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Analytical Solutions for Riemann-Liouville Fractional Operator Using a Generalized
Power Series Framework

Youness Assebbane, Mohamed Echchehira, Mohamed Hannabou, Mustapha Atraoui and Mohamed Bouaouid

ABSTRACT: In this paper, we propose a general form of the power series method to solve non-trivial fractional
differential equations within the Riemann-Liouville framework . The proposed methodology extends and
refines conventional series techniques, effectively overcoming their principal limitations. A rigorous theoretical
foundation underpinning the approach is established, encompassing essential theorems and a comprehensive
convergence analysis that guarantees its reliability. The practical efficacy of the method is demonstrated
through its application to a variety of fractional models, where it is shown to yield accurate solutions and
exhibit performance advantages over some existing schemes.

Keywords: Fractional differential equations, fractional power series, Riemann—Liouville derivatives.

Contents
1 Introduction 1
2 Preliminaries 2
3 Generalized Riemann-Liouville Fractional Power Series 3
4 Conclusion and Comments 10

1. Introduction

The Taylor formula within the Riemann-Liouville framework was first introduced by Riemann in [5].
The Riemann-Liouville generalized Taylor formula was later presented by the authors in [4] in the fol-
lowing form:

m
y(t) =D Yyt —to) T L Rt tg), 0<v <L (1.1)
n=0
_ RLD£7'L+1>V1!(E) (m+1)v RL ~(m+1)v . . . .
where R,,(t,tg) = W(t —to) , to <& < tand Dy is the Riemann-Liouville
fractional derivative of order (m + 1)v , and 7(,) are the series coefficients for all n =0,...,m .
The extension of Taylor’s formula to the so-called Caputo derivative was presented in [9]. Similarly, the
authors in [10] proposed solutions to fractional differential equations within the framework of the Caputo
derivative, expressed as power series of the form:

+oo
y(t) =D A (t = t0)™ (1.2)
n=0

where 0 <m—1 < v <m and t > ¢, which is referred to as an fractional power serie (FPS) centered
at tg, with t as a variable and -, as constants known as the coefficients of the series.
In the same spirit,many authors have generalized the form of the previous series, including the so-called
generalized fractional power series within the Caputo framework [2,1], given in the following form:

—+oo

yt) = Y Ym(t—to)™ " (1.3)

n>0,m>0
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where n,m € N, t > 1o, and () are the series coefficients.

However, we note that the previous forms of power series are not adequate for the fractional derivative
wihin the framework of riemman liouville . For example, one cannot easily solve the following fractional
differential equation using the most recent approaches:

REDEy(t) = py(t), p#0, (1.4)
RLDYFy0) =by, byeR  k=1,2,...,j.

where j — 1 < v <j, 5 € N%
Motivated by this remark, we propose the following form of the power series:

+oo

y(t) = Z 7(n,m)t<7b+1)y+m_j J—1l<v<yg (15)
n>0,m>0

where ¢ > 0 and y(n, m) are the series coefficients.

This form will be used to find solutions for several examples of fractional differential equations,
particularly for the significant problem in (1.4).

The rest of this work is organized as follows. In Section 2,we review essential Definitions and Prop-
erties about fractional derivatives . In Section 3, we provide more details and explanations about our
method and examine some important examples known in the literature to shed light on our present
method. In the final section, we provide an overview of the major findings and advancements presented
in this paper.

2. Preliminaries

This section outlines the foundational concepts and establishes the necessary notation [6]:

Definition 2.1 For v € RY and t > 0, the Riemann-Liouville integral of order v is defined as:

B0 =5 | T e (21)

The Euler gamma function T'(z) is defined by the integral

+00
r(g):/o t"te7ds  (R(€) > 0).

Definition 2.2 Forn—1<v <n andt > tg, the Riemann-Liowville derivative of order v is defined as:

RL ryv _ 1 ar [t y(§)
st = £y |, =g 22
property 1 Ifv € RY and u > 0, then:
(PEDg, (¢ = to) 1) (6) = F(ff‘_‘ )U) (6 = to) ™. (2:3)

In particular, for the case where p = 1 and v € RY, the Riemann-Liouville fractional derivative of a
constant is generally non-zero :

(%205,1) (€) = S (2.4

For each integer j satisfying 1 < j < |v] +1,

(REDy, (t — to)* ) (€) = 0. (2.5)
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Definition 2.3 Forn—1<v <n andt > ty, the Caputo derivative of order v is

C v _ 1 K y(n) (é-)
Diyt) = =) /t Nt (2.6)

property 2 If v € RY and pn > 0, then

L'(p)
L(p—v)

In particular, if p = 1 and v € RT, the Caputo fractional derivatives of a constant are generally zero:

(“D5 (¢ = t0)* 1) (€) = () (2.7)

(“Dy 1) (€)= 0.
Moreover, for j =0,1,....,[v].

(CDy, (t — to)?) (§) = 0. (2.8)
Definition 2.4 If v € R" and 2z € R, the Mittag-Leffler function is defined as:

+oo n

E,(z) = Zm.

n=0

Definition 2.5 Ifv,u € Rt and z € R, the generalized Mittag-Leffler function is defined as:

+oo n
z
E(l/,;t) (Z) = - .
HZ:O T(vn + 1)

3. Generalized Riemann-Liouville Fractional Power Series

In this section, we define FPS to establish and prove a generalized Taylor’s formula with the Riemann-
Liouville fractional derivative. Additionally, we provide illustrative examples to demonstrate the effec-
tiveness of our approach.

Definition 3.1 The generalized fractional power series within the riemann-liouville framework (GFPSR)
s an infinite series of the form:

+o00
y(t) = D Yt — o) HAmF
n>0,m>0
+oo
= > Ayt —to) VIR 1<y <k (3.1)

n>0,m>0

where k € N*, and t > to serves as an indeterminate variable, while y(n, m) represents the coefficients
of the series.

The choice of the exponent of GFPSR in the (3.1) based by the the property 1 and the property 2
for more explain we have the following relation:

(CDt”O(t - to)m) €)= (RLDt”D+(t - to)”+m_k) (& =0, form=0,1,...,[v]

This expression highlights the connection between the Caputo fractional derivative and the Riemann-
Liouville fractional derivative, illustrating how the exponent in the GFPSR is equated with the integer
part of the generalized fractional power series (1.3). Specifically, for integer values of m within the range
0 < m < [v], this choice proves effective in preserving the same calculus techniques for solving fractional
differential equations within the Riemann-Liouville framework.
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Lemma 3.1 Letk—1<v <k,keN*

where ¢,, € R* .

, The equality (D6’+y) (t) = 0 is valid if, and only if,

k—1
)= 3 cmtrtm
m=0

Proof: We begin by expressing y(t) as follows :

n—1 n
_ pv—n+j __ =y
= E cjt = E it
Jj=0 Jj=1

Applying the riemann-liouville fractional derivative - Dg. and using its linearity:

By Property 2, we know that RLDO”+ (t”_j) =0for j=1,2,...,[v] + 1. Thus, we obtain:

Theorem 3.1 Let0<k—1<v <

RLD0+ y ZC]RLDV e ])

j=1

RE DY, (y(t)) = 0.

“+oo
Z V(n,m)t(n+1)y+m_k, 0<k—-1<v<k

n>0,m>0

k and assume the generalized power series

has a radius of convergence R > 0. For 0 <t < R, define the function

+oo

y(t) = Z fY(mm)tnerm*(kiv);

n>0,m>0

Then the following properties hold:

RL v
DO

RLDOJ,- [RLD0+?J

Pm+v—Fk+ _
ZV(Om) )t b

L(m

m>k

—k+1)

F((?’l + 1)” +m—k+ 1)tnu+m—k

n>1,m>0

P(nv+m—k+1)

(m4+v—k+1) _;m
Z’Y(Om)r thr

m>k

—v—k+1)

tmfk

2l/+m kE+1
£3 X )

m>k

n>2,m>0

'm—Fk+1)

+1)V+m k+1)t(n Dv+m—k
—lv+m—k+1)

(3.4)
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Proof:

RL v _ 1 d* ¢ y(§)
5400 = 1= s J, eyt

1 dt [ R +m—k ~ (n+1)v+m—k
:mﬁ/o(t_@ T 2 et Y gt N dg

m>0 n>1,m>0
=) Tn};owm dtk/( — O () de
z 5 /( 7€)kfufl (t(n+l)u+mfk) dé—
n>l ,m>0 (nm>dtk

1 RL v v+m—k
e 2 e ™ i ()
Ik — y) Y(0,m) o+
E ’Y(n m) DD (t(n+1)l/+m7k)

n>1 ,m>0

(m+v—k+1), kim
= Zwom—)t .

= (m—k+1)
F((n+v4+m—k+1) npimk
n,m t . 3.6
+n>;n>07 ) F(nv+m—k+1) (3.6)

+oo
’ v v v I'm4+v—-—k+1) _1im
D [ Dentt] =08 (|3 vom S
m>k

n+1)l/+m E+1) nvim—k
n,m t
+ Z o) T Gyt m— k4 1)

n>1,m>0
+oo
_ RL v F(m+y_k+1) —k+m
= "Dy+ ( Z ’y(o,m)—r(m “E+ 1) t
m>k

RL (QV +m — k + ) v+m—k
D E m t
+ °+<m>07(1 "Tw+m—k+1)

Nn+1)v+m—k+1) npimi
+ Z Y(n,m) t
n>2,m>0 (’fLV‘Fm*k‘Fl)

m—i—l/—lc—i—l ktm—u

m>k v—k+1)
Frv+m—k+1) m_w
+ Y(,m t
mz>:k ) P(m —k+1)
)V+m k"’l) (n—=1)v+m—k
n,m t . 3.7
+ Z n )1" —1lv+m—k+1) (3.7)

n>2,m>0

d

Additionally, the generalized fractional power series (14) arises naturally as the Cauchy product of
two power series after a suitable rearrangement:

+oo +oo +o0
Z V(n’m)t(n+1)u+m—k — vk <Z Cntnu> (Z dmtm> ) (3.8)
n=0 m=0

n>0,m>0
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where Y(n.m) = cndm

Proposition 3.1 ([2/) A power series of the form Zz:og cuth”, convergent at some positive point t = c,
converges absolutely for all t in the interval (0,c).

Corollary 3.1 The convergence of the power series Z;:oz diptF at a positive point t = d gquarantees its
absolute convergence for all t in the interval 0 < t < d.

Theorem 3.2 Consider the two power series C(t) = Zif) et and D(t) = ;»:cx()) dit®. Suppose C(t)
converges absolutely to ¢ fort =t. > 0 and D(t) converges to d fort =ty > 0. Then the Cauchy product
(21) converges to tVed for t = t, > 0, where t, = min{t., tq}.

Proof: The Cauchy product of the series C and D is given by cd, where ¢t = t,,, > 0 and ¢,,, = min{¢., t4}
(see [2]). This implies that the product t"~*CD converges to ¢ Vcd, where the convergence occurs for
t=1tn. U

To illustrate the application of the fundamental method and its essential properties, we provide several
examples demonstrating its effectiveness and versatility in addressing complex mathematical problems:

Example 3.1 Let £k — 1 < v < k,k € N* and p # 0. Consider the initial value problem defined by the
following differential equation

Dy y(t) + py(t) =0, (3.9)
Dy 7y(0)=b;, bjeR  j=12,...k (3.10)

has its solution given by

k
t)=> bit" T E,, i1 (—pt"). (3.11)
j=1

Proof: We consider a modified generalized fractional power series, adapted for the Riemann-Liouville
derivative, of the form:

+oo
W= Y At 0<kov<l
n>0,m>0

Applying the Riemann-Liouville fractional derivative term-by-term yields:

m+1/ E+1) 4 F((n+1l)v+m—k+1) (4 K
Dy, y(t) Z Vo.m) ) Z S p(n—D)pmtu—
m>k m k + 1) n>1,m>0 (TLZ/ +m— k + 1)
(3.12)
We have also
+00 e
pyt)=p D Aumt™ TR =p Y gyt 0TI, (3.13)
n>0,m>0 n>1,m>0

We then substitute (3.12) and (3.13) into (3.9) to arrive at the balance equation:
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m+V k4+1) _pp P(in+Dv+m—k+1) i 1yimavi
t m tn v+rm-—+v
Z’Y(Om (m—k+1) + Z Yenm) Fnv+m—k+1)

m>k n>1,m>0
+oo
+p Z W(n—l,m)t(n_l)y+m+y_k =0.
n>1,m>0
(3.14)
It follows directly that
Yo,m) =0 m2= k, (3.15)
I'nv+m—k+1

F(n+Lv+m—Fk+1)

From (3.15) and the the recurrence relation (3.16), it follows that v(, ) = 0 for all n > 0 and m > k.
Consequently, the only non-zero coefficients are those with m < k, resulting in a solution of the form:

k—1 400

y(t) Z Z Vin, )tm/—i-m—i-v k _ Z mtv— k Z Vin,m)

m=0n=0

From (3.16) we have

Pnv+m—k+1)
I'((n+1)v+m—k+1)

V(nym) = —P Yn-1,m) n=1,m<k—1

This is equivalent to the expression:

n p"F(V+m—k+1)
Ynm) = (=1 g

> 1 <k-1
n+1)y+m,k+1)7(o,m) n>1 m<

RLD(m+V k)’tj( )

W and we deduce that :

where (g,m) =
n pn (m+v—k)
= (-1 LD 0 >1 <k-1.
Vonm) = ( )nm+nu+m+n o+ (0 mzl ms

Therefore, the series solution takes the form:

k
)= bmt" " Eyymir (—pt"). (3.17)

m=1
O
The plot shows the behavior of the function y(t) for different values of v. The parameter p = 1 and

k = 2, and the coefficients b; and by are chosen as 0.5 and 0.02, respectively. The curves are plotted for
v € {1.6,1.7,1.8,2.0}presenting the oscillation equation within the Riemann-Liouville derivative.
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0.4 1

0.2 4

0.0 1

yrult)

— yrclt) forv=16

yaclt) forv=1.7
—— yglf) forv=18
— yrelt) forv=2.0

Figure 1: Plot of y(¢) for different values of 1 < v < 2 in the time range 0 <t < 15 .

Let’s now move on to another example, which focuses on inhomogeneous fractional differential equa-
tions to demonstrate the applicability of our approach.

Example 3.2 Consider the following fractional initial value problem:

Dy, )] = py(t) = 5, D ty(0) = wo (3.15)

Given 0 < v <1 and t > 0, the preceding discussion and the initial condition lead to the following form
for the generalized fractional power series solution of (3.18):

+oo
yt) = D Yt (3.19)

n>0,m>0

Applying the Riemann-Liouville fractional derivative term-by-term yields:

“+o0 +oo
v F(m+y> —1+ F<(n+1>y+m) —1)v+m+v—1
m>1 n>1,m>0

Substituting (3.19) and (3.20) into (3.18) and equating coefficients of like powers of t yields:

1
s — 21
702 T T, ey (8:21)
Yom) =0 m=>1, (3.22)
o) =~ M) s Lm0, (3.23)
Hm C((n+ Ly +m) " " -

This consequently implies that for n > 1:

n Ye3

_ p
)yo, Y(n,2) = I'(

T +v+2) and  Y(n,m) =0 ,otherwise.

Tn0) = Tnv +v
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Consequently, the exact solution to (3.18)is

Y23

+o0 n foo
— P (n+1)r—1 P (n+1)v+1
t) = —t -t 3.24
y(t) yO;F(nu—l—u) Jr7;]Ij(nu—|-2—|—1/) (3.24)

=yot" B, (pt") + " E, 19 (pt¥) (3.25)

In the specific case v = 1, the solution reduces to the classical exact solution of (3.18):

1 1
y(t) = (y " ) et — Lo+ 1)
p? p?
It is important to remark that existing FPS expansions [2,3,4,10] are incapable of producing the
solution given in (3.18) .

Example 3.3 Consider the following fractional differential equation:

r'2+v)

BLDY, [*P Dy y(t)] — 28Dy [y ()] + y(t) = tlfym,

0<v<1t>0 (3.26)

Substituting Egs. (3.1), (3.4), and (3.5) into (3.26) and equating the coefficients of like powers of ¢,
we get y(0,2) = %,’Y(o,m) =0 for m ¢ {0,2},741,2) = %,7(1,7@ = 0 for m ¢ {0,2}, and the following
recursive relation

T'((n+3)v+m) '

Y(n+2,m) =
This yields that

nI'(2v)y1,0) — (n = DL(¥)v0,0)

= >2
V(n,0) I‘((n T 1)]/) n =
ITv+2)(n+1)
= 2 > 0
70D = R Dy 1 2) nz
Ynm) =0, otherwise.
Then, the exact solution is :
+oo —+o0
B =10l (@) S =gt o p) S D e
v =100t ) 2 ey 1007 0) D w10
n=0 n=0
+oo
1 (n+1)
=T 2 — 7yt 3.27
v+ )7;)1“((71+1)V+2) (327)

We note that the solution in (3.27) is not attainable through other established FPS methods [2,3,4,10].
Furthermore, in the classical limit v = 1, the solution reduces to the known exact solution for (3.26):

t) = t — te! + tel —et 41
y(t) = vo,0€" + (’Y(l,o) 7(0,0)) e+ tlee—e +

particular solution

homogenous solution

The provided figure depicts the 5-term approximate ”memory” solutions, denoted as ys(t,v), for
equation (3.27) under different values of 0 < v < 1 within the interval I = (0, %), given that (9 ¢y = 2 and
Y(1,0) = 3. Clearly, the approximate solution ys(t, 1) aligns well with the exact solution in I. Furthermore,
the solution exhibits certain memory and heredity characteristics, suggesting that an appropriate solution
can be obtained for different values of v.



10 Y. ASSEBBANE, M. ECHCHEHIRA, M. HANNABOU, M. ATRAOUI AND M. BOUAOUID

0.0 0.2 0.4 0.6 0.8 10 12 1.4

Figure 2: Plot of y(t) for different values of 0 < v <1 in the time range 0 <t < 1,4 .

4. Conclusion and Comments

In conclusion, the proposed methodology provides a robust and adaptable framework for solving
fractional differential equations within the Riemann-Liouville framework. By introducing the modified
generalized fractional power series, this approach refines traditional fractional power series methods,
addressing their limitations. The framework’s adaptive nature enhances solution accuracy and flexibility,
making it particularly effective for fractional differential equations that cannot be solved by other power
series techniques. This provides a precise and efficient tool for tackling a wide range of problems in
fractional calculus.

Looking ahead, this work paves the way for several promising research directions. A key future
objective is the development of analogous power series methods tailored for other prominent fractional
operators, such as the Atangana-Baleanu and Caputo-Fabrizio derivatives. These operators, defined with
non-singular kernels, have demonstrated significant potential in modeling complex phenomena across
various scientific and engineering fields [16,17,18,19], particularly in capturing material heterogeneities
and processes with memory effects. Establishing corresponding power series solutions would unlock new
analytical and numerical opportunities, further expanding the applicability of fractional calculus and
providing powerful new tools for researchers.
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