauchy. Thus it follows that

flary) f(L) F(L) o f(L)  flare) F(L) F(L) . f(L)  flaxs) F(L) f(L) ...f(L)
f(L) f(L) f(L) L) f(L) f(L)
flagy) F(L) f(L) . f(L)  flazz2) f(L) (L) .. f(L)  flazs) f(L) f(L) ...f(L)
f(L) f(L) f(L) FL) f(L)  f(L)
f(L) f(L) f(L) fFL) f(L)  f(L)
~f(L) f(L) f(L) fL) (L) f(L)
Flasn) (L) J(D) wf(L)  fasz) F(E) F(L) (L) Flass) F(L) FL) of(D) -
f(L) f(L) f(L) L f(L) f(L)
f(L) f(L) L) L f
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is factorable p quasi-Cauchy double sequence, where f(L) repeats p times. Now it follows that { f(a; ;)} is
a P-convergent factorable double sequence with P-limit f(L). Since double sequential continuity implies
continuity, we get that the function f is continuous. This completes the proof of the theorem. O

Theorem 3.2 Suppose that I x I is a two dimensional interval and

ai,i 51,1 a2 b1,2 ai,3 b1,3
din ciq dipg ci2 dig c13

az,1 ba1 a2 baa azs ba3
da,1 C2.1 da o C22 d2,3 C23
az1 b31 az2 b32 asz3 b33
d31 c31 d32 c32 di33z c13

s a double sequence of ordered pairs in I x I with
lim|a;; — bii| = lim|a;; — ¢ = lim|a;; — d; i = 0.
K3 1 K3

Then there exists a p quasi-Cauchy double sequence_{_xi,j_} ‘with the property that for any ordered pair of
integers (i,7); i,J > 1 there exists an ordered pair (i,7); 1,5 > 1 such that

(@ij,bi5) = (275, Ti j1p)

(aijscij) = (T35 Titpj1p)
and

(aij,dij) = (275, Tisp7)-

Proof: For every (k,l); k,1 > 1, fix

K, K, k,l
Yo,0 Yo,1 Yo,n,
k1l Kl ,
Y10 Y Y1.m,
k,l k,l kL
Ym0 Yme1 7 Ympny
in I x I with
kLo okl kL
Ymi,0 = Yo,n; = Ymy,ny = Ak+4p,l+p)
kil ktpltp kil
Yme,2 = Y00 =Ymp1 = bk+p,14p>
k+p,l+p _  k+pl+p _  k+pl+p _
Yo0,1 =Y, = %o0,0 = Ck+p,l+p>
and
kil _ k+tpld+p _ kil _
Yim = Yo,0 =Ya.n, = dio-+p,i+p-

for 1 <i<my and 1 < j < ny with
k.l k.l
lvi5 = Y14l < T
1
k,l k.l
|ym’ - yi,j—1| < %l
and

1
kil kil
lvis = viz1, -1l < 7

Now the double sequence
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b 1,1 1,1 b 1,1 1,1
a1 1,1 Yo,0 Yo,n4 a1 1,1 Yo,0 Yo,n4
d 1,1 ) b 1,1 ,
1,1 C1,1 Yo 0 Um ai,1 1,1 Yo 0 Um
11 1,1 11 : 1.1 1,1 11 ;
Yo,0 Yo,1 Yo,0 Yo,n4 Yo,0 Yo,1 Yo,0 Yo,n4
1,1 1,1 1,1 1,1 1,1 1,1 1,1 1,1
Ymi,0 Yma,1 y”ilio e ynilinl Ymi,0 Yma,1 y'rr%lé() T Ymim
atn bin Yoot Yo @22 b2 Yoot Yo
d 11 11 d 202 22
1,1 C1,1 Yo 0 Um 2,2 €2,2 Y10 1m0
1.1 1,1 1 11 2,2 2,2 202 .
Yo,0 Yo,1 Yo,0 Yo,n4 Yo,0 Yo,1 Yo,0 Yo,ns
1,1 1,1 1,1
yml,O yml,l yml,O e Ymy,1
: : : : 2,2 2,2 2,2 2,2
Yms,0 Yma,l Ymoo "7 Ymayng
is clearly a double sequence that has the desired property. O

Theorem 3.3 Suppose that I x I is any two dimensional interval. Then a two dimensional factorable
real-valued function defined on I x I is uniformly continuous if and only if it preserves factorable double
p-quasi- Cauchy sequences from I x I for any constant p € N.

Proof: It is clear that two dimensional uniformly continuous functions preserve p quasi-Cauchy double
sequences.

Conversely, suppose that f defined on I x I is not uniformly continuous. Then there exists an € > 0 such
that for any & > 0 there exist (a,b), (a,b) € I x I with \/(a —a)2 + (b — b)2 < & but | f(a,b) — f(a,b)| > e,
|f(a,b) — f(a,b)] > ¢, and |f(a,b) — f(@,b)| > e, respectively. Then by Theorem 3.2 there exists a
factorable quasi-Cauchy double sequence x= {xpz;} such that for any ordered pair (¢,j) with ¢ > 1 and
j > 1, there exist ordered pairs integers (i, ;) with a; ; = x; 5 and b; j = 74, 54, This implies that

‘f(mgvzﬁ) - f("vi—&-pvxj” > €,

|f (25, 25) — f(@5, 754,)] > €
and
|f (25, 25) — f(@igps Tjgp)| = €

Thus {f(x;,z;)} is not a p quasi-Cauchy double sequence. Thus f does not preserve p quasi-Cauchy
double sequence. This contradiction completes the proof. O

Theorem 3.4 Suppose that f is a factorable double function defined on the bounded double interval I x 1.
Then f is uniformly continuous on I X I if and only if the image under f of any Cauchy double sequence
i I x I is p-quasi-Cauchy.

Proof: Since factorable double function preserves quasi Cauchy sequences , then by Theorem 3.3 if f is a
factorable uniformly continuous on I x I then the image of any p quasi-Cauchy double sequence in I x I is
p quasi-Cauchy. Therefore the image of any double Cauchy under factorable function is p quasi-Cauchy.
Now let us establish the converse, to that end, suppose that the image of every Cauchy double sequence
is p quasi-Cauchy but the factorable to be uniformly continuous. Then there exists an € > 0 such that
for any 6 > 0 there exist (z,y), (z,7) € I x I with \/(z —2)2+ (y — )2 < 6 but |f(z,y) — f(Z,9)| > e,
|f(z,y) — f(x,9)] > € and |f(z,y) — f(Z,7)| > €, respectively. For each (m,n); m,n > 1, for fix double
sequence (T, Yn) and (T, §n) in I x I with \/(aam —Tm)?+ (Yn — Gn)? < % but

(@ yn) = f(@msyn)| = €
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‘f(xmayn) - f(xmagn” > €,
and

‘f('rmvyn) - f(i'magn” > €,

respectively. Since I x I is bounded there exists a P-convergent subsequence by a simple extension of
Bolzano-Weierstrass theorem, say {zx,}. The following double sequence

1,1 Y12 T1,3 Y14 T15 Y16
Y21 T22 Y23 T24 Y25 26
r31 Y32 T33 Y34 T35 Y36
Ya,1 Ta2 Y43 Ta4a Y45 T4
T51 Ys2 Ts53 Ys4 Tss Ts6

is P-convergent. Thus Cauchy, however the image

flxy, @) flyr,v2)  fzo,m3)  f(yi,9a)  fzi,25)  f(y1, )
f2,u1)  flw2,22)  fy2,ys)  f(xe, fa)  fy2,y5) flx2,26)
f(s, 1) fysiye)  f(as,@3)  f(yssya)  flas,25)  f(y3:96)
fasy1)  f(ra,22)  f(yasys)  f(@a,2a)  f(yasys)  f(wa,26)
f(xs,21)  flys,x2)  flws,w3)  flys,va) f(xs,25) f(xs5,26)
is not p quasi-Cauchy. Thus we have a contradiction. O

4. Conclusion

It is not difficult to see that a Cauchy double sequence is p quasi Cauchy double for any positive
integer p. The converse is easily seen to be false as in the single dimensional case ( [9], [3], [15], [27],
[28], [29] ). Furthermore if there exist positive integers m and ¢ such that p = m.q, then either m quasi
Cauchyness or g quasi Cauchness implies p quasi Cauchyness. One should also note that there are nice
connections between p quasi Cauchy double sequences and uniform continuity of two-dimensional real
valued functions. A two dimensional factorable function is uniformly continuous on a subset E x E of R?
if and only if it preserves factorable double p quasi Cauchy sequences from F x E for any constant positive
integer p. Extensions and variations are also presented. For a further study, we suggest to investigate
p quasi-Cauchy double sequences of fuzzy points, and ward continuity for the factorable fuzzy functions
(see [16], [17] , and [12] for the definitions and related concepts in fuzzy setting). However due to the
change in settings, the definitions and methods of proofs will not always be analogous to those of the
present work. (see [1], and [23] for the definitions and related concepts in the double case).
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