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The Second Hankel determinant and the Fekete-Szego Functional for a Subclass of
Analytic Functions by Using g-Al-Oboudi Differential Operator

Dileep L., Annapoorna S. and Vishnu M.

ABSTRACT: In this article,by generalizing the g-difference operator, we develop a new family of analytic
functions in the open unit disk U/.. Our research provides fundamental insights into the behavior of these
functions. Sharp inequalities for the initial Taylor coefficients are established. For all functions in this class, we
determine the second-order Hankel determinant and obtain optimal estimates for the Fekete—Szego problem.
Furthermore, the results of this study indicate meaningful connections with earlier research in the field.
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1. Introduction

The theory of g-calculus operators are used in describing and solving various problems in applied
science such as ordinary fractional calculus, optimal control, g-difference and g-integral equations, as
well as geometric function theory of complex analysis. The fractional g-calculus is the g-extension of the
ordinary fractional calculus and dates back to early 20-th century [8] and [2].

The geometrical interpretation of g-analysis involves studies of different g-analouge differential opera-
tors. The g-analouge of the well-know Ruscheweyh differential operator was defined in [9] and following
this idea, the g-analouge of Salagean differential operator was defined in [5]. Those operators provided
interesting results when they were used to introduce new sets of univalent functions as seen in [10] -
[11].

Let A denote the class of all analytic functions of the form

f(2) :z—i—Zakzk (1.1)
k=2
defined in the unit disc U = {z : |z] < 1}.
!
A function f(z) € §* is said to be starlike if and only if R { ZJJ:((;) } >0, z€eU.
z

2f"(2) }
>0, z€U.
f'(z)
We observe that f(z) € K <= zf/(z) € §*, describes the relationship between the classes S* and K.
Using the concept of convolution, Dileep L and Mallige Rajeev [3] define the following differential
operator DY : A— A neN, A>0 g€ (0, 1).

A function f(z) € K* is said to be convex if and only if R {1 +

Naf(2) = f(2) % Gyn(2) (1.2)
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where

(%m@)=z+§§u+wk—1nm% (1.3)
k=2

Making use of ( 1.2) and ( 1.3), the power series of DY f(z) for f of the form ( 1.1) is given by
R (@) =24 (14 (- DAja;2/ (1.4)
=2

If ¢ — 17, the operator DY , reduces to the Al-Oboudi operator [1].
If A =1, the operator DY , reduces to the Salagean ¢ differential operator defined in [5].

For a parametric values ¢ — 17, A = 1, the operator DY = reduces to Salagean differential oprator
[13].
The new subclasses of analytic functions are now defined using the g- Al-Oboudi differential operator

[1].
Let C,(B,7,A;q) be the subclass of A, having functions of the form ( 1.1)if it satifies the conditions

n+1
%{JVO—eQMWX)D“I(@}>O, (1.5)

z

where 8 € [0,1], v € (=5,%) and n € No.
Remark:
1. For A =1, we get the classes studied in [4].
2. For ¢ — 17, A =1, we get the classes studied by Ayinla and Opoola [12].
2. Preliminaries

To validate our main results, we need the following lemmas.
Let P denote the class of Caratheodary functions

p(z)=14crz+cez? e3>+ 2€lUd
which are analytic and satisfy p(0) =1 and Rp(z) > 0.
Lemma 2.1 Let p € P. Then |cx| <2 (k € N).
Lemma 2.2 Let p € P, then for any real A
2 2(1-=X), if A<0

@—A%rg 2, ifO<A<2
20 —1), if A\>2.

Lemma 2.3 Let p € P, then
2 =2 +a(4—c})

des =3 42014 —c)x —c1(4— D) + 24 — )1 — |z]?)z

for some value of x, z such that |z| <1 and |z| < 1.

The upper bounds of the initial Taylor coefficients |az|, |as| and |as| as well as the Feketo-Szego
functional |az — na3| for subclasses of analytic functions C,(3,7v,);q) in the open unit disk are now
examined using the ¢-Al-Oboudi differential operator.
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3. Main Results
Theorem 3.1 Let f(z) = Cn(8,7,A;q), then

2cosy
a . 3.1
oa] < o (.1
2cosy + 32
a —_— 3.2
os] < 200 3.2)
2cosy + 2% cosy
as| < . 3.3
| 4| = [4)\](7;4—1 ( )
Proof: Let f(z) =Cn(B,7,X;q). Then the inequality (1.5) is satisfied. Now, if we have
. Dn+1
e (1 — o278z 2) f( ) = + Z trz® = (cosy + isiny) + Z tr2®, (3.4)
k=1
then
; 2i~vB2 22 n+1f( )
V(1 —e 2Py 2~ 2 . = p(z)cosy + isiny (3.5)
where p(z) =1+ chzk. That is
k=1
cosy + c1cosyz + 02005722 + 63005’}/23 + - =cosy+tiz+ toz? 4132 4. (3.6)
Comparing the coefficients of (3.4) and (3.6) we get
cre " cosy
an| = 3.7
el = T o
coe " cosy + e
as| = 3.8
o B .
g = c3e " cosy + ¢1 8273 cosy (3.9)

[4N]g

Solving for the bounds of (3.7), (3.8), (3.9) and by using Lemma 2.1, we obtain the inequalities (3.1),(3.2)
and (3.3). O

For a parametric value A = 1 the above theorem acquire the outcome of E E Ali et. al [4].

Theorem 3.2 Let f(z) = Cn(B,7,A;q), then

B2 4 2cosy  4ne~"cos?y

_ , <0

R A |

B?% + 2cosy ‘ [2)]2 2
a3—77a§’ < [3)\]7““7 Zf0<77<£3)\]s+10087 (3.10)
q q
B% — 2cosy . 4ne~cos?y TS [2M]2 2t
T . —
BT R T B e
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Proof: Using (3.7) and (3.8) we obtain that

las — aQ‘ B e*”cos'yc e~ 232 _ 776’2”0052702
B e OV AS
2 2Be~ " cosy 3N T 2
|as —na3| < 0 Tt 00811 €2 — & 1[1 ot : (3.11)
BAlg [BAlg (2Alg7)* 2
Using Lemma 2.2, in (3.11), we thus obtain
2 —iy 2
9 8%+ 2cosy  4dne "Vcos®y
az —nas| < — <0).
N VA
_ 2Be"cosy 3N
Now if 0 < < 2, then by, Lemma 2.2, we find that
([22]37)?
9 _ B+ 2cosy
a as| <
| 377 2| = [3)\];14»1
2Be” " cosy[3A]pT! )
We now suppose that ([2)\]3“)2 > 2, then by using Lemma 2.2, we get
2 —i 2
9 B° — 2cosy  4ne”"Ycos“y
|CL3 - 770’2| S n n
[BAJ7 ([2M)771)2
O
Theorem 3.3 Let f(z) = Cn(5,7, A;q), then
Ho(2) = | 2 B+ 4B%cosy + dcos®y (B + 682 + 9)cosy
= |asas — a .
R BT 2N
Proof: Using (3.7), (3.8) and (3.9) gives
9 cre"cosy [cze”cosy + Becre 3 cosy coe~cosy + fRe= 27\ 2
lagas — a3| = = = — | (3.12)
Mg [4]g [BAlg
| ol = cte™?Mcos?y 2 (4 — c2)e 2 ycos?y 3 24— c2)e 22 cos?y
R PV ES 2XF 2N
c1(d—e)(1—|x3)e ?cos?yz  2B%e 4 cos?yz e *Vcos?yz
BYaE BT B 1)
o xei(4— e 2 cos?y B cla2e 3" cosy 3 X2(4 — c2)2e 2 cos?y
2[3)\]3n+2 [3/\](21n+2 4[3)\](21n+2

B2x(4 = F)e*cosy  ple
[3A]7" [BAJ7"

Suppose ¢; = ¢, and recall that |c;| < 2, and assuming without restriction that ¢ € [0,2] and put
U = |x| <1 Then, using triangle inequality (3.13) becomes

2 4

lagas — a2| = cteos?y (4 — c*)cos?y  cB%cosy ctcos?y c2B2cosy L B4
U RN RN T RN BN AT B




Q-AL-OBOUDI DIFFERENTIAL OPERATOR 5
(4 — cHcos?y (4 — c)*cPcos?y 3 B2(4 — c*)cosy
2] (2)[3A)7"+ 33"
(4 — c®)cos?y c4- cAcos?y (4 — c?)%cos?y 02—
[2]3"*? 2] (437"
Differentiating F(c, ¥) partially with respect to ¥ in the closed interval 0 < ¥ <1
OF (c,¥) {02(4 — c?)cos?y N (4 — c)?c?cos®yz 3 B2(4 — 02)00573'}
ov 2] (2)[3A]7" [3X]7" 2
N {02(4 — c?)cos?y (4 c?)cos?y (4 — c?)2cos?y }
[27\]g"*? 2] (4) BN+

for 0 < ¥ <1, therefore F(c,¥) is an increasing function. Hence, it attains maximum point at ¥ = 1.
Thus,

+ (3.14)

+ Flc, o).

(3.15)

ctecos?y (4 —c?)eos?y  cB3cos?y  cteos?y
mazx Fle,¥)=F(c 1) <
oceazlen) = 7o) < { G+ oI+ SR o
c?B%cosy n B4 n (4 —c?)cos?y (4 —c)%cPcos?y B B%(4 — c*)cosy (3.16)
[3)\](21n+2 [3A}2n+2 [2)\]2n+4 (2) [3)\]§n+2 [3)\](21n+2 .
+c2(4 — c%)cos?y c4- c?)cos?y n (4—c?)%cos®y G(o)
2] 23" @BNZ* T
2\ a2 2
G'(c) = (3+ﬁ3)co; Ve COZ 72c3.
[2]g"* [2A13"
Now, the critical points occur at
co=0,ci=va?*+3andco=—vVa2+3
but the maximum point occurring at va? + 3 (3.16) becomes
B4 4 48%cosy + 4cos®y  Bieos?y  63%cos?y + 9cos?y
G(e) = 2n+2 3n+4 3n+4 (3.17)
[3Alg [2Ag [2A]4
Therefore,
asas — 2| < B4+ 4B%cosy + 4cos?y (B + 682 + 9)cos?y
3l = [3)\]3n+2 [2)\]3n+4
O
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