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ABSTRACT: In this paper, we introduce a new class of generalized-Z-open sets namely, u-§-Z-open sets and
specifically, we focus the p-B-Z-open sets. Further, we define the generalized-Z-operators such as p-£-Z-interior
and p-€-Z-closure and analyze the ideal generalized topological concepts through these operators. Moreover,
we obtain the various types of ideal generalized continuous such as (u-¢-Z, v)-continuous and (u-¢-Z, v-£-7)-
continuous and discuss their relationships between them.
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1. Introduction

A. Csaszar [3,4,5,6,7,8,9] introduced the concept of generalized topology and he obtained the concepts
of p-open sets, p-£-open sets (where ”¢” stands for «, semi, pre and 8). Further he defined the operators
p-interior (resp. p-&-interior) and p-closure (resp. resp. p-&-closure) in generalized topological spaces.
Also, he initiated generalized continuity such as (u, v)-continuous, (u-§, v)-continuous and (u-§, v-§)-
continuous and studied their essential relationships between the functions through the notions of p-open
sets and p-£-open sets in generalized topological spaces. Saravanakumar et.al[20,21,26] initiated a 4-open
(resp. ~*-pre-open) set in operation topology and fi-open set in generalized topology and studied 3-T;
(vesp. v*-pre-T;, i-T;) (i =0, %, 1,2) spaces using through the 4-open (resp. vy*-pre-open, ji-open) and 3-
closed (resp. vy*-pre-closed, fi-closed) sets. Saravanakumar et.al[20 - 29] created various types of operation
continuous mappings in operation topology as well as generalized continuous in generalized topology and
discussed some important properties. Abd El-Monsef et.al[1,2] defined the S-open (resp. Z-open) sets
and S-continuous (resp. Z-continuous) functions in topological space. In [9,10,14,15,16,18,19,31,34],
introduced semiopen, preopen, a-open, regular-open, g-open, d-open, #-open sets and semicontinuous,
precontinuous, a-continuous, regular-continuous, g-continuous, §-continuous, #-continuous functions in
topological spaces and analyzed their important properties. In [11,12,13], created new topologies by
some local operators and generated innovative open sets. Kuratowski[13] and Vaidyanathaswamy [33]
defined new concept of topologies namely ideal topological spaces and investigated some of their essential
properties by some local operators. Jankovic et.al [12], generated the concept of ideal topological spaces
and introduced Z-open sets by ()* operator. Modak[12], applied the concept of ideal in generalized
topological space and he created new types of open sets namely, u*-open [17] and p*-closed [17].

In this paper, we introduced the concept of generalized-Z-open sets such as p-Z-open, almost-p-
Z-open, p-semi-Z-open, p-a-Z-open, p-pre-Z-open, u-regular-Z-open, u-B-Z-open in ideal generalized
topological spaces. Mainly, we focused the concept of u-8-Z-open sets and discussed their relationship
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with some of other generalized-Z-open sets. Generally, we represented the generalized-Z-open sets as
u-&-open sets (where ”¢” stands for «, semi, pre and ) and characterized ideal generalized topological
spaces by some operators namely, u-£-Z-interior and u-&-Z-closure. Also, we defined ideal generalized
continuous such as (u-¢-Z, v)-continuous and (u-&-Z, v-¢-J)-continuous and analyzed some of their
essential characterizations. Moreover, we proved that (u-8-Z, v)-continuous and (uj-Z, v)-continuous
implies that the concepts of (almost-p-Z, v)-continuous and proved that X is a u-£-Z-T5 space whenever
(X pnI)— (Y,v,J) is a (u-&-Z, v-§-J)-continuous injective function and Y is v-&-T-Ts.

2. Preliminaries

Let X # () and let P(X) be the power set of X. Then p C P(X) is said to be a generalized topology
(3] (shortly, GT) on X if and only if } € p, and U; (# 0) € p for i € J implies that | J;. ; Ui € p. The pair
(X, p) is called a generalized topological space [3] (shortly, GTS) and the elements of x are called p-open
sets [3]. For a subset A C X, X \ A is called a p-closed set if A is y-open; p-interior [4] of A is defined by
i,(A) = U{U : U € pand U C A} (clearly, it is the largest u-open set contained in A; p-closure [4] of A
is defined by ¢, (A) =N{V : X\V € pand A C V'} (clearly, the smallest pi-closed set containing A). The
operators i, and c,, satisfies the properties [4]: i,(A) C A; ¢, (A) D A; i,(iu(A)) = iu(A); culcu(A)) =
cu(A); X \ip(A) = cu(X\A); X\ cu(A) =i (X\A). For AC X and U € p, i,(AUU) Ci,(A)UU and
cu(A)NU C e, (ANU). A subset A of X is said to be a p-semi-open [5] (resp. p-a-open [5], p-preopen
[5], p-regular open[31], u-B-openl5]) set if A C ¢,(i,(A4)) (resp. A C i,(cu(iu(A))), A C iu(cu(A4)),
A =i,(cu(A)), A C cu(iu(cu(A)))). The complement of a p-semi-open (resp. p-a-open, p-preopen,
p-regularopen, p-f-open) set is said to be p-semi-closed (resp. p-a-closed, p-preclosed, p-regularclosed,
p-B-closed). The family of p-semi-open (resp. p-a-open, u-preopen, p-regular open, p-3-open) sets is
denoted by uSO(X) (resp. paO(X), pPO(X), pnRO(X), pBO(X)). For a subset A C X, p-&-interior
[5] of A is defined by i¢,(A) = U{U : U € p£O(X) and U C A} (clearly, it is the largest u-¢-open set
contained in A; p-§-closure [5] of A is defined by ¢, (A) = N{V : X\ V € p§O(X) and A C V'} (clearly,
the smallest p-¢-closed set containing A), (where ”¢” stands for «, semi, pre and 3). According to [§],
let i be a generalized topology on X, A C X and z € X, then (i) x € ¢¢, (A) if and only if M N A # 0
for each p-§-open set M containing x; (ii) ce, (X \ A) = X \ i¢, (A) and (iii) c¢, (ce,) = ce,. Let (X, p)
and (Y, v) be any two generalized topological spaces with the generalized topologies u, v respectively. A
function f: (X, pu) — (Y,v) is said to be (i) (i, v)-continuous [5] if for any V € v, f=1(V) € p; (ii) (p-€,
v)-continuous [5] if for any V € v, f~1(V) € p£O(X); (iii) (u-&, v-€)-continuous [5] if for any V € v€O(Y),
fH(V) € n€O(X), (where "¢” stands for «, semi, pre and f3).

An ideal Z[13,33] on X is a nonempty collection Z C P(X) satisfying the following conditions: (i)
A C B, BeTimplies AeT; (ii) A, B € Z implies AUB € Z. Let (X, u,Z) [17] be an ideal generalized
topological space (briefly, IGTS) and a generalized local function (), [17] is a mapping form P(X) into
P(X) defined by A}, = A;(Z) = {r € X : ANU ¢ T for each U € p(x)} where p(z) = {U € p:x € U}.
For A C X, *-generalized closure operator c},(A)[17] is defined by cj(A) = AU A}, and *-generalized
topology [17] defined by p* = p*(Z) = {U C X : ¢;(X \U) = X \ U}. Clearly p* is finer than u. The
elements of p* are called p*-open [17] and their complements p*-closed [17].

Definition 2.1 [17] A subset A of an IGTS (X, u,T) is said to be
(i) p*-dense if A C Ay;
(i1) p*-perfect if A= Aj,.

Proposition 2.1 [17] Let (X, u,T) be an IGTS and A, B C X. Then
(i) (AL)* C AL C ¢(A) C ep(A):

(ii) A% C B: if AC B;

(iii) A% € ue;

(iv) Aj(T) C AL(Z) fTC T;

(v) UN(UNA);, CUNAY, where U € p;
(vi) (A\ D)}, = A}, = (AUI);,, where I € I;
(vii) A% = c,(A) if T =0;

(viii) Ay, =0 if T = P(X);
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(iz) ¢, () =
(z) CZ(A) c
(zi) ¢, (A )U
(xii) X\ ( :
(xiti) X \ 1 H(A) = CZ(X\A ;
(xiv) CZ(CTL(A)) =},
(zv) i}, (i, (A)) =iy,

3. Generalized-Z-open sets

Definition 3.1 A subset A of an IGTS (X, u,T) is said to be
(i) p-Z-open if A Ci,(Ay),

(i) almost-pu-Z-open if A C cu(z#( )
(11i) p-semi-Z-open if A C cﬂ in(A)),
() p-a-L-open if A Ci,(c;(i,(A))),
(v) p-pre-T-open. if A C (e ( )
(vi) p-regular-Z-open if A = (cZ(A))
(vit) p-B-T-open. if A C cu(i(ch(A))),

The complement of a p-I-open (resp. almost-u-Z-open, u-semi-LZ-open, p-a-L-open, p-pre-L-open, -
reqular-Z-open, u-B-I-open) set is called a p-I-closed (resp. almost-pu-I-closed, p-semi-I-closed, p-o-Z-
closed, p-pre-I-closed, p-reqular-Z-closed, u-f-I-closed).

The family of u-Z-open (resp. almost-u-Z-open, p-semi-Z-open, p-a-Z-open, p-pre-Z-open, p-regular-
T-open, p-B-I-open) sets is denoted by pZO(X) (resp. ApZO(X), pSTO(X), naZO(X), unPZO(X),
puRTO(X), uBZO(X)) and the family of u-I-closed (resp. almost-pu-I-closed, p-semi-I-closed, p-a-I-
closed, p-pre-I-closed, p-regular-I-closed, u-5-I-closed) sets is denoted by pZC(X) (resp. ApZC(X),
pSIC(X), poZC(X), pPIC(X), pRIC(X), pBIC(X)).

Theorem 3.1 Let (X, u,Z) be an IGTS. Then
(i) iTO(X) C uPTO(X),

(ii) HTO(X) C ANTO(X) C uBTO(X),

(15i) u C paZO(X) = pSZO(X) N uPIZO(X),
(iv) uSTO(X) C uBIZO(X),

(v) WRTO(X) C pPTO(X) € pfTO(X),

(vi) pSTO(X) U uPZO(X) C puBIO(X).

Proof: (i) Let A € pZO(X). Then A Ci,(A}) Ci,(AUA}) =iyu(c;,(A)). Hence A € uPZO(X).

o

(ii) Let A € pZO(X). Then A Q i
A Cculin(A})) € culin(AU AY)) =

u(iu(Ar)). Hence A € ApuZO(X), this implies that
. Thus A € uBZO(X).

’;
S
—
g
= % ~—
—~
= 1N
~—
~~
~—

(iii) Let A € p. Then A C i,(A) = d,(in(A) C iu(iu(A) U (iu(A)))) = i
A€ puaIOX) & A C iu(cu( (4)) & A C [ (iu(A) Niu(c;(A)] & A C c;(in(A) and A C
in(c;(A)) & A€ puSTO(X) N uPIO(X)

(iv) Let A € pSZO(X). Then A C ¢} (iu(A)) C cu(in(A)) (since ¢
culin(c(A))). Hence A € uBIO(X).

7 (A) € eu(A)) C eulin(AU A7) =

(v) Let A € pRIO(X). Then A = i,(c;(A)) C

in(cy(A)). Hence A € uPZO(X), this implies that
A Cin(ci(A) Ceulin(ci(A))). Thus A € pBIO(X).

(vi) Follows from (iv) and (v). O
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Note that the following examples shows that the converse of the Theorem 3.1 need not be true.
Example 3.1 Let X = {a,b,c,d}, p = {0, X,{a},{a,b},{b,c},{a,b,c}} and Z = {0, {b}}. Then (i) the
set {a,b} € puPZTO(X), but {a,b} & pZO(X).

(ii) The set {a,b} € uBZO(X), but {a,b} ¢ AuZO(X). Also the set {a,d} € AuZO(X), but {a,d} &
pZO(X).

(iii) The set {a,d} € uSZO(X), but {a,d} € paZO(X). As well as the set {a,c} € uPZO(X), but
{a,c} & paZO(X).

(iv) The set {a,c} € uSZO(X), but {a,c} ¢ pSTO(X).
(v) The set {a,d} € uSZO(X), but {a,d} ¢ pnPZO(X). Also {a,c} € uPZO(X), but {a,c} € pnRIO(X).
(vi) The set {b,¢,d} € pBZO(X), but {b,¢,d} ¢ pSTO(X) U uPZO(X).

Example 3.2 Let X = {a,b,c,d}, p = {0, X, {a},{a,d}, {b,d},{a,b,d}} and T = {0,{a}}. Then the
set {a,¢,d} € paZO(X), but {a,c,d} & p.

Remark 3.1 (i) The concepts of i (resp. uRZO(X)) and pZO(X) (resp. ApZO(X)) are independent.
(ii) The concepts of uSTO(X) and pPZO(X) are independent.

(i) In Ezample 3.1, the set {a,b} € pN puRIO(X), but {a,b} ¢ pZO(X)U ApZO(X). Also the set
{a,¢} € uZO(X) N ApZO(X), but {a,c} & pUpRIO(X).

(i) In Ezample 3.1, the set {a,d} € uSZTO(X)), but {a,d} ¢ pPIO(X)). Also the set {a,c} €
wPZO(X)), but {a,c} ¢ nSTO(X)).

Theorem 3.2 Let (X, u,Z) be an IGTS. Then u€Z0O(X) C ufO(X), (where "¢” stands for a, semi, pre
and B; p€ZO(X) stands for paZO(X), uSTZO(X), pPZO(X), uSZO(X)).

Proof: Since c;;(A) C ¢, (A) and by the Definition 3.1, we have that u{ZO(X) C pfO(X). O

Remark 3.2 The converse of the Theorem 3.2 need not be true.

In Ezample 3.1, the set {a,b,d} € paO(X), but {a,b,d} & paZO(X). Also {b} € pPO(X) N uBO(X),
but {b} ¢ pPTO(X) U uBIO(X). In Ezample 3.2, the set {a,c} € uSO(X), but {a,c} ¢ uSTO(X).

Proposition 3.1 Let (X, u,7Z) be an IGTS and A be a subset of X. If A is p*-dense, then (i) pnRZO(X) C
pZO(X) = uPTO(X); (ii) ApZO(X) = ppLO(X).

Proof: Follows from the Definitions 2.1 and 3.1. O

Proposition 3.2 Let (X, u,Z) be an IGTS and A be a subset of X. If A is p*-perfect, then (i) pO(X) =
pZO(X) = uPITO(X) = uRIO(X); (i) ApZO(X) = pSLO(X) = pSO(X).

Proof: Follows from the Definitions 2.1 and 3.1. O

Theorem 3.3 Let (X, u,Z) be an IGTS and A be a subset of X.
(i) T =0, then pSTO(X) = pfO(X);
(ii) If T = P(X), then ufSZO(X) = pSO(X).
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Proof: Follows from the Proposition 2.1. O

Theorem 3.4 Let (X, u,Z) be an IGTS and A be a subset of X. If U € uPTO(X) such that U C A C
c;(U), then A € pBLO(X).

Proof: Suppose that U € pPZO(X) such that U C A C ¢
i (c5(0)) € culin(cs(4))). Hence A € uSTO(X).

+(U). Then A C ¢ (U) C ¢ (iu(c,(U)))) C
O

Theorem 3.5 Let (X,u,Z) be an IGTS and A be a subset of X. Then A € pSZO(X) if and only if
cu(A) = culin(c)(A))).

Proof: Let A € pufZO(X). Then A C c,(iu(c;(A))). This implies that c,(A) C cu(in(cy(A)))
culin(cu(A))) C cu(A). Hence c,(A) = c,u(in(c),(A))). Conversely, suppose that ¢, (A) = Cu(’u( (A))).
Since A C ¢, (A), then A C ¢, (i (c;,(A4))). Hence A € uSIZO(X).

O~~1IN

Theorem 3.6 Let (X, pu,Z) be an IGTS and {A, : a € J} a collection of subsets of X, where J is an
arbitrary index set.

(i) If {Aq : @ € J} C upZO(X), then | J{An : @ € J} € ufLO(X);

(i1) If {Aq : @ € J} C p€ZO(X), then | J{An : a € J} € u€Z0O(X).

Proof: (i) Since {4, : « € J} C puBZO(X), then A, C Cu( (c;( «))) for each o € J. Then we have

Uaes 4a € Uaes culin((Aa))) € culin(Uaes 6u(4a))) € culin(ci(Uaes Aa)))- Hence U,e s Aa €
HBLO(X).

(ii) Obviously. O

Remark 3.3 The intersection of any two pu-£-Z-open sets need not be p-&-I-open.
In Ezample 3.2, the sets {a,b},{b,c} € p¢ZO(X), but {a,b} N{b,c} = {b} & p€ZO(X).

Theorem 3.7 Let (X, u,Z) be an IGTS and A be a subset of X. Then A € pBZC(X) if and only if
in(cu(iy,(A))) € A.

\4)))
X \ip(eu(i,(A))). Therefore i,(c.(iy,(A))) C A. Conversely, suppose that z#(cﬂ(z#(A) ) € A. Then
X\NACecu(ip(e(X\A))) and X \ A € uBZO(X). Hence A € ufIC(X). O

Theorem 3.8 Let (X, u,Z) be an IGTS and A be a subset of X. Then
(i) A € pSIC(X) if and only if i;,(cu(A)) C A;

(i) A € paZC(X) if and only zfcﬂ( u( cu(A))) C A;

(ii) A € pPZC(X) if and only if c,(iy,(A)) C A;

(iv) A € pRIC(X) if and only if c,(i},(A)) = A

Proof: Obviously. O

Remark 3.4 For an IGTS (X,;,Z) and A C X, we have X \ i,(c},(i(A))) # cu(ip(cy (X \ A))) as
shown by the following example.

Example 3.3 Let X = {a,b,c,d}, u = {0,X,{a,b},{bc},{c,d},{a,b,c},{b,c,d}} and
Z = {0,{v},{c},{b,c}}. Take A= {a,b,d}, then X \i,(c}(iu(A))) = {c,d} and ¢, (in(c}, (X \ A))) = 0.
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Theorem 3.9 Let (X, u1,Z) be an IGTS and A be a subset of X. If A € ufIC(X), theni,(cj (i (A))) C
A.

Proof: Let A € ppBZC(X). Since p* 2 p and c¢;,(A) C cu(A), we have that i,(c;(iu(A)))
O

Cin(c(i5,(A))) Ciplen(iy,(A))). Then by Theorem 3.7, we obtain that i,(c},(i.(4))) C A.

Corollary 3.1 Let A be a subset of an IGTS (X, 1, L) such that X \i,(c;,(i,(A))) = cu(in(c; (X \ A))).
Then A € pBLZC(X) if and only if i,(c;,(i.(A))) C A.

Proof: Follows from the Theorem 3.7. O

Theorem 3.10 Let (X, u,Z) be an IGTS and A be a subset of X. If V. € uPIZC(X) such that iy, (V') C
ACV, then A € ufIC(X).

Proof: Suppose that V' € uPZC(X) such that i, (V) € A C V. Then i,(c.(iy(A))) C i} (cu(i),(A4)))
i (cu(if (V) Cif (V) € A. Hence A € pfSIC(X).

oin

Theorem 3.11 Let (X, u,Z) be an IGTS and A be a subset of X. Then A € pSIZC(X) if and only if
in(A) = ip(cu(iy,(A)))-

Proof: Let A € pSZC(X). Then i,(c (Z:(A))) C A. This implies that i,(A) C 4,(cu(in(A)))
in(culiy,(A))) Ciu(A). Hence i,(A) = Z/J«<CN i (A))) Conversely, suppose that i, (A) = ZH(CM(Z (A4))).
Since i,(A) C A, we have that i,(c,(i},(4))) g . Hence A € ufZC(X).

O~—1IN

Theorem 3.12 Let (X, p,Z) be an IGTS and {Ay : o € J} a collection of subsets of X, where J is an
arbitrary index set. If {Ay :a € J} C ufZC(X), then (\{Aa : a € J} € u€ZC(X).

Proof: Follows from the Definition 3.1 and Theorems 3.6 and 3.7. O

Remark 3.5 The union of any two p-£-L-closed sets need not be p-£-Z-closed.
In Example 3.2, the sets {a}, {b} € u€ZC(X), but {a} U{b} = {a,b} & néIC(X).

Theorem 3.13 Let (X, u,Z) be an IGTS and A be a subset of X. Then
(1) 1u(cu(i;,(A))) € ppIC(X);
(i1) c(iuc; 7.(4))) € BZO(X).

Proof: (i) i, (¢, (4}, (i(cu(i7,(A)))))) € ipu(en (@ (cn(i(A))))) € iulen(en(i(A)))) = iu(cn(i(A))). Hence
in(eu(iy (A))GMIC( )-

(ii) Follows from (i) and Proposition 2.1. O

Theorem 3.14 Let (X, u,Z) be an IGTS and A be a subset of X. Then
(i) iZ(Cu(A)) € pSIC(X);

(i) ¢, (in(A)) € pSTO(X);

(iii) Cu( iy, (cu(A))) € paZC(X);

(v) iu(c;(iu(A))) € paZO(X);

(v) cu(iy,(A )) € pPIC(X);

(vi) 1u(c;,(A)) € pPZO(X).

Proof: Obviously. ]
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Theorem 3.15 Let (X, u,Z) be an IGTS and A be a subset of X.
(i) If A € uZO(X) N puaZC(X), then A € u°;

(11) If A € uBZO(X) N (u*)°, then A € uSO(X);

(ii) If A € pBZO(X) N ()N uPC(X), then A € uRC(X).

Proof: (i) Suppose that A € pSZO(X) N paZC(X). Then A C ¢, (iu(c;(A))) and ¢, (i M(cM(A))) C A,
this implies that ¢, (A) C ¢, (in(c;(A))) C culiy(cu(A))) € A. Hence A = CH(A) Thus A € pc.

(ii) Suppose that A € pBZO(X) N (u*)¢. Then A C ¢, (iu(c;(A))) and A = c};(A), this implies that
A Ccyu(iy(A)). Hence A € pSO(X).

(iii) Suppose that A € ufSZO(X) N (1*)° N pPC(X). Then by (ii), we have that A C ¢,(i,(A)) and
cu(iy(A)) € A (since A € pPC(X)). Hence A = ¢,,(i,,(A)). Therefore A € pRC(X). O

Corollary 3.2 Let (X, u,Z) be an IGTS and A be a subset of X.
(i) If A € uBZC(X) N uaZO(X), then A € u;

(i1) If A € uBZC(X) N p*, then A € pSC(X);

(ii) If A € uBZC(X) N p* N pPO(X), then A € pRO(X).

Proof: Follows from the Theorem 3.15. O

Definition 3.2 Let (X, u,Z) be an IGTS and A be a subset of X. Then

(1) p-¢-I-interior of A is defined as union of all p-§-I-open sets contained in A. Thus {Zi,(A) =
WU : U € p€Z0(X) and U C A};

(11) p-&-I-closure of A is defined as intersection of all p-£-I-closed sets containing A. Thus £Zc,(A)
=n{V:X\V € péZO(X) and A C V}, (where "u-§-I7 stands for p-B-I, p-semi-I, p-a-Z, p-pre-
Z; &Tiy(A) stands for BLiy(A), sTi,(A), oZiy(A), pLiy(A); €Zc,(A) stands for fZc,(A), sZc,(A),
aZciy(A), pZey(A)).

Theorem 3.16 Let (X, u,Z) be an IGTS and A be a subset of X. Then
(i) i, (A) is the largest p-§-I-open set contained in A;

(11) EZc, (A) is the smallest p-§-I-closed set containing A;

(11t) A is p-§-I-closed if and only if {Zc,(A) = A;

(iv) A is p-&-I-open if and only if {Ti,(A) = A;

(v) T4, (ETin(A)) = EZin(A);

(01) €26,(T0, (A)) = £Tc, (A);

(vii) X \ €Ti, (A) = €Te, (X \ A);

(viti) X \ €Zc,(A) = EZi (X \ A).

Proof: Follows from the Definitions 3.1, 3.2, Theorems 3.6, 3.12 and Proposition 2.1. |

Theorem 3.17 Let (X, u,Z) be an IGTS and A be a subset of X. Then
(1) If A C B, then £Zi,(A) C Zi,(B);
(1t) If A C B, then £Zc,(A) C &€Zc,(B)
(iii) €Zi,(A) UEZi, (B) C £Ti(AU B);
(iv) £Zi, (AN B) € £Zi,(A) NELiy(B);
(v) Ly (A)UETey(B) € EZeu (AU B);
(vi) £Zc,,(ANB) C {Zc,(A) NELc,(B).

Proof: Follows from the Definitions 3.1, 3.2, Theorems 3.6, 3.12, 3.16 and Proposition 2.1. O
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Remark 3.6 The Example 3.3 shows that sides of the conditions (i), (iv), (v) and(vi) in Theorem 3.17
need not be equal.

(i) Take A = {a,b,d} and B = {b,c}. Then AUB = X, ANB = {b}, {Zi,(A) = {a,b}, {Zi,(B)
Hence £Zi,(A) U&Zi,(B) C €Zi, (AU B) and {Zi, (AN B) C {7, (A) N EZi,(B).

(ii) Take A = {a,d} and B = {c,d}. Then AUB = {a,c,d}, ANB = {a}, {Zc,(A) = {a,d}, Zc,(B)
={c,d}, £Zc (A)UEZey(B) = {a,c,d}, £Zc,(AUB) = X. Hence £Zc,(A)U&Zc,(B) C €Zc, (AU B).

(iii) Take A = {a} and B = {b,d}. Then AUB = {a,b,d}, ANB =0, ¢Zc,(A) = {a}, {Zc.(B)
=X, &Zc,(ANB) =0, £Zc,(A)NELey(B) = {a}. Hence EZc,(ANB) C £Zc,(A)NEZc,(B).

Theorem 3.18 Let (X, p,Z) be an IGTS and A be a subset of X. Then
(i) Zi(A) ={r € Az e U € p€ZO(X) and U C A for some U};
(it) EZc, (A) ={z e X 12 €V € p§ZO(X) and VA # 0 for all V}.

Proof: (i) Let xg € {Zi,(A). Then xy € U{U : U € p{ZO(X) and U C A}, this implies that there exists
U € u€ZO(X) such that zo € U C A and hence g € {x € A: 2z € U € p{ZO(X) and U C A for some
U}. Therefore £Zi,(A) C{x € A:x €U € p€ZO(X) and U C A for some U}. For the reverse inclusion,
let zge{r€eA:2 €U € u&ZO(X) and U C A for some U}. Then there exists U € uéZO(X) such that
xo € U C A, this implies that zy € U{U : U € p¢ZO(X) and U C A} and hence zg € {Zi,,(A). Therefore
{reA:zeU e pfZO(X) and U C A for some U} C €74, (A).

(i) Let Fy ={y € X :y eV € pfZO(X) and VN A # 0 for all V}. Now, we prove that {Zc,(A)
= Fy. Let us assume x € {Zc,(A) and « ¢ Fy. Then there exists U € u{ZO(X) and = € U such that
UNA =0. This implies that A C X \ U. Therefore {Zc,(A) C X \ U. Hence = ¢ {Zc, (A). This is a
contradiction. Hence Zc¢,(A) C Fy. Conversely, let F be a set such that A C F and X \ F € p€Z0(X).
Let ¢ F. Then we have that © € X \ F and (X \ F) N A = 0. This implies that ¢ Fy. Therefore
Fy C F. Hence Fy C &Zc,(A). O

Theorem 3.19 Let (X, u,Z) be an IGTS and A be a subset of X. Then
(i) BTiu(4) = AN eulip(cs(4)));
(it) BZeu(A) = AUiL(cu(@(A)))-

Proof: (i) Clearly Aﬂcu(iu(CZ(A))) - Cu(’u(c,j( ) = cu(in(in(c, ( ) € eulin(e *(A) miu(CZ(A))) -
culin(c (A Niu(c;(A))) € culin(c (AN cu(in(c;(A)))))) (by Proposmon 2.1). This implies that
AN Cu( u(c;(A))) is a p-B-I-open set contained in A and by Theorem 3.16(i), A N ¢, (iu(c;(A))) C
BZLi,(A). Since fZiy(A) € pBLZO(X), then 5Zi,(A) C cu(iy (C;(ﬂIZH( ) C cu(i“(cZ(A))) and hence
BTi(A) € ANecu(iu(cy(A))). Therefore 8Zi,(A) = AN cu(iu(c)(A))).

(ii) Follows from (i) and Theorem 3.16(vii), (viii). O

Definition 3.3 A subset A of an IGTS (X, u,ZT) is said to be a u-&-I-neighborhood of a point © € X if
there exists U, € uéZO(X) such that x € U, C A.

Theorem 3.20 Let (X, u,Z) be an IGTS and A be a subset of X. Then A € p£ZO(X) if and only if it
s a p-£-I-neighborhood of each of its points.

Proof: Let A € u£ZO(X). Then by Definition 3.3, it is clear that A is a u-¢-Z-neighborhood of each of
its points, since for every © € A, z € A C A and A € pu£ZO(X). Conversely, suppose that A is a pu-£-Z-
neighborhood of each of its points. Then by Definition 3.3, for each x € A, there exists U, € u£ZO(X)
such that z € U, C A. Clearly A = | J{U, : U, € p£ZO(X) and « € U, C A}. Hence by Theorem 3.6,
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A€ uTo(X).
Note that u-£-Z-neighborhood of z may be replaced by u-£-Z-open neighborhood of x. O

4. u-¢-Z, v-continuous functions

Definition 4.1 Let (X, u,Z) be an IGTS and (Y,v) be a GT. A function [ : (X,u,Z) — (Y,v) is said
to be (u-£-I, v)-continuous if for any V € v, f~1(V) € u€ZO(X), (where 7¢” stands for o, semi, pre
and 3).

Theorem 4.1 Let f: (X,pu,Z) — (Y,v) be a function. Then

(i) (1, v )-continuous = (u-a-L, v)-continuous < (u-semi-I, v )-continuous and (u-pre-I, v)-continuous;
(ii) (p-semi-I, v)-continuous = (p-B-L, v)-continuous;

(i1i) (u-pre-I, v)-continuous = (u-B-I, v )-continuous;

(iv) (u-B-Z, v)-continuous = (u-, v )-continuous.

Proof: Follows from the Definition 4.1 and Theorems 3.1, 3.2. O

Remark 4.1 The following examples shows that the converse of the Theorem 4.1 need not be true.

(Z) Let X = {avb’crd}) wo= {®7X7 {a}7{a7d}7{b7d}v{a7b7d}}) 1= {(Dv{a}} and Y = {1a23374}; v
= {@,Y,{1,3},{2,3},{1,2,3}}. Define f : (X,,U,,I) - (Y,I/) by f(a) =3, f(b) = 2, f(c) =4 and
f(d) = 1. Then f is a (u-B, v)-continuous function but not (u-B-Z, v)-continuous since for the set
12,3} € v, £1({2.3}) = {a,b} & HATO(X).

(i1) Let X = {a,b,c,d}, p = {0,X,{a},{a,b},{b,c},{a,b,c}}, T = {0,{b}} and Y = {1,2,3,4}, v
= {0,V {2}, {1,4}, 12,3}, {2, 4}, {1,2,4},{2,3,4}}. Define  + (X, . T) = (V) by f(a) =2, f(b) = 1,
fle) =4 and f(d) = 3. Then f is a (u-B-I, v)-continuous function but not (u-pre-Z, v )-continuous since
for the set {2,3} € v, f71({2,3}) = {a,d} & pPIO(X).

(111) Let X = {a,b,c}, p = {0, X,{a},{a,0},{b,c}}, T = {0,{a}} and Y = {1,2,3}, v = {0,Y,{1}}.
Define f : (X,u,Z) — (Y,v) by f(a) =2, f(b) =1, and f(c) = 3. Then f is a (u-pre-Z, v)-continuous
function but not (u-semi-Z, v)-continuous (resp. (u-a-Z, v)-continuous) since for the set {1} € v,

FH{1}) = {2} & nSIO(X) (resp. poZO(X)).

(w) Let X = {a,b,c,d}, p = {0,X,{a,b},{b,c},{a,b,c}}, T = {0,{b}} and Y = {1,2,3,4}, v =
{0,Y,{1,2,3},{2,3,4}}. Define f : (X,u,Z) — (Y,v) by f(a) =2, f(b) =3, f(c) =4 and f(d) = 1.
Then f is a (u-semi-Z, v)-continuous function but not (u-pre-I, v)-continuous (resp. (u-a-Z, v)-
continuous) since for the set {1,2,3} € v, f~1({1,2,3}) = {a,b,d} € uPZO(X) (resp. paZO(X)).

Note that form the Examples (iii) and (iv), the concepts of (u-pre-Z, v)-continuous and (u-semi-Z,
v )-continuous functions are independent.

(v) Let X = {a,b,c,d}, p = {0, X,{a},{a,d},{b,d},{a,b,d}}, T = {0,{a}} and Y = {1,2,3,4}, v
= {0,Y,{1,2,3}, {1,3,4}}. Define f : (X, 1, T) — (Y,v) by f(a) = 1, f(b) = 2, f(c) = 4 and f(d) = 3.
Then f is a (u-a-Z, v)-continuous function but not (u, v)-continuous since for the set {1,3,4} € v,

f_l({17374}) = {a’c7 d} ¢ UO(X)

Remark 4.2 From the Theorem 3.2 and Remark 3.2, we have that every (u-§-Z, v)-continuous function
is (u-&, v)-continuous, but the converse need not be true.

Theorem 4.2 Let f: (X,u,Z) — (Y,v) be a function. Then the following statements are equivalent:
(i) f is (u-B-I, v)-continuous;
(ii) for each x € X and V' € v such that f(x) € V, there exists U € pSLZO(X) such thatx € U, f(U) CV;
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(iii) for any F € v°, f~1(F) € uBLC(X);

(iv) f(BIcH( ))Cc,,( (A)), for each A C X;

(v) /BICP«( Y(B)) € f~H(cu(B)), for each B CY;
(vi) f~1 (i (C ))QB i, (f71(C)), for each C CY;

(vit) i (e (i), (f~ (B)))) C f~*(cu(B)), for each BCY;
(viti) f(in(cu(iy,(A)))) € cu(f(A)), for each A C X.

Proof: (i) = (ii). Let x € X and V € v such that f(x) € V. Set U = f~1(V), then by Definition 4.1,
U e puBIZO(X) and z € U and f(U) = f(f~1(V)) C V.

(i) = (i). Let V € vand x € f~Y(V). Then f(z) € V. By (ii), there exists U, € uBZO(X) such
that x € U, and f(U,) C F. Then x € U, C f~1(V). Hence by Theorem 3.20, f~1(V) € uBZO(X).

(i) & (iii). Follows from the fact that for any E € Y, f~1 (Y \ E) = X \ f~1(E).

(iii) = (iv). Let A C X. Then A C f~1(f(A)) C f~ (e (f(A))). Since ¢, (f(A4)) € v° and by (iii),
we have that f~'(c,(f(A))) € uBZC(X). Hence by Theorem 3.16(ii), SZc,(A) C f~(cu(f(A))) this
implies that f(8Zc,(A)) C e, (f(A4)).

(iv) = (iii). Let F € v°. Then by (iv), f(BZc, (f'(F))) C c(f(f71(F)))) C c(F) = F. This
implies that Zc,(f~*(F)) C f~!(F). Therefore f~!(F) € uBZC(X).

(1v) = (v). Let BC Y. Then f~'(B)) € X and by (i), f(BZe(f~1(B) € e (F(f~1(B))) € cu(B).
This implies that 8Zc,(f~1(B)) C f~!(c,(B)).

(v) = (iv). Let B = f(A), where A C X. Then by (v), 8Zc,(A) C BZc,(f~'(B)) C [ c(B)) =
J 7 (cu(f(A))). This implies that f(8Zc,(A4)) C e (f(A)).

(i) = (vi). Let V =i,(C), where C C Y. Then V € v and by (i), f~%(V) € uBIO( ). By Theo-
rem 3.16(1), f~1(i,(C)) = 1 (V) C BTin(f~1(V)) = BLin(f~(in(C))) C BLin(f~1(C)).

(vi) = (i). Let V € v. Then f~Y(V) = f~ (i, (V) C BZi,(f~*(V)) (by (vi). Hence f~1(V) € uBZO(X).

(v
BT

(iii) = (vii). Let B C Y. Then cu(B) v¢ and by (i), f~(c,(B)) € uBZC(X). This implies that X \
f~H(ey(B)) € ppZO(X) and X\ f~ (C )) € eu(ip(ci (XN FHew(B))))) = X \ip(ep(i(f~Hew(B)))))-
Hence 4, (¢, (i}, (f 71 (e (B))))) € f~H(ev(B))-

(vii) = (vii). Let A C X. Then by (vi), iu(cu(i3(4))) € i(cu(is(F(F(A))) € £~ (en(£(4))
and hence £(i, (¢, (i5(A)))) € e, (f(4)).

S
(B
(B

(viil) = (1) Let V € v. Then f~1(Y\V) C X where Y\V € v°and by (viii), f (i, (c. (i, (f 7' (Y\V) -
(Y V) € e \V) = Y\ V. Therefore X \ e, (iu(e; (/~(V)))) = in{e (G5 (X \ S (V) =
ip(cu (@ (fTHY\V)))) € fTHY\V) = X\ f7H(V) this implies that f~'(V) C ¢,(iu(c,(f71(V)))).
Hence f YWv) e uBTO(X ) Thus f is (u-B8-Z, v)-continuous. O

Corollary 4.1 Let f : (X,pu,Z) — (Y,v) be a (pu-B-I, v)-continuous function. Then f(i,(U)) C
e, (f(U)) for every U € nSTO(X).

Proof: Let U € uSTO(X). Then U C ¢ (i, (1)) and £(5,(U)) € flin(eilin(@))) € Fliglen(in(0))
¢, (f(U)) (by Theorem 4.2(vii). Hence f(i,(U)) C ¢, (f (U))

ain

Theorem 4.3 Let f : (X,u,Z) — (Y,v) be a (u-B-Z, v)-continuous function. Then for each V C Y,
F7H (V) € eulin(e(f~ {V)))).
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Proof: Let V C Y. Then i, (V) € v. Since f is (u-8-Z, v)-continuous, f~1(i,(V)) € uBZO(X). This
implies that f~(i, (V) € cu(in(c,(f 1 (@ (V))))) € culin(cu(f 71 (V). o

Theorem 4.4 Let f: (X,u,Z) — (Y,v) be a bijective function. Then f is (u-B-I, v)-continuous if and
only if i, (f(U)) C f(BZi(U)) for each U C X.

Proof: Let U C X. Then by 4.2(vi), f~ (i, (f(U))) C BZi,(f~*(f(U))). Since f is bijective w(f(U)) =
FU G (F(U)) € f(BTi, (U )) Conversely, let V C Y. Then i, (f ( —1( ))) - f(,é’IzM(f L(V))). Since
£ is bijective, i, (V) = iy (f(f71(V))) € f(BZin(f~(V))). Thus f=1(in (V) € BZin(f*(V)). Hence by
Theorem 4.2(vi), f is (u-B8-Z, v)-continuous. O

Definition 4.2 A function f: (X, p,I) — (Y,v) is said to be (almost-p-I, v)-continuous (resp. (p;-Z,
v)-continuous) if for any V € v, f~H(V) € AuZO(X) (resp. piZO(X)), where piZO(X) is the set of all
w*-dense subset of X.

Theorem 4.5 Let f: (X, u,Z) — (Y,v). Then the following conditions are equivalent: (i) f is (almost-
w-L, v)-continuous;
(i1) f is (u-B-I, v)-continuous and (-, v )-continuous.

Proof: Follows from the Proposition 3.1. O

5. p-&-7, v-£-J-continuous functions

Definition 5.1 Let (X, u,Z) and (Y,v,J) be any two IGTS. A function [ : (X, u,Z) = (Y,v,J) is said
to be (u-¢-I, v-£-T )-continuous if for any V € vEJO(Y), f~HV) € uéZO(X), (where 7€ stands for a,
semi, pre and f3).

Remark 5.1 From the Definitions 4.1 and 5.1, we have that every (u-§-I, v-£€-T )-continuous function
is (u-¢-I, v)-continuous and the following examples shows that the converse need not be true.

(i) Let X = {a,b,c,d}, p = {0, X,{a},{a,d}, {b,d},{a,b,d}}, T = {0,{a}} and Y = {1,2,3,4}, v =
10,Y,{1},{1,2},{2.3}, {1.2,3}}, 7 = {0,{2}}. Define f : (X.1.T) — (Y,0.J) by f(a) = 1, f(5) = 3
f(e) =4 and f(d) = 2. Then [ is a (u-B-Z, v)-continuous (resp. (u-pre-Z, v)-continuous, (u-semi-I,
v )-continuous) function but not (u-8-I, v-B-T )-continuous (resp. (u-pre-I, v-pre-J )-continuous, (u-
semi-L, v-semi-J )-continuous) since for the set {1,3,4} € vBTO(Y) (resp. vPJO(Y)), f~1({1,3,4}) =
{a,b,c} & uBLO(X) (resp. uPZO(X)) and for the set {2,3,4} € vSTO(Y), f~1({2,3,4}) = {b,c,d} ¢
wSZTO(X).

(ii) In Example (i), Let us consider the the inverse function f=1' as g. Then g : (Y,v,J) — (X, u,I).
Clearly g is a (v-a-J, wp)-continuous function but not (v-a-J, p-a-I)-continuous since for the set

{a,c,d} € paZO(X), g7 ({a, ¢, d}) = {1,2,4} ¢ vaJO(Y).

Definition 5.2 Let A be a subset of an an IGTS (X, u,Z) andp € X. Then p is called a u-§-Z-limit point
of AifUN(A—{p}) #0, for any set U € uéZO(X) containing p. The set of all p-§-I-limit points of A
is called a p-&-I-derived set of A and is denoted by £Zd,,(A). Clearly if A C B then {Zd,(A) C {Zd,(B).

Remark 5.2 From the Definition 5.2, it follows that p is a p-§-Z-limit point of A if and only if p €
§Zcu (A —{p}).

Theorem 5.1 Let (X,pu,Z) be an IGTS. For any A,B C X, the u-£-Z-derived sets have the following
properties:

(i) €Tc,(A) D AUETd, (A);

(it) Ui€Zd,(A;) = EZd, (Ui Ai);

(iii) §2d,(§Zd(A)) € €Zd,(A);

(iv) €Zc, (€Td, (A)) = ELd,(A).
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Proof: Follows from the Definition 5.2 and Remark 5.2. O

Theorem 5.2 Let f: (X,u,Z) — (Y,v,J) be a function. Then the following statements are equivalent:
(i) f is (u-&-Z, v-£-J )-continuous;

(ii) for each point x in X, the inverse of every v-£-J -neighborhood of f(x) is a pu-&-Z-neighborhood of x;
(i11) for each point x in X and each v-§-T-neighborhood B of f(x), there is a p-§-I-neighborhood A of x
such that f(A) C B;

(iv) for each x € X and each set B € v€ETO(Y) contains f(x), there is a set A € p€ZO(X) containing x
such that f(A) C B;

(v) f(€Zcu(A)) CETcu(f(A)) holds for every subset A of X;

(vi) for any set H € v€JC(Y), f~1(H) € néZC(X).

Proof: (i) = (ii). Let z € X and B be a v-&-J-neighborhood of f(x). By Definition 3.3, there exist
V € v€JO(Y) such that f(x) € V C B. This implies that = € f~1(V) C f~1(B). Since f is (u-¢-Z,
v-¢-J)-continuous, so f~1(V) € uéZO(X). Hence f~1(B) is a u-¢(-Z-neighborhood of x.

(ii) = (i). Let B € v€JO(Y). Put A = f~1(B). Let x € A. Then f(z) € B. Clearly, B (being
v-£-J-open) is a v-§-J-neighborhood of f(z). By (ii), A = f~1(B) is a u-¢-Z-neighborhood of 2. Hence
by Definition 3.3, there exist A, € u{ZO(X) such that z € A, C A. This implies that A = UzcaA,. By
Theorem 3.6, we have that A € uZO(X). Therefore f is (u-&-Z, v-£-J)-continuous.

(i) = (iii). Let € X and B be a v-{-J-neighborhood of f(x). Then, there exist O¢(,) € v JO(Y) such
that f(z) € Oy C B. It follows that @ € f~*(Os()) € f~1(B). By (i), f~ (O)) € p€ZO(X). Let
A = f~1(B). Then it follows that A is u-¢-Z-neighborhood of z and f(A4) = f(f~*(B)) C B.

(iii) = (i). Let V € v€JO(Y). Take W = f~Y(V). Let x € W. Then f(z) € V. Thus V is a
v-§-J-neighborhood of f(z). By (iii), there exist a p-£-Z-neighborhood U, of x such that f(U,) C V.
Thus it follows that z € U, C f~1(f(U,)) C f~1(V) = W. Since U, is a u-¢-Z-neighborhood of z, which
implies that there exist a W, € u§ZO(X) such that x € W, C W. This implies that W = Upew W,,. By
Theorem 3.6, W € u€ZO(X). Thus f is (u-&-Z, v-£-J)-continuous.

(iii) = (iv). We may replace the u-¢-Z-neighborhood of = as p-¢-Z-open neighborhood of x in con-
dition (iii). Straightforward.

(iv) = (v). Let y € f({Zcu(A)) and any set V € v£JO(Y) containing y. Then, there exist a point
z € X and a set U € pZO(X) such that € U with f(z) = y and f(U) C V. Since z € £Zc,(A),
we have that U N A # () and hence () # f(UNA) C f({U)N f(A) € VN f(A). This implies that
y € EJc,(f(A)). Therefore, we have that f({Zc,(A)) C T e (f(A)).

(v) = (vi). Let H € v€JC(Y). Then £Je¢,(H) =
£Jc,(H) = H holds. Therefore (Zc,(f'(H)) C
f7HH) € peIC(X).

(vi) = (i). Let B € v€JO(Y). We take H =Y \ B. Then H € v£€JC(Y). By (vi), f~1(H) € uéZC(X).
Hence f~Y(B) =X\ f~Y (Y \B) = X \ f~Y(H) € uéZ0(X). O

H. By (v), f(§Zen(f~H(H))) € €T (f(f1(H))) €
f7Y(H) and thus f~*(H) = &Zc,(f'(H)). Hence

Theorem 5.3 A function f : (X,u,Z) — Y,v,J) is (u-€-Z, v-£-J)-continuous if and only if
F(ETd, (A)) C £Teu(f(A)), for all AC X.

Proof: Let f: (X,u,Z) — (Y,v,J) be (u-&-Z, v-§-J)-continuous. Let A C X and x € {Zd,(A). Assume
that f(z) € f(A) and let V denote a v-§-J-neighborhood of f(x). Since f is (u-¢-Z, v-£-J)-continuous,
so by Theorem 5.2(iii), there exist a p-§-Z-neighborhood U of x such that f(U) C V. From z € {Zd,,(A),
it follows that U N A # (; there exist, therefore, at least one element a € U N A such that f(a) € f(A)
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and f(a) € V. Since f(x) ¢ f(A), we have that f(a) # f(x). Thus every v-£-J-neighborhood of f(z)
contains an element f(a) of f(A) different from f(z). Consequently, f(z) € £Jd,(f(A)). Conversely,
suppose that f is not (p-&-Z, v-&-J)-continuous. Then by Theorem 5.2(iii), there exist z € X and a
v-£-J-neighborhood V of f(z) such that every p-¢-Z-neighborhood U of = contains at least one element
a € U for which f(a) ¢ V. Put A = {a € X : f(a) € V}. Since f(x) € V, therefore z ¢ A and
hence f(xz) ¢ f(A). Since f(A) N (V \ {f(z)}) = 0, therefore f(x) ¢ £JTd,(f(A)). It follows that
f(z) € f(§Zdu(A))\ (f(A)UETd,(f(A))) # 0, which is a contradiction to the given condition. O

Theorem 5.4 Let f : (X,pn,Z) — (Y,v,J) be an injective function. Then f is (u-&¢-Z, v-£-TJ)-
continuous if and only if f(§Zd,(A)) C {Tdy(f(A)), for all A C X.

Proof: Let A C X, v € ¢Zd,(A) and V be a v-§-J-neighborhood of f(x). Since f is (u-¢-Z, v-¢-
J)-continuous, so by Theorem 5.2(iii), there exist a p-£-Z-neighborhood U of z such that f(U) C V.
But = € £Zd,,(A) gives there exist an element a € U N A such that a # z. Clearly f(a) € f(A) and
since f is injective, f(a) # f(x). Thus every v-£-J-neighborhood V of f(z) contains an element f(a)
of f(A) different from f(z). Consequently, f(x) € £Jd,(f(A)). Therefore, we have that f({Zd,(A)) C
EJdy(f(A)). Converse follows from the Theorem 5.3. O

Definition 5.3 An IGTS (X, 1, Z) is called a u-£-Z-Ty space if for each pair of distinct points x,y € X,
there exists sets U,V € péZO(X) such that x € U andy € V and UNV = ).

Theorem 5.5 Let [ : (X, u,Z) = (Y, 1, T) be a (u-€-Z, v-£-T )-continuous and injective function. If Y
1s v-€-J 15, then X is p-6-L-Ts.

Proof: Suppose Y is v-£-J-T5. Let x and y be two distinct points of X. Then, there exist two sets
U,V € v€ZO(Y) such that f(z) € U, f(y) € V and UNV = (. Since f is (u-¢-Z, v-£-J)-continuous, for
U and V, there exist two sets W, S € u£ZO(X) such that z € W and y € S, f(W) C U and f(S) CV,
implies that W NS = 0. Hence X is u-¢-Z-Ts. O

Theorem 5.6 Let f: (X, 1, Z) = (Y,1,TJ) and g : (Y,v,T) = (Z, ) be two functions.
(i) If f is (u-6-Z, v)-continuous and g is (v, \)-continuous, then gof is (u-§-I, A)-continuous;
(i) If f is (u-&-I, v-€-T )-continuous and g is (v-£-T, \)-continuous, then gof is (u-§-I, \)-continuous.

Proof: Obviously. O
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