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Eta Quotients of Level 18 and Weight 1: Classification and Applications

Abdelmonaim Bouchikhi and Soufiane Mezroui

ABSTRACT: We classify all eta quotients in the space M (F0(18), (%3)) of modular forms and explicitly

compute their Fourier coefficients, where <g) denotes the Legendre—Jacobi—Kronecker symbol, viewed as a

Dirichlet character modulo 18 taking values in Q.
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1. Introduction

Let N, Ny, Z, and C denote the sets of positive integers, nonnegative integers, integers, and complex
numbers, respectively. Let N € N, k € Z, and let x be a Dirichlet character whose modulus divides N.
We define the congruence subgroup I'o(N) of level N by

FO(N):{(CC‘ Z)\a,bm,dez, ad—bc=1, c=0 (modN)}.

Let My (I'o(N), x) denote the space of modular forms of weight k£ and character y on the congruence
subgroup T'g(N). The subspaces of Eisenstein series and cusp forms are denoted by Ej(T'o(N),x) and
Sk(To(N), x), respectively. It is well-known that

My (To(N), x) = Ex(To(N), x) @ Sk(To(N), x)- (1.1)

For instance, (see [7, p. 83)).
The Dedekind eta function 7(z) is a holomorphic function on the upper half-plane

H={z € C|Im(z) > 0},
defined by
,’7(2) _ 67riz/12 H (1 _ e27rinz) )
n=1

A product of the form

f) =11 n"(2), (1.2)

1<8|N

where 75 € Z, not all zero, is called an eta quotient.
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Let x and ¢ be Dirichlet characters. For n € N, we define the generalized divisor sum o, ,)(n) by
() = 3 x(m)e(n/m). (1.3)
1<m|n

If n ¢ N, we set 0y 4)(n) = 0.
Let xo denote the trivial character, i.e., xo(m) = 1 for all m € Z. In particular, we observe that
T (xo,x0) (1) coincides with the classical divisor-counting function

oo(n) = »_ L.
1<m|n
We now define two Dirichlet character modulo 18 by

am=(22). mea)

m

where (4) denotes the Legendre-Jacobi-Kronecker symbol considered as a Dirichlet character modulo 18
with values in the field of rational numbers. These are precisely nontrivial Dirichlet characters modulo
18.

The cusps of T'g(N) can be represented by rational numbers 2, where a € Z, c € N, ¢ | N, and
ged(a, ¢) = 1; (see [6, p. 320]).

For the group T'g(18), we can chose a set of representatives of the cusps as

1
’ ) e 9 97 e Y 7 (14)
18 9 6 3 3 6 2 1

Let f(z) be an eta quotient as defined in (1.2). A formula for the order v,,.(f) of f at the cusp & (see
[6, p. 320]) is given by

_ N ged(8,¢)?rs
va/c(f) DY ged(c2, N) Z 5 : (1.5)
1<8|N

It follows from the dimension formulae [7, Section 6.3] that the only nontrivial modular form spaces
of level 18 with trivial cuspidal subspaces are

Mi(To(18), x1)-
Moreover, we have that
dim (M;(To(18), x1)) = dim(E1(To(18), x1)) = 4. (1.6)
In this paper, we find all the eta quotients in M;(I'y(18), x1) and we determine their Fourier coefficients.

2. Preliminary results

Throughout the remainder of this paper we use the notation g = 2% with z € H. We define the
Eisenstein serie E,, ,,(q) by

1 o n
Eyi xo (¢) = 3 + Z O—(XhXo)(n)q :
n=1

In view of (2.1) for N = 18, we define an eta quotient f(z) by

f(z) =" (z)n" (22)n"* (32)n"° (62)n" (92)n"** (18z). (2.1)
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Theorem 2.1 Let f(z) € M;i(To(18),x1) be an eta quotient given by (2.1), and let f(z) = Y " ;ang"
be its Fourier series expansion. Then

F(2) = b1 By, 3o (0) + b2 By x0 (@°) + b3 By 1o (@°) + b3 By 1o (4°)
for unique scalars by, bs,b3,by € C, and the Fourier coefficients a,, are given by
an = b1y, xo (1) + 20, x0 (1/2) + D303, 10 (1/3) + D40y, o (7/6) forn =1,
ag = 3(51 + by + b3 + ba).
Proof: It follows from (1.6) and [7, Theorem 5.9] that the set of FEisenstein series
{Fyi %0 (@)s Exyxo(@)s Exino(@®)y Exyxo(q®)} is a basis for M (Tg(18),x1). Thus,
F(2) = b1Ey, 50 (@) + b2By, 50 (@) + 03By 10 (6%) + b4 By, 30 (4°)

for some unique scalars by, ba, bg, by € C, from which the assertion follows by equating the coefficients of
q" on both sides. O

We use the following lemma to determine if certain eta quotients are modular forms. See [3, Theorem
5.7, p. 99], [4, Corollary 2.3, p. 37], [2, p. 174], and [5].

Lemma 2.2 Let f(z) be an eta quotient given by (2.1), and let k = %Zl<6\N rs and s =[] <55 0"
Suppose that the following conditions are satisfied: B B

(i) Zlgé\]\] 0-rs =0(mod 24),

(ii) Z1g5\]\7 % -r5 = 0(mod 24),

(ii1) 219\1\; % > 0 for each positive divisor d of N,
w) k is an integer.

(iv) g

Then f(z) € M(To(N), x), where the character x is given by

x(m) = ((—;?ks) :

We utilize the following notation for eta-quotients

d
[01,75,3 02, g5 -3 8am1, 70,13 00, ) = [ [ 7% (6:2),

i=1
We take N =18 and k£ =1 in Lemma 2.2 to obtain the following theorem.
Theorem 2.3 Let f(z) be an eta quotient given by (2.1), which satisfies the conditions (i)-(iv) in Lemma

2.2 with
ri+retr3tret+re+ 7118 =2. (2:2)
Then
f(z) € Mi(T'o(18),x1), ifri+re+r9=1 (mod 2). (2.3)

Proof: For N = 18, we have

s = H 575 — 1719723T3GTe Qo818 — QT2 +Te+r18gra+re+2ro+2r1s
1<5)32



4 A. BOUCHIKHI AND S. MEZROUI

The conditions (i) and (ii) in Lemma 2.2 becomes
r1 4 2ro 4+ 3r3 + 616 + 9rg + 18115 =0  (mod 24),

1871 4 9rg + 6r3 + 316 + 2r9g + 118 =0 (mod 24).

Let
v3(s) = Zm cv3(0) =13+ 16+ 2r9 + 2115.
5|18

Reducing (2.4) modulo 2, we obtain
v3(s) =rs+rg (mod 2).
Let us denote:

rL4+ro4r3+1re+re+ 1185 = 2,
r1 4 2ro 4+ 3r3 + 6rg + 9rg + 18r15 =0 (mod 24),
18r1 +9ry + 613 4+ 3rg + 219 + 118 =0 (mod 24).

Reducing (2.6) modulo 2, we find:

ri+r3+r9g=0 (mod 2), T2+ 76+ 718 =0 (mod 2).

Since, the character associated to f(z) is given by

() (3)
Then, from (2.5), (2.6) and (2.7) we obtain

r+re+r9 =0 (mod 2)

These match the given definition of y; and the result follows.

3. Main result

(2.7)

Theorem 3.1 Let f(z) be an eta quotient given by (2.1). Then we have f(z) € M1(To(18),x1) if and

only if

714 2ro 4+ 3r3 + 616 + 99 + 18115 =0  (mod 24),
18r1 + 97y + 615 + 3rg + 2rg + 7118 =0 (mod 24),

1 11111
0§v1/c(f)<4f07"0: ,,,,,

rit+ratr3tret+re+r18 =2,
rit+ret+rg=1 (mod 2).

Proof: Let f(z) € M;i(I'o(18),x1) be an eta quotient given by (2.1).
dim (M7 (To(18), x1)) = 4. We define the eta quotients f1(z), f2(2), f3(2), fa(z) by
(2) =1[1,-3;2,3;3,7;6,—4;9,—2; 18,1],
fa(z) =11,-3;2,6;3,1;6,—2;9,0;18,0],
f3(z) =11,-2;2,1;3,6;6,—3;9,0; 18, 0],
(2) =1[1,-2;2,4;3,0;6,—1;9,2; 18, —1].

(1.6) we have

By Lemma 2.2, we have f1(2), fa(2), f3(2), fa(z) € M1(To(18),x1). One can easily see that the set
{f1(2), f2(2), f3(2), fa(2)} is linearly independent, and so it is a basis for M;(I'y(18), x1). Appealing to

(1.4) and (1.5), we have
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vie() e [T 1/2]1/3[1/6]1/9] 1/18
1 0 1 [ L 0] o0 0
f 0] 3 101 0] 0 0
5 0] 0 | L | 0] 1 0
I 0 2 [ 0] o0 ] 1 0

Thus, for any by, ba, b3, by € C we have
V1 /c(b1f1 + b2 fo + b3 f3 + by fs) € No.
As f(z) can be expressed as a linear combination of fi(z), f2(2), f3(2), and f4(z), we have
v1/¢(f) € No,

from which the second and first assertions follow, respectively. The third assertion follows from [4,
Corollary 2.3] and the fifth assertion follows from (2.3). The converse follows from Theorem 2. O

There are 28 eta quotients in M;(T'g(18), x1). We found all the eta quotients with Sagemath using
Theorems 3.1. We then determined their Fourier coefficients using Theorems 2.1. All these eta quotients
and their Fourier coefficients are listed in the appendices (Table 1).

4. Applications
Theorem 4.1 Let f(z) € M1(To(18), x1) with the Fourier series representation

f(z) = Zanq".
n=0
Then If n =5,11,15,17 (mod 18), we have a,, = 0.

Proof: Suppose n =5,11,15,17 (mod 18). Then

= () §) -

Also, for all positive divisors d of n, we have

= ()= ) - (2)(E)--(E) e

By pairing x1(d) and x1(n/d) for all d | n, we obtain

Z)ﬁ(d) =0.

d|n
The assertion now follows from (1.4), (1.3), and Theorem 2. O
The following corollary follows immediately from Theorem 4.1.

Corollary 4.2 If an eta quotient f(z) given by (2.1) is a modular form of weight 1 with the Fourier
series representation f(z) =Y.~ janq", then

an, =0, ifn=>511,15,17 (mod 18) and r1 +716+1r9 =1 (mod 2).
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5. Appendices

Table 1: Eta quotients in M;(T'9(18), x1) and their Fourier coefficients

No. 1 2 r3 T6 T9 T18 (517527537@1)

1 -3 3 7 —4 -2 1 (3,639
2 -3 6 1 -2 0 0 (3,30-3)
3 -2 1 6 -3 0 0 (2,4,0-3)
4 -2 1 7 -4 -3 3 (1,2,3,-6)
5 -2 4 0 -1 2 -1 (2,1,0,0)

6 -2 4 1 -2 -1 2  (1,2,0,-3)
7 -1 2 -1 0 4 -2  (1,0,1,1)

8 -1 2 0 -1 1 1 (1,1,-1,-1)
9 -1 2 1 -2 -2 4 (0,1,1,-2)
0 0 0 -3 6 1 -2 (00,30

11 0 0 -2 1 6 -3 (0,021

2 0 0 -1 0 3 0 (1,0,-1,0)
3 0 0 0 -1 0 3  (01,0,—1)
4 0 0 1 -2 -3 6  (0,01,-1)
5 0 0 6 -3 -2 1  (0,0,—6,9)
6 0 3 0 -1 0 0 (0,—30,6)
17 1 -2 —4 7 3 -3 (-1,1,3,0)
18 1 -2 -3 6 0 0 (1,-1,0,0)
9 1 1 -1 0 2 -1 (-1,-2,3,3)
20 1 1 0 -1 -1 2 (1,-1,-3,3)
21 2 -1 -2 1 4 -2 (=2,0,4,1)
2 2 -1 -1 0 1 1 (1,-2,-1,2)
23 2 -1 0 -1 -2 4 (0,1,-2,1)
24 3 -3 -4 7 1 -2 (-3,3,3,0)
25 3 0 -1 0 0 0 (3,009 -3)
26 4 -2 -2 1 2 -1 (—4,4,6,-3)
27 4 -2 -1 0 -1 2  (1,-4,3,0)
2 6 -3 -2 1 0 0 (=6,12,0,-3)
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