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On Reduced Reciprocal Randié¢ Energy of Lexocographic Product of Graphs

P. Kiran Paul®, M. A. Sriraj 2, K. N. Prakasha?

ABSTRACT: Let G = G1[G2] represent the lexicographic product of two graphs with m + n vertices and mn
edges. The vertex set of G is given byV (G) = {w;; = (usj,v;5) : 1 <i <m,1 <j<n}. Asintroduced in [4],
the reduced reciprocal Randié¢ matrix of a graph G with n vertices, denoted by RRR(G), is an n X n matrix
whose (i, j)th entry is defined as, /(dv; — 1)(dv; — 1) if the vertices v; and v; are adjacent, and 0 otherwise. The
reduced reciprocal Randié energy of a graph, denoted by RRRE(G), is defined as the sum of the absolute values
of the eigenvalues of RRR(G). In this work, we investigate the reduced reciprocal Randi¢ energy RRRE(G)
for several lexicographic product graphs, including RRR(Km[Kn]), RRR(Km|[Cn])and RRR(Cm|[Chr]).
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1. Introduction

Let G7 and G5 be undirected simple graphs with m and n vertices, respectively. The vertex set of
their lexicographic product G = G1[Gs] is defined as

V(GQ) = {wi; = (ui,v5) : 1 <i<mand 1<j<n}.

Two vertices w; and w; are adjacent if an edge exists between them in G.

The concept of graph energy was introduced in 1978 [3], defined as the sum of the absolute values of
the eigenvalues of the adjacency matrix A(G) associated with the graph G.

In 2014, Gutman et al. [3] proposed the reduced reciprocal Randi¢ matrix RRR(G), given by

RRR(G)= > \/(du —1)(dy, — 1),
v;v; EE(G)

where E(G) denotes the edge set of G, and d,, and d,, represent the degrees of vertices v; and vy,
respectively.

Further research on the reduced reciprocal Randi¢ matrix and its corresponding energy can be found
in [4]. In the present work, we analyze the reduced reciprocal Randié¢ energy RRRFE(G) for several
lexicographic product graphs, including

RRR(K,[K,]), RRR(Kn[Ch]), and RRR(Cy[Cy)).

2. Preliminaries

Definition 2.1 Let G; and G2 be two graphs with m and n vertices respectively. Then Lexicographic
product of two graphs G and G5 is such that the vertex set is the cartesian product V(G1) x V(G2)
and joining any two vertices (u1,uq) and (vy,vs) if and only if, either u; is adjacent to vy in Gy
or u;=vi, ug is adjacent to vy in Gy. This graph is represented by G1[G2] and is also called as
composition of graphs.
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Definition 2.2 [4] The reduced reciprocal randic matrix of a graph G = G ® G2, defined by

—1)(dv; —1) if v; and v; are adjacent
0 otherwise

d,,
If A1, Ao, -+, Ay are its eigenvalues, the reduced reciprocal randic energy of G is defined as
RRRE(G) =Y |-
i=1

Definition 2.3 [1] Let By, Ba, ... B, be square matrices of order n. A block circulant matrix of order
mmn is of the form

B, By --- B,
) B, By -+ Bn
bcirce(By, Ba, ... By) = ) )
By By --- B,

If each B; for 1 < ¢ < n is circulant, then we call the above matrix a circulant block matrix with
circulant blocks.

Theorem 2.1 [1] Let C' be an A-factor block circulant. Then
C =VaP(Da)V,",

where Vy is block Vandermonde matriz and P(z) is the representor of C. Moreover, the set of A-factor
circulants coincides with the set of matrices of the form

Vadiag[My, Ma, ..., M)V,
that is,P(D4) = diag[My, Ma, ..., My,] for a matriz polynomial
P(2) = C1 + Coz+ ...+ Crpz™ Lif and only if [C1Cy ... Cp)Va = [M1 M, ... M,,].
The following result is a consequence of the above Theorem 2.1

Corollary 2.1 [1] The factor circulant C' can also be expressed as

C =RE:, P(KQ)F, A1

where Fy,y, is a block Fourier matriz, Q = diag[l,wl,w?I,...,w0™ ] (w= ea:p(%)), K is the principal

m' root of the non -singular matriz A and R = diag[IKK?... K™~ 'Y. In particular if C is a block
circulant then it can be represented as
C=F;

mn

P(Q)F, .

Motivated by the preceding discussion, Section 2 presents an analysis of the reduced reciprocal Randié¢
energy for the lexicographic product graphs K,,[K,], K,[Cy] and C,,[C,].

3. Reduced Reciprocal Randié¢ Energy of the Lexicographic Product of Graphs

Let G and G2 be two graphs with vertex sets {u1,ua, ..., Uy} and {v1,va, ..., v, }, respectively.
The lexicographic product of these graphs, denoted by G = G1[Gs2], contains mn vertices of the form
wij = (u;,v;).
In [4], the authors examined the reduced reciprocal Randié¢ energy for several types of graphs, including
the complete graph K,,, the crown graph S2, the complete bipartite graph K, , and the cocktail party
graph K, o.

Motivated by their work, we extend this study by determining the reduced reciprocal Randi¢
energy of the lexicographic product of two graphs G; and Ga, represented as G = G1[Ga].
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Theorem 3.1 Let K,,, and K,, be complete graphs with vertices m and n respectively. Then

RRRE(K,,[K,]) = 2(mn —1)%

Proof: Let V(K,,) = {u1,u2,...,un} and V(K,) = {vi,vs,...,v,} be the vertex set of K, and
K, respectively. Then {wi1,w12,..., Win, ..., W1, Wm2, ..., Wnn} is the vertex set of (K,,[K,]) where
Wiy = (ui,vj). Then

RRR(K,[Ky)]) = beirc(Ay, Aay .oy Ap)mnxcmn
where

Ay =cire(O,mn—1,mn—1,--- ;mn — 1)pmxm

and
A2:...:An:circ(mn—l,mn—L"‘ 7mn—1)

From Theorem 1.6, the diagonal form of RRR(K,[K,]) is

mxm *

diag([/\1 -+ (n - 1)/\2], [/\1 - /\2]7 ey [/\1 - /\2])mn><mn

where
A1 = diag((m - 1)(mn - 1)7 1—mn,---,1- mn)mxm

and
Ao = diag(m(mn —1),0,- - ,0)mxm

are the spectra of A; and As respectively.
Consider,
A1+ (n = 1)Ag] = diag((mn —1)2, (1 —mn), -, (1 —mn))mxm

and
[A1 — Ag] = diag((1 — mn), (1 —mn), -, (1 —mn))mxm-

Hence, spectrum of RRR(K,,[K,]) is given by

{(mn —1)2 once

(1—mn) (mn—1) times
Thus,
RRRE(K[Ky]) = 2(mn — 1)%.

a

Theorem 3.2 Let K,, and C, be complete graph and cycle graph with vertices m and n respectively.

Then
<2wk)‘
cos | —
n

Proof: Let V(K,,) = {ui,us,...,unt and V(C,) = {v1,va,...,v,} be the vertex set of K, and C,
respectively. Then {wi1, w1z, ..., Win, .., Wm1, Wm2, ..., Wnn} 1S the vertex set of (K,,[C,]) where w;; =
(us,v5). Then

(n—1)
RRRE(K[Cp]) = (mn—n+1) | (mn—n+2)+ (m—1)n—2[+2m Y
k=1

RRR(K,[Ch)]) = beire(Ar, Aa, ..., An)mnxmn

where

Al=As3=As=-=A,1=circ(0,1+(m—1n,1+(m—Dn, -, 14+ (m — 1)N)mxm,
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and
As = A, =circl+(m—-1)n,1+(m—Dn, -, 1+ (m — 1)n)mxm-

From Theorem 1.6, the diagonal form of RRR(K,[C.]) is

diag <[(n —2) Ap +2A9], [2005 (27:@) (A2 — Al)D

mnxmn

where 1 <k < (n—1),
AL =diag((m —1)(mn—n+1),(n—mn—1),--- ,(n —mn —1))mxm
is the spectrum of A;.

Ao = diag(m(mn —n+1),0,--+ ,0)mxm

is the spectrum of As.
Consider,

[(n—2) Ay +2A2] = diag((mn —n+1)(mn—n+2),(n—2)(n—mn—1),--- ,(n—2)(n —mn — 1)) mxm

s (25 1 ]

2k 2k 2k
= diag <2(mn —n+1)cos (W> ,2(mn —n + 1)cos (W) yoo 5 2(mn —n+ 1)cos <W>> .
n n n .
Hence, spectrum of RRR(K,,[C},]) is given by

and

(mn—n+1)(mn—n+2) once
(n=2)(n—mn—1) (m —1) times
2(mn —n+ 1)cos (2£) where 1 <k < (n—1) m(n— 1) times

<2ﬁk)‘
cos | —
n

Thus,

(n—1)
RRRE(Kp[Cp]) = (mn—n+1) [ (mn—n+2)+ (m—1)n—2/+2m »
k=1

Theorem 3.3 Let C,, and C,, be cycle graphs with vertices m and n respectively. Then

2nt
1+ ncos| —
m
n—1
(=D 27k
cos | — ||.
n

+2m2n+1) Y
k=1

Proof: Let V(C,,) = {u1,ug,...,un} and V(C,) = {v1,v2,...,v,} be the vertex set of Cy, and Cp,
respectively. Then {wi1, w1z, ..., Win, ..., W1, Wma, ..., Wy} is the vertex set of (C,[Cy,]) where w;; =
(us,v5). Then

(m=1)
RRRE(Cp[Cy]) =220+ 1)(n+1) +2(2n+1) Y

t=1

RRR(C,[Cr]) = beire(Ay, As, ..y Ap)mnscmn

where

A =As=---=A,_1 =cire(0,(2n+1),0,--- ,0,(2n 4+ 1))sxm
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and
As = A, =cire((2n+1),(2n+1),0,---,0,(2n 4+ 1))mxm-
From Theorem 1.6, the diagonal form of RRR(C,,[Cy]) is
21k
diag <[(n - 2) A1 +2/\2] s |:2COS <Z) (/\2 — /\1):|)

mnxXmn

where 1 <k < (n—1),

27t
A1 = diag (2(271 +1),2(2n + 1)cos (;)) where 1 <t < (m—1)

mXxXm

and

2
Ao = diag (3(271 +1),2n+1) (1 + 2cos (:f))) where 1 <t < (m—1)
mXxXm

are the spectra of A; and A, respectively.
Consider,

[(n —2) A1 +20s] = diag (2<2n+ Din+1),2(2n +1) (1 neos (2;)))

[2cos (T) (A — /\1)]
(2t o () o 2y (22))

Hence, spectrum of RRR(C,,[C,,]) is given by

mXm

and

22n+1)(n+1) once

2(2n+1) (14 ncos (221)) where 1 <t < (m—1) (m—1) times

2(2n + 1)cos (%) where 1 <k < (n-—1) m(n — 1) times

Thus,
s 27t — 2k
RRRE(Cy,[Ch]) =2(2n+1)|2+n <1 + ; cos <m) D + m; cos <n> ‘ ] .
O
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