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Some Properties of Frobenius—Sigmoid—Fibonacci Polynomials with Their Applications
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ABSTRACT: In this paper, we introduce two-variable Frobenius-Sigmoid-Fibonacci polynomials and their
associated numbers within the approach of Golden F-Calculus. Utilizing generating functions, we derive
several fundamental properties, including summation theorems, recurrence relations, symmetry properties, and
F—derivative identities. We further establish connections with Stirling-Fibonacci numbers of the second kind
and present multiple summation formulas and convolution—type identities. Additionally, we introduce novel
parametric forms of these polynomials, incorporating trigonometric generating structures, and analyze their
behavior using the F—differential operator and functional equation techniques. The proposed approach enriches
the theory of Fibonacci-based special polynomials and opens new avenues for applications in combinatorics,
number theory, approximation theory, and matrix analysis.

Keywords: Golden calculus, Sigmoid polynomials, Frobenius—Sigmoid-Fibonacci polynomials, sym-
metric identities, Stirling numbers of the second kind.
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1. Introduction

Recently, many mathematicians [11,16,17,18] have focused on defining and constructing generating
functions for new families of special polynomials, such as F—-Bernoulli, F—FEuler, and F—-Genocchi polyno-
mials, by employing Frobenius-Euler-Fibonacci and Frobenius-Euler—Genocchi-Fibonacci polynomials.
These investigations have yielded fundamental properties and revealed diverse applications of such poly-
nomials. In particular, several explicit and implicit summation formulas, recurrence relations, symmetric
identities, and deep connections with classical polynomials have been extensively established. Moreover,
novel and elegant correlations among various special polynomials have also been discovered. The afore-
mentioned frameworks further enable the derivation of useful properties through comparatively simple
procedures and contribute to the construction of new families of special polynomials. Motivated by these
developments, in this work we introduce Frobenius—Sigmoid-Fibonacci polynomials and explore their
properties by establishing various relations and applications. Specifically, we derive addition theorems,
recurrence formulas, implicit summation identities, and relations with previously studied polynomials in
the literature (see [1], [2], [21],[22], [23],[24], [25], [26], [27],[28],[29],[30], [31]).

The Apostol-type Frobenius—Euler polynomials #() (&4 2) of order a € C are defined by [19,32,36]:

w=0 :

where 80 € C\ {1}, £ € R and [d| < |log ()]-
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At the point £ = 0, H&a)(ﬂ; A) = H&Q)(O;ﬂ; A) are called the Apostol-type Frobenius—Euler numbers
of order a. From (1.1), we find

w

%?@wﬂz§:<f>HWWMK““ (1.2)

v=0

For w € Ny = NU {0}, the Stirling numbers of the first kind are defined by [33,34,35]
w
(g)w = ZSl(va)gpa (13)
p=0
where (€)g =1, and (§)w =& —1)--- (§ —w + 1), (w > 1). From (1.3), we get
(log (1+4a)) ZSl w,r)—, (r>0). (1.4)
For w € Ny, the Stirling numbers of the second kind are defined by [37,38]
w
=3 85w, q)(€)y. (15)
=0

From (1.5), we see that

(ed — 1) ZSQ Jw)—. (1.6)
For any non-negative integer r, the r—Stirling numbers Ss ,.(j, w) of the second kind are defined by [3]

1

&7
w!e ded — 1) ZSQTJ-FT’LU-FT)F (1.7)
J=w
The Sigmoid function is expressed as
(d) = 1
=

where d € C. Extensive research has explored the diverse applications of the Sigmoid function [4].
Notably, a three-parameter extension of the Sigmoid function has been utilized to model and analyze
hybrid Sigmoid networks [5,6]. Additionally, significant attention has been directed towards investigating
the zeros of Sigmoid polynomials, their generalized forms within various analytical frameworks, and their
relationships with other established families of polynomials [7,8,9]. The generating function of the sigmoid
polynomials are defined by [10]

- d+1 ZS . (1.8)

For £ = 0, S, (0) become the Sigmoid numbers. In [11], Khan and Kizilateg introduced Frobenius Sig-
moid polynomials as an alternative generalization of Sigmoid polynomials. Additionally, they investigated
several properties of these polynomials through the application of their generating function.

We hereby introduce specific definitions and properties pertinent to Golden Calculus, also referred to
as F-calculus. The Fibonacci sequence is defined by the following recurrence relation:

Fy=Fy 1+ Fy 2 w2>2
with Fy = 0, F} = 1. Fibonacci numbers can be expressed explicitly as
— pw

«
Fw:T_B, wENO



SOME PROPERTIES OF FROBENIUS—SIGMOID—FIBONACCI POLYNOMIALS WITH THEIR APPLICATIONS 3

where o = 1"'2—‘/5 (Golden ratio) and 8 = f . The use of the golden ratio in various branches of science
and mathematics is well-documented. Addltlonadly7 this mystical number also makes appearances in the
fields of architecture and art. Recently, the properties of F—calculus have been exhaustively defined and
studied by Pashaev and Nalci [12]. Please refer to the following papers for further reading: Krot [14],
Ozvatan [15], Pashaev [13], and Kusg et al. [16]. These sources provide additional information and
insights on the topic at hand.

For w € N, the F-factorial, derived from the Fibonacci sequence, was formally characterized as
follows:

FiFyFs ... Fy = F,), (1.9)

where Fy! = 1.
Presented here is the formal representation of the binomial theorem as it applies to F—analogues,
often referred to as the Golden binomial theorem:

(a+b)p=> (- <> a® "o, (1.10)
F

s=0

: 0t b)" :i() asb, (1.11)

in terms of the Golden binomial coefficients, called as Fibonomials

w B!
s) g T F,_JFE)

with v and s being non-negative integers, u > s. The Golden derivative (F—Derivative Formula) defined
as follows:

RG] o) TS P
art (a—(-1))¢ @—BE

The first and second types of Golden exponential functions are represented as

- (?f (1.13)

=0

(1.12)

w

and

(—1)(3) ©r (1.14)

[M]8

ES =
s=0

respectively. Briefly, we use this notation throughout the article

=> X (1.15)
s=0 °
and
=> (- (1.16)
5=0
Using these functions (see [14,12]), the following equations can be given:
eSel = e§§+F")7 (1.17)

¢S Bl =\ (1.18)
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The Fibonacci cosine and sine functions, commonly known as the Golden trigonometric functions, are
expressed through the power series [18]

cosr (€)= 3 (~1)° l’ji;, (1.19)
= st

and
52@-{-1

00
SlnF = E

s=0

1.20
F25+1 (1.20)

For arbitrary number ¢, Golden derivatives of e? JAR E‘z’f cosp (), and sing (¢§) functions are given

as follows:
dr
d 5( ) el (1.21)
e —
At (E )—aSEF ) (1.22)
T (cosr (6€)) = —sing (66), (1.23)
and
pi €(smF (9€)) = ¢ cosp (P€) . (1.24)

In 2024, Alatawi et al. [17] introduced the generalized Apostol-type Frobenius-Euler-Fibonacci poly-
nomials as:

1=\ i ma @) d“’
<€§l4_‘ u) ep En ZH C T]a Fw!7 | d ‘# ™, (125)

where U € C with 4 # 1, and w € Np.

Note that, for £ = 0, the generalized Apostol-type Frobenius-Euler-Fibonacci polynomials become the
generalized Apostol-type Frobenius-Euler-Fibonacci numbers. The author then gave several identities for
these types of polynomials and numbers. For more details related to Fibonacci-based special polynomials,
please refer to [17,18,22,23].

The object of the paper is as follows. In section 2, we introduce two variable Frobenius-Sgmoid poly-
nomials and find some zero values of these polynomials. We derive some properties of these polynomials.
In section 3, we introduce paramtetric type of Frobenius—Sigmoid—Fibonacci polynomials and find some
properties of these polynomials.

2. Properties of Frobenius—Sigmoid—Fibonacci Polynomials

In this section, we define Frobenius-Sigmoid—-Fibonacci polynomials and numbers. Then, we derive
the basic properties such as additivity and symmetrically regarding related to it. Lastly, we introduce
certain properties of these numbers and polynomials.

Let 4 € C with  # 1, and w € Ny. Then, we can define the Frobenius—Sigmoid—Fibonacci polynomials
Suw,r (G, 75 84):

1-4U (d d dv
— = SR Su, ; . |d|£ 2.1
T § (¢ U F, |d|# (2.1)
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A few of them are:

SO,F(C7 m; L[) %’
S1,r((m ) = %(Cﬂi) + ﬁ
. 1 C+m)F 1 1
S r(Cmth) = S (C+7 ) T21-u) 20-4) 20-u)

S3(¢,m ) = (C+77)F+11 C+n% (2(11—11)+2(1i11)2>(C+77)F_(1—211)2_(1—111)3'

Letting ¢4 = —1 in (2.1), we get

1 dond | dv
;d+16§7 EZ" - quu,F(Cvn)mv

where, Sy, r((,n) are called the wth-Sigmoid-Fibonacci polynomials.

Again, put ( =7 =0 in (2.1), we note that

1—-4
ZSwFOLLF' ZSwF —my

where, S,, (1) are called the w"- Frobenius-Sigmoid-Fibonacci numbers.

To derive structural properties of these polynomials, we now prove a series of summation, recurrence,
and convolution—type identities.

Theorem 2.1 The following summation formulas for the polynomials Sy r(C, ;L) hold true:

Surlcm =3 () SirahC+n 22)
=0 F
S F\S, ;L[ = w Sj7F 0, ;il wij, 2.3
e =32 () s 23)
Su (Gt Z( ) Su g r(GU) (1) 5 (2.0

J=

Proof: By appropriately applying equations (1.10) and (1.18) within the generating function (2.1), three
distinct forms are derived. Subsequently, the F—Cauchy product rule is utilized in the resulting expres-
sions, and by comparing the corresponding powers of d on both sides of the resultant equation, we obtain
formulas (2.2)-(2.4). O

Theorem 2.2 The following recursive formulas for the two variable Frobenius—Sigmoid—Fibonacci poly-
nomials Sy r (¢, m; U) hold true:

0
S ASu,m (G )} = FuSu-1,r (G m540), (2.5)
Or¢
and 5
B (S P (G} = FuSu1,p(C = 1), (2.6)
F1)
where 2E is F—partial derivative operator.

0r¢
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Proof: Differentiating generating function (2.1) with respect to ¢ and 7, utilizing equations (1.12) and

(2.3), and subsequently simplifying through the application of the F—Cauchy product rule formulas yields
the results given in (2.5) and (2.6). O

The subsequent definition delineates the r—Stirling—Fibonacci numbers of the second kind.

0 dk d_lm
Z:&Tk+rm+ﬂF —@ﬂﬁfTL< (2.7)
k m-

k=m

For r = 0, we have Stirling—Fibonacci numbers of the second kind [20,17]

> (el —1)™
F _ \ep
Theorem 2.3 Let w > 0 be an integer. Then we have
w k w
) =30 3 () w1 () (29)

Proof: By virtue (2.1) and (2.8), we find

Nt dw SR | d
§ . ; (et —1+1)E}
F C 77 F ' 2(€Fd — L[) (eF ) F

E"‘i . )
2(6F Z L

To derive the result, we equate the coefficients of on both sides of the last equation. O

Theorem 2.4 Let w > 0 be an integer. Then we have

w k
Sur(Crrm =33 (w) a0 QS e 7 +1) (2.11)
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Proof: By virtue of (2.7), (2.8) and (2.1), we find

o dv 1 _u , J
w, +r,m iU = T erdpm ed_1+1C
2:: rleAr gy 2(eFdfu)F r )
— 1- rdEnd Z 6 — 1
2(eF -
:;Endz( ZSQFIC-FT‘TTL—}— )dk
2epd —u) F ’”k ~ !
dk
iZSany lezz Sgpk+rm+r)Fk
k=0m=0
du)
- Z ZZ Sw-kr (M (mS2p(k+rm+r) | 7. (2.12)
w=0 \k=0m=0 w-
To derive the result, we equate the coeflicients of on both sides of the last equation. O

Theorem 2.5 Let w > 0 be an integer. then we have

1—5( : _
Ui =0,

zw: (Z) FSkVF(u)(—m*k — USSP () = . (2.13)

k=0 0, ifw>0.

Proof: If e}d # $1 in the generating function of the Frobenius—Sigmoid—Fibonacci number, then we find

ZQSw,F(ﬂ)% (Z(—l)w;:! —ﬂ> =1-4

w=0 w=0

> (3(1)

Hence, complete proof of the theorem.

ShF(u)(_l)wik - usw,F(”)) — =1-4L
F .

Corollary 2.1 Using the similar method of proof from Theorem 2.5, we have
w w
3 ( k) Si (G ) (~ 1) — 1S, p (G ) = (C + 1) (2.14)
k=0 F

Theorem 2.6 Let w > 0 be an integer. Then we have

w

Z (:) awikﬂk‘sw—k,F(ailca 77§ﬂ)5k,F(571¢a fvu)
F

k=0

=y (:) Bt Sy r (BT m Sk p (a0, & 41). (2.15)
F

k=0

Proof: Let

(1—4)? (C+8)d m(n+€)d
A= T =" Blted, (2.16)
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Then, we have

c- ) < 1 ey BDF
Z wFa Cnv Z d)afau) Fk'
w=0 k=0
=) ( <k) Oéwkﬁksw—k,F(Ol1C,7I§ﬂ)5k,F(ﬂ1¢,f§ﬂ)> 7 (217
w=0 \k=0 F w
Similarly, we have
B o) w w wek k 1 ) 1 ) dv
A= wZ::o (ICZ_;) <k)FB Sy, p (B¢ ) Sk, r(a ¢,f7ﬂ)> ol (2.18)
By virtue of (2.17) and (2.18), we attain the result. O
Theorem 2.7 Let w > 0 be an integer. Then we have
(1 — u) w
uSw,F(Ca U»u) = Sw,F(C - 17 ’7711) - ) (C + n)F (219)
Proof: Suppose
by B 1 1
(er” —Wep’ e’ -4 et
Evaluating the following fraction using the above identity, we find
U1 - el BY (1-WeEF (1 - We' EY
2(ep? — Wyep? B 2(ept — L) 2e "
dw dw & dw
uZOSu,FCn, —, stF Ln;u)Fj ZO %
Hence, the proof of the theorem is complete. O

Corollary 2.2 On setting L = —1 in Theorem 2.7, we have

(C+nF =Suwr(Cn;—1) +Swr((—1,7;-1).

Theorem 2.8 Let w > 0 be an integer. Then we have

(W) Swp,r(al, W He p (b6, 64) (W Sw—k,# (b, 7 ) Hy, F(a¢§u)
> (1), (1), 20

awfkbk k hw— kak

k=0 k=0

where Hy, 7 (¢, m; 4) is the Frobenius—FEuler—Fibonacci polynomials.

Proof: Let
(1- H)Qeg§+¢)dE§,"+5)d

(e‘% — u)(e% — 80

B(d) =

Now, we can write

dk

d) =2 Syr(ad, ;L) wF ,ZHW b, gu)bkF'

w=0
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w— k,F(agvn;u)Hk,F(b(bag;u) d"
=2 Z (Z ( )F iy e (2.21)
k=0
Also, we can transform the form B(d) as follows:
(N (W) Sw—kr (06,00 HE p(ad, &40 ) dv

=2 ’ ’ . 2.22
02 (3 (1), St e 1 =
By virtue of (2.21) and (2.22), we obtain the result. O

Corollary 2.3 Letting a =1 in Theorem 2.8, we get

i ( > w—k (&5 12)]:'-[1@(677,11) _ Zw: (1]1:) Swfk(bsz;wui)z-[k(mu).

k=0 k=0

Theorem 2.9 Let a,b >0 and a # b. Then

- w Swfk,F(CLC,% )Sk F b¢ f L[ - w—k F(bCﬂ?, )Sk F'(G‘(ZS 57 )
> (1), -2 (), a2

— k aw—kpk pw—kgk
Proof: Let (b (i )d
1— 2 + E n+
o =0 Er
(ema —)(e™ b — &)
Now, we can write
=4 w YA~y Y S A Ty
d) wzzjos S kzz()sk’F(b¢ §9 5
= [~ (W Swkr(a,m;0)Sk r (b, §81) | d
=4 : : —_ 2.24
S (S (), Serteeptfertes) 220
Also, we can transform the form C(d) as follows:
o [ (0 Sk, m (b WSk p(ag, €580 | d¥
In virtue of (2.24) and (2.25), we obtain the result. O
Theorem 2.10 Let a,b >0 and a #b. Then
zw: (w) Sw—r,p(=aC,n; WHE(b), GH) zw: <w> Sw—k,r (G, 7; )8k r (9, &; Ll) (2.26)
P k. P (_a)1zz—kbk pors k P bw kak
Proof: Let (o) (€
1 — §)2ele o) plnt
B =12 Fr
(ea + ) (ev — 4I)
Now, we can write
0 dk
(d) =2 Z()Sw,F(—aC»n;ﬂ)WZHkF b, u)bkF ,
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Sw—k,F(faC7n;u)Hk(b¢vf;u) d"
=9 Z (I;) ( )F ENIEL ) A (2.27)

Also, we can transform the form B as follows:

Su— —b(,mH ,E U dv
_ 22 (Z( >F b (0o 0, € )) o (228)
k=0

By (2.27) and (2.28), we obtain the result. O

3. Parametric type of Frobenius—Sigmoid—Fibonacci Numbers and Polynomials

This section extends the two-variable Sigmoid-Fibonacci polynomials by integrating parametric
trigonometric elements through the application of the golden cosine and sine functions. Let p,q € R.
The Taylor series of the functions e%d cosp (¢qd) and e’}d sing (¢qd) are given as follows [17]:

(o)
d'UJ
e cosp qd = > Cur (p:9) onE (3.1)
w=0 we
and
& w
b sing qd = Z Suw.r (P, q) yomb (3.2)
w=0 w
where

,7
M\E

Cu,r (p:q kzo ( )F U, (3:3)
J

252
w w2k—1 2k
Sura)= Y (08 (1) g, (3.4
k=0 F

With the help of Equation (2.1), we define Frobenius—Sigmoid—-Fibonacci polynomials represented by
the following generating function:

1-4
72(6*01721 ZSU;F ¢ il)F i (3.5)
w=0

If we substitute ¢ = 0 into Equation (3.5), we obtain Frobenius-Sigmoid-Fibonacci numbers as follows:

Z Suw.r (U dw (3.6)

Based on the aforementioned definitions of Cy, r (p, ¢) and Sy, r (p, q) , as well as the number of a Sy,
we can specify two parameters for Frobenius-Sigmoid-Fibonacci polynomials as follows:

Definition 3.1 Two parametric families of the Frobenius—Sigmoid—Fibonacci polynomials are hereby
defined via the following generating functions:

1-4 cd B > © o dv
2e—d —gp)°F O nd = gsw,p( ’”’H)FT,!’ (3.7)
and
1—3 ¢d (s) dv
mBF SlnF nd wX:OSw F C n; )F ' (38)

Based on the aforementioned definitions, we have arrived at the following principal results.
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Theorem 3.1 Let w > 0 be an integer. Then

St(uc,)F(C’n;u) = Z <1;)) FSl,F(ﬂ) Cw—1,7(C; 1), (3.9)
1=0
and .
S Cme =Y (7) Syr(eh) Su 1 r(C): (3.10)
1=0 B
Proof: Using (3.1) and (3.5), we have
1-4
m@F COSf nd stp F ' Z F‘wl
oo w d'u}
= Z (Z (7) S1,r () Cwl(<a"7)> ol
w=0 \I=0 F w-
. d° N [ (w dv
st,F(C,n;u)ﬁ =Y (Z <l> Si.r () Cwl,p(gn)> = (311
w=0 ' w=0 \1=0 F w*

By equating the coefficients of 2 F— on both sides of the above equation, we derive the intended result
(3.9). Equation (3.10) can be obtain in a similar manner. O

Theorem 3.2 The following identities hold for:

Sup(C+ 0,0 4) = i (7) (DS, (¢ 106, (3.12)
=0 F
and .
S;S)F(C +0,m;4) = Z (7) (_1)( ) 71 #(Cm Lo, (3.13)
F

=0

Proof: Utilizing (3.5), we obtain the following functional equation through derivation:

DR KL e TN
ST TR e
S S(©) 4 =y (9) o d”
=Y Sup(Cm) 7 Yo (D) 0v
w=0 W w=0 w
> e ! . av
S5 (S0, 00 £,
l w=h F,!
w=0 \1=0 F w
By equating the coefficients of on both sides of the aforementioned equation, it can be observed that

w

Sup(C+.mi =3 (?)F<—1>(5)857L,F<f,n;mek

=0

The proof of the result (3.12) is provided. The assertion (3.13) can also be established in a similar
manner. o
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Theorem 3.3 (F-Derivative Formulas) It is known that the following identities hold for:

S (S0l ) = Pty (ot (3.14)
S (Sl ) = Pt (ot (3.15)
o (SO ) = =Pty (Gt (3.16)
88;77 (Sfus,)F(C,n;il)) = FuSY | p(C,m;80). (3.17)

Proof: Utilizing the Golden derivative operator 88TF¢’ and using (1.19) and (3.5), we have

oo 8F © . Jv _ aF 1—3 cd B 00 © . dw+1
Z 37 (Sw,p((aﬁ,ﬂ)) Tl apc m% cospnd p = u;)Sw,F( ;15 ) o

N g g2
- Z Swfl,F(<7 77711) Fw—1! :

w=1

Since BaTFg‘ (Sé’cl);(ﬁ, n;ﬂ)) = 0; for w > 1, by analyzing the coefficients of #—7 on both sides of the final

equation, the desired result is achieved in (3.14). The remaining results can then be easily deduced. O

Theorem 3.4 The following identities holds true:

[ w

2 . ) ]
Cup(C1) = T Z(Z) (—1)"ESEL (¢, ms ) — USS (¢ ms ) | (3.18)

Lk=0 F J

and -~ _
Surtcn =25 | () ) PR SEL(C 80 — 4SC (¢ | (3.19)

Lk=0 |

Proof: By using (3.5), we have

1-4 c
— eF cosp(nd) = ZS}UF (¢ i =

2(ep” — )
and
(1 —$0)e$ cosp (nd) = 2 ( Zsj;)F (C,m; )
k=0
P S VERTUR R S N DN © ( a”
- 27;)(—1) FT,!k:OS’“’F(C’"’u)Fi QuZSwF G gy
oo w w . . dw
- 22 <Z (k) (=D~ kS( F(Com;8h) — 1(1;,)F(<>775u)> 1

From (3.1), we get

chFan,z uz(z( )F 1" RSELC mi ) — ,E,%(c,n;u>) -

By equating the coefficients of -2 7, We obtain the desired result. Equation (3.19) can be derived in a

similar manner. O
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4. Conclusion

In this article, we have introduced the Frobenius—Sigmoid—Fibonacci polynomials as the F—analogs
of classical Frobenius—Sigmoid polynomials, formulated in two-variable within the approach of Golden
Calculus. Building upon and extending the results presented in the previously published study (see
[17]), we have established the generating functions of these polynomials and derived several fundamental
properties, including recurrence relations, summation identities, and derivative formulas. Furthermore, we
have defined the Frobenius—Sigmoid-Fibonacci numbers associated with these polynomials and explored
their essential properties and interrelations. Our findings provide a unified and generalized perspective
on the interplay between Frobenius—Sigmoid—type structures and Fibonacci-based frameworks, opening
a new direction for the study of special polynomials. This framework not only deepens the theoretical
understanding of polynomial families under the Golden Calculus but also creates potential bridges to
diverse areas such as combinatorics, number theory, approximation theory, and applied mathematical
modeling.
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