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On Reduced Reciprocal Randié¢ Energy of Tensor Product of Graphs

P. Kiran Paul®, M. A. Sriraj 2, K. N. Prakasha?

ABSTRACT: Let G = G1 ® G2 be a tensor product of two graphs with m + n vertices and mn edges.
Let V(G) = {wsj = (uij,vi5) : where 1 <i<mand 1< j <n} be the vertex set of G. [4] defined reduced
reciprocal randic matrix of a graph G on n vertices. It is denoted by RRR(G) and it is defined as a n X n matrix
whose (i, j) entry as 4/(dv; —1)(dv; — 1) if v; and v; are adjacent. otherwise it is 0. The Reduced reciprocal
randic energy RRRE(G) of a graph G is the sum of the absolute values of the eigenvalues of RRR(G). In
this paper, we explore the reduced reciprocal randic energy RRRE(G) of tensor product RRR(Knm ® Knr),
RRR(Kp ® Cp) and RRR(Cy ® Chn).
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1. Introduction

Let G; and G5 are undirected simple graphs with m and n vertices respectively. The vertex set of

G =(G1 ®Gs) is V(G) ={wi; = (u;,v;) where 1 <i<mand 1 < j <n}. Two vertices w; and w; are
said to be adjacent if there is an edge connecting them. The energy of a graph G was introduced in 1978
[3], as the sum of the absolute values of the eigenvalues of the adjacency matrix A(G) of a graph G.

In 2014, [3] Gutman et al. introduced the reduced reciprocal randic matrix RRR(G) as

RRR(G) = > \/(dy = 1)(d, — 1)
)

U«i’UjEE(G

where E(G) is the edge set of G, d,, and d,,, represents degrees of vertices v; and v; respectively.
Further we studied the work on reduced reciprocal randic matrix and reduced reciprocal randic energy
in [4]. In this paper, we study the reduced reciprocal randic energy of tensor product K, ® K,,

K, ® C, and C,, ® C,.

2. Preliminaries

Definition 2.1 [5] Let G; and G5 be two graphs with m and n vertices respectively. Then Tensor
product of two graphs GG; and G5 is such that the vertex set is the cartesian product
V(G1) x V(G2) and joining any two vertices (u1,u2) and (vy,v9) if and only if, u; is adjacent to vy
in Gy and wuy is adjacent to vy in G5. This graph is represented by G; ® G2 and is also called as
Kronecker product of graphs.

Definition 2.2 [4] The reduced reciprocal randic matrix of a graph G = G1 ® G2, defined by

—1)(dy;, —1) if v; and v; are adjacent
0 otherwise

RRR(G) = [aiy] {\/ .,
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If A1, Ao, -+, A\, are its eigenvalues, the reduced reciprocal randic energy of G is defined as

mn

RRRE(G) =Y _|Ail.
=1

Definition 2.3 [1] Let By, Ba, ... B, be square matrices of order n. A block circulant matrix of
order mn is of the form

B, By --- B,

B, Bi1 -+ Bna
beire(By, Ba, ... By) = ) ) .

By By --- B,

If each B; for 1 < i < n is circulant, then we call the above matrix a circulant block matrix with
circulant blocks.

Theorem 2.1 [1] Let C' be an A-factor block circulant. Then
C =VaP(Da)V,",

where Vy is block Vandermonde matriz and P(z) is the representor of C. Moreover, the set of A-factor
circulants coincides with the set of matrices of the form

Vadiag[My, Ma, ..., MV,
that is,P(D ) = diag[My, Ms, ..., My,] for a matriz polynomial
P(2) = C1 + Coz+ ...+ Cp 2™ Lif and only if [C1Cs...Cp]Va = [M1Ms ... My,).
The following result is a consequence of the above Theorem 2.1

Corollary 2.1 [I1] The factor circulant C' can also be expressed as

C =NRF, P(KQ)Fp Rt
where F,y, is a block Fourier matriz, Q = diag[I,wl,w?I,...,w™ 1] (w= ea:p(%)), K s the
principal m™ root of the non -singular matriz A and R = diag[IKK? ... K™~Y. In particular if C is a
block circulant then it can be represented as

C=F

mn

P(Q)F, .

Motivated by the above, in the section 2 we discuss the reduced reciprocal randic energy of tensor
product K,, ® K,,, K,, ® C,, and C,, ® C,,.

3. Reduced reciprocal randic energy of Tensor product of some graphs

Let G1 and G2 be graphs with vertex sets {uy, us, ..., un} and {vy, v, ..., v,} respectively. Then
the tensor product G = G ® Gy will have mn vertices of the form w;; = (u;,v;).

In [4], the authors have discussed the reduced reciprocal randic energy of some graphs such as
complete graph K,,, croen graphS?, complete bipartite graph K,, ,,, and cocktail party graph K, 2.

Motivated by this, we determine the Reduced reciprocal randic energy of the tensor product of two
graphs G; and G4 denoted by G = G ® Gs.
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Theorem 3.1 Let K,,, and K,, be complete graphs with vertices m and n respectively. Then

RRRE(K,, ® K,,) =4(m —1)(n — 1)|mn —m — n|

Proof: Let V(K,,) = {u1,uz,...,un} and V(K,) = {v1,vs,...,v,} be the vertex set of K, and K,
respectively. Then {wiy, wi2, ..., Win, -, Wi, Wma, .-, Wmn + 18 the vertex set of (K, ® K, ) where
w;j = (u;,v5). Then

RRR(K,, ® K,,) = bcirc(A1, Az, ..., An)mnxmn

where
Al = Zmxm
and
Ay=---=A, =circOomn—m-—mn,--- ,mn—m-—n), ..
From Theorem 1.6, the diagonal form of RRR(K,, ® K,,) is
diag([/\1 + (n - 1)/\2], [/\1 — /\2]7 e [/\1 — AQ])mnan
where
N = dlag(oa 0» o 70)m><m
and
No =diag((m —1)(mn—m —n),m+n—mn,--- ,m+n—mn)mxm

are the spectra of A; and As respectively.
Consider,

[N+ (n—=1)A2] = diag((m—1)(n—1)(mn—m—n),(n—1)(m+n—mn),--- ,(n—=1)(m+n—mn))mxm

and
[A1 — Ao =diag((1 —m)(mn—m —n),mn—m—mn,--+ ,mn—m=—"n)mxm.

Hence, spectrum of RRR(K,, ® K,,) is given by

(m—1)(n—1)(mn—m—mn) once

(n—=1)(m+n—mn) (m —1) times
(I =m)(mn—m —n) (n—1) times
mn—m-—n (m—1)(n — 1) times

Thus,

RRRE(K;,, @ Kp,) =4(m —1)(n—1)jmn—m —n

Theorem 3.2 Let K,, and C,, be complete graph and cycle graph with vertices m and n respectively.

Then
<27rk> ’
cos | —
n

Proof: Let V(K,,) = {u1,ua,...,un} and V(C,) = {v1,va,...,v,} be the vertex set of K, and C,
respectively. Then {wi1, w12, ..., Win, ..., Wni, Wma, ..., Wy} is the vertex set of (K,, ® C,) where
wij = (43, v;). Then

(n—1)
RRRE(K,, ® C,) = 4(m — 1)[2m — 3| [1+ Y
k=1

RRR(K,, ® Cy) = beirc(Ay, As, ..., A)mnsmn
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where
A1 :A3:A4:"‘:An—1 :memv

and
As = A, = cire(0,(2m — 3),--+, (2m — 3))mxm-

From Theorem 1.6, the diagonal form of RRR(K,, ® Cy,) is

diag ([2/\2], [QCOS <2Zk:> AQDMXM

where 1 <k < (n—1),
Ny = dlag((m - 1)(2m - 3)u (3 - 2m)7 Ty (3 - 2m))me
is the spectrum of As.

Consider,
[2Ag] = diag(2(m — 1)(2m — 3),2(3 — 2m), -+ ,2(3 — 2m))mxm

o (21

i (30— 9 (25 s s (25 - - s (25)

Hence, spectrum of RRR(K,, ® C,,) is given by

and

2(m —1)(2m — 3) once
2(3—2m) (m — 1) times
2(m —1)(2m — 3)cos (22%) where 1 <k < (n—1) (n—1) times
2(3 — 2m)cos (22£) where 1 < k < (n—1) (m—1)(n—1) times
Thus,
(1) 21k
E(K, n) =4(m —1)2m — 1
RRRE(K,, ® Cy,) (m —1)|2m — 3| Jr; cos(n>’

Theorem 3.3 Let C,, and C,, be cycle graphs with vertices m and n respectively. Then

m—1 n—1
27t 27k
RRRE(Cy, @ Cy,) =12[14 > |cos <;:L)‘ + ) |cos (Z)‘
t=1 ke
el 2t ok
+ Z Z Ccos <)cos ()H
t=1 k=1 m n

Proof: Let V(C,,) = {u1,usa,...,un} and V(C,) = {v1,ve,...,v,} be the vertex set of C,, and C,
respectively. Then {wiy, wia, ..., Win, ..., Wi, Wma, .- ., Wy + 18 the vertex set of (Cy, ® C,,) where
Wij = (ui,vj). Then

RRR(C,, ® Cy) = beirc(Ay, A, ...y An)mnxmn

where

A1:A3:"‘:An—1:Zm><m
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and
As = A, = cire(0,3,0,- - ,0,3)mxm-

From Theorem 1.6, the diagonal form of RRR(C,, ® C,,) is

diag ([2A2] ) [2005 (22k> A2Dmnxmn

where 1 <k < (n—1),

2t
Ao = diag (6,6608 (ﬂ>) where 1 <t < (m—1).
m mXm

is the spectra of As.
Consider,

[2/A2] = diag (12, 12cos (27Tt>>
m mxXm
[2003 <27rk) /\g]
n
2 2 2
= diag (12005 (ﬂk) , 12cos <m> cos (ﬂk>) .
n m n s

Hence, spectrum of RRR(C,, ® Cy,) is given by

and

12 once

12cos (22) where 1 <t < (m — 1) (m — 1) times

12cos (22£) where 1 < k < (n—1) (n —1) times

12cos (22L) cos (22%) where 1<t < (m—1)and 1 <k < (n—1) (m—1)(n—1) times

Thus,

RRRE(Cy, ® Cy,) = 12

n—1
27t 21k
oo (20)+ e (55°))

= ()= ()

Al
L

HMS\
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