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with Variable-Exponents in the Damping and Source Terms
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ABSTRACT: In this paper, we consider a Kirchhoff-type viscoelastic equation with nonlinear damping and
source terms involving variable exponents. We establish results on the blow-up and exponential growth of
solutions corresponding to negative initial energy.
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1. Introduction
In this work, we consider the following system of a parabolic-type Kirchhoff equation with variable
exponents:
up — M (||Vu||2 Au + fot g1t — $)Au(s)ds + |u|" 2wy = f1 (z,u,0), (z,t) € Q% (0,00),

vy — M (||Vv||2 Av + fot g2t — s)Av (s)ds + |’U|Q(x)_2 vy = fo (x,u,v), (z,t) € Q x (0,00), (1.1)
u(z,t) =v(z,t) =0, (x,t) € N x (0,00),
u(z,0) = up(x), v(z,0) =vo(z), =€

where ) be a bounded and regular domain of R™, n > 1, with a smooth boundary 9. The relaxation
functions g;: Rt — RT (i = 1,2) satisfy assumptions to be specified later. The Kirchhoff function is
defined as

M(s)=1+s", ~v>0.

The source terms fi (.,.,.), f2 (,.,.) : @ x R? — L1((0,7T), H}(2)) are given by

i u,0) = alu+ o7 (o 0) 4 bu o o2 (1.2)
Falw,u,0) = afu+ oD (o) 4 oo o) [ufP O
u,v € LY((0,7T), Hi()).

where a, b > 0 are constants and p(.), q(.) : Q© — [1,00) are continuous variable exponent functions on €.
Assume that the exponent p(-) satisfies the log-Holderer continuity condition

A
p(x) —py)| < ——, forall z,y € @ with |z —y| <d. (1.3)

|z—y|

where A >0 and 0 < § < 1.
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From the definitions of fi(u,v) and fa(u,v), we have:
wfi(x,u,v) + vfao(z,u,v) = 2(p(z) + 2)F(z,u,v), V(u,v) € R?, (1.4)

where the potential function F'(u,v) is given by:

F(z,u,v) = alu + v|2(p(r)+2) + 2b|uv|p(z)+2:| 7

2(p(x) + 2) [

and OF OF
%(z,u,v) = fi(z,u,v), %(x,u,v) = fo(x,u,v).

We assume the following bounds for the variable exponents

2<q <gq(z)<q" <g,
2<p” <p(z) <pt <ph

where
¢~ =essinfyeqq(z), ¢ =esssup,cqm(x),
p~ =ess infocop(x), p2 =ess sup,cqp(),

and we assume

2 < g%, pt < -2 ifn > 2.

{2<q*,p*<ooifn§2,
n—2

Then the embedding HE () < L) (Q) is continuous and compact. Before discussing our problem, we
present some earlier work related to wave equations in the case of constant-exponent nonlinearity. For
instance, Erhan Pigkina, Fatma Ekinci [20] studied a system of viscoelastic parabolic type Kirchhoff
equation with multiple nonlinearities This article deals with the following initial value problem:

ug — M (||Vu||2) Au + fot wi (t — 8)Au(s)ds + [u|" % uy = f1 (u,v), 2 €, t >0,
vy — M (HVUH2) Av + fot wa(t — s)Av (s)ds + \v|q*2 vy = fa(u,v), x€Q, t>0, (1.6)

u(z,t) =v(x,t) =0, €I, t>0,
U(JZ,O) = UO(J:)’ U(J?,O) = 1]0(-73), z €N

The system consists of two viscoelastic parabolic-type Kirchhoff equations with memory terms.
M (||Vu||2) and M (HVU||2) represent Kirchhoff-type coefficients depending on the gradient norms,
wiand ws are memory kernels.The terms |u|q*2 u; and |’U|q72 v, represent nonlinear damping. f1 (u,v)
and fs (u,v) are nonlinear source terms depending on both u and wv.

The system is subjected to homogeneous Dirichlet boundary conditions and given initial data in the
domain 2.

Partial differential equations with nonlinear terms and variable exponents have received significant
attention in recent years, as they provide more realistic models for complex physical phenomena. For
example, Wu et al [29] established the blow-up of solutions with positive initial energy for the equation

wy — Du = uP@, (1.7)

These results were later extended by other authors (see[2,28]). Qu et al[23] investigated the fourth-order
equation
up + D?*u = uP@, (1.8)

Analyzing the asymptotic behavior of its solutions. In the absence of the fourth-order term, the equation
takes the form
ug — M (| Vul?) Du + [u|™®) =20, = |u|" =2y, (1.9)
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which was studied by Khaldi et al[8], where they addressed the global existence and stability of solutions.
More broadly, numerous recent studies have addressed local and global existence, blow-up, and stability
results for problems involving variable exponents (see [1,25]). These works motivate our current study, in
which we aim to deepen the understanding of such systems by analyzing a new viscoelastic Kirchhoff-type
model with variable coefficients and complex nonlinearities.

Finally, in[17], Pigkin, Erhan, and Giilistan Butakin studied the following parabolic-type Kirchhoff
equation with variable exponents

(1 + \u|q<f>—2) wp + A%u— M (||Vu||2) Au=u|" %y, in (z,t) € 2 x (0,T),
u(z,t) = 9%(z,t) =0, on (z,t) €92 x (0,T), (1.10)
u(z,0) =up(z), inxze .

This paper is organized as follows: In Section 2, we recall the definition of the variable exponent Lebesgue
space Lp(‘)(Q)7 as well as some of their properties. We also give some hypotheses and some necessary
preliminaries. In Section 3, we prove the blow up of solution with negative initial energy. In Section 4,
we prove the exponential growth of solution with negative initial energy.

2. Preliminaries and assumptions
Let ¢ : Q — [1,00) be a continuous function. We define the Lebesgue space with a variable exponent by:
LrO(Q) = {u:Q — R measurable in Q : p,() (Au) < +oo, for some A > 0}

where
pp() (w) = /Q [l da.

The space LT’(')(Q) equipped with the Luxemburg-type norm

lally iy = Nl oy = inf {A >0 /Q

LP()(Q) is a Banach space.
We also defne the variable-exponent Sobolev space W'P()(Q) as

u ()

A

p(z)
der <15.

whrl(Q) = {u € LPO () such that Vu exists and |Vu| € L”(')(Q)} .

For the relaxation function g we assume the following.

Lemma 2.1 (Holder’s inequality) [9] Let Q be a bounded domain in R™
(i) The space (LP)(Q), Il-llp(z)) s a Banach space, and its conjugate space is Li®)(Q),
where ﬁ + L =1. For any v € LP®)(Q) and v € L1 (Q), we have

q(x)
‘/ uvdx
Q

(i) If p,q € CT(Q) with q(z) < p(x) for any x € Q, then LP)(Q) — L1)(Q), and the imbedding is
continuous.

Lemma 2.2 (Young’s inequality ) [9] Let p,q and s be measurable functions defined on Q such that

+ = for a.e. x € Q.
s(x

Then for all a,b > 0, we have

For p=qg=2,a>0,b>0, we have
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We assume the following hypotheses:

(Hp) The relaxation functions g; : RT — Rt i = 1,2 are a differentiable and decreasing functions such
that

g:(0) >0, g¢i(s) <0, 1 —/ gi(s)ds =1, >0, i=1,2. (2.1)
0

(H2) Assume there exist two positive non-increasing differentiable functions & and &3 such that

gi(t) < —=&(t)gi(t) t>0, /0OO &i(s)ds =00, i =1,2.

By using the direct calculations, we have

o) w13+ 59’ 0 Vu)(1)
oo - ([ ssas) Ivuole].

(gou)(t) = / o(t — ) |u(t) — u(s)|2ds.

Lemma 2.3 (Poincaré’s inequality) [9] Let Q0 be a bounded domain of R™ and q(.) satisfies (1.3), and
1<q <qz) <q" < +oo, Then

N | =

/ g(t —8) (Vug (t),Vu(s))ds = —

0

N =
Sl

where

1,q(-
lullyy < ClIVullyy . for all we Wyt (@),

where the positive constant C depending on q~, q¢* and Q only. In particular, the space W&’Q(')(Q)

has an equivalent norm given by Hu||W1,q(.>(Q) =[[Vully,-
0

Lemma 2.4 [11] There exist two positive constants co and ¢y such that, for all x € Q, (u,v) € R?.

‘o 2(p(2)+2) 20()+2)\ « p < “ 2(p(2)+2) 2(p(2)+2)
2(p() +2) (te *lvl ) <P < 2(p(z) +2) (te Tl )

Corollary 2.1 [11] For all z € Q and (u,v) € R?, we have

co (Pp(a)+1 (4) + pp(ay1 (v)) < /QF (2, u,0) de < ¢1 (Pp()+1 (1) + Pp(a)+1 (v)) - (2.2)

Lemma 2.5 [9] Let p be a measurable function on Q. Then
[ull () <1 if and only if py() (u) < 1.

If1 <p~ <p(x) <p't < +o0, hold then

. - + - +
min {HUHi(,) ) ||UH§(_)} < Pp() (u) < max {H“HZ(,) ) HUIlﬁ(,)} .
for any u € LPV)(Q).
3. Blow-up result

In this section we state and prove our main blow-up result. For this purpose, we define the energy
functional of (1.1) as

5 - 5(1- /Otm(s)ds) vl + 5 (1- /Otg2<s>ds) 17l (31)

1 2(y+1 2(y+1 1
er (HVUH (1) [Vl (v+ )) + 3 ((g1 0 Vu) (t) 4+ (g2 0 V) (t)) — /QF(sc,u,v) dx.

where u, v € Wol’Z(ﬂ/H)(Q).
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Lemma 3.1 E(t) energy functional is nonincreasing function.

Proof: Multiplying the frst equation of (1.1) by u; and the second equation by v, integrating over 2,
since g;(s) <0, we get

B =l =l - 3 [0 [ [Fuof o [ 19060l (32

1 xT)— xTr)—
43 Ll 0 Tu)(0) + (650 Vo) O] = [ funf? " o = [ Juf? o

0.

IN

Now, the main result of this work is given in the following theorem.

Theorem 3.1 [9] Let (1.5)—(2.1) hold, ug, vy € Wg’2(7+1)(ﬂ) and (u,v) is a local solution of the system
(1.1). Assume further that

t
~y .
g‘(S)dS > , 1= 1527
/0 ' Y+ i

and
E(0) <0, max{q ,¢"} <p~ +1. (3.3)

Then there exists a fnite time T* such that the solution of problem (1.1)blows up in a fnite time, and

e 1o
AaL7T=(0)

Lemma 3.2 [11] Assume that (1.5) holds. Then, we have the following inequalities

[P0() (W) + pp() (0)] 2752 < O ([Vul]* + Vo)l + o) (1) + () (v)) (3.4)
2(p~ +2 2(p~ +2
ooy (W) + ppiy (0) < C (I35 + 32 13)) (3.5)
s 2(p~ +2 2(p~ +2
lall3p 12y < € (Il + 90l + 5233 + el e 13)) (3.6)
s 2(p~ +2 2(p~ +2
[ol3-+2) < C (IVul? + V0l + lluall3 1) + leeli313)) (3.7)
( )+1 q_ +1 gt 41
/QW P dr < e {(Ppc) () + pp() (0)) 572 + (pp() (1) + () (0) W*”] : (3.8)
- T+1
[l 35+ 101017 < s (ppay+1 () + ppgay+1 (v)) 5 (3.9)
for any u,v € H} () and 2 < s <2(p~ +2). Where C > 1, c3 >0, ¢sy > 0 are constants.
Proof of Theorem 1. Let us set
H(t) = —E(t). (3.10)
By using (3.10), we have
H'(t) = —E'(t) (3.11)
>

/ w2 Jul ™72 4 +/ 02 [0]7™) 2 da > 0.
Q Q
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Then E(0) < 0 and (3.11) gives H(t) > H(0) > 0. By the defnition H(t) and (2.2), we get

H(t) < /F(:c,u, v)dx (3.12)
Q
< et (Ppy+ () + Pp(ay+1 (v)) -
We defne
— € 2 3 2
L(t)=H (t)+—/ u dx—l——&—f/ vidz, t>0. (3.13)
2 Ja 2 Ja

where € > 0 to be fixed later and

— + —_
. p-—qr+1 p~—1 }
0 < a <min , . 3.14
e it ey 40
By derivating L(t) and using Eq (1.1), we obtain
L'ty = (1—-o)H ()H )+ 5/ wudzr + E/ vevde (3.15)
Q Q

= (=) H' OB () — = (Va0 + Vol P0)

e ((1 _ /Ot g1(s)ds> IVul® + (1 - /Ot gg(S)dS) HVU||2>

t t
—e/ Vu (t)/ g1(t — ) (Vu (t) — Vi (s)) dsda — 5/ Vo (t)/ ga(t — 8) (Vo (£) — Vo (s)) dsda
Q 0 Q 0
+25/(p(a:) +2)F (z,u,v)dz
Q
—E/ wug |u| "7 dx — 5/ v |v] 772 da.
Q Q
In order to estimate the last term in (3.15), we make use of the following Young’s inequality, we have

1
XY < —X2?2 44572
S Xt

3 a(z)—2 q(z)—2
for § >0, with X =wyful” 2 and Y =wlu|” 2, we find

/utu|u|qw)72 dr = /ut |u\q<m’2_2 u\u|w2)_2 dx (3.16)
Q Q
< i/ u? |u|q(gu)72 doc—|—6/ |u|q($) dz.
Similarly, we have
) — 1 z)—
/ v o772 dy < —/ 02 |12 d + 6/ 0|7 dg. (3.17)
Q 40 Jo Q
Cachy-Schwarz ans Young inequalities, we have
¢
/ g1(t —s) / Vu (t,z) (Vu (t,z) — Vu(s, z)) deds (3.18)
0 Q
¢
< /0 91(t = ) [Vu (b, 2)[l, [Vu (t, 2) = Vu(s, 2)|l, ds
I 5
< o /0 g1(s)ds | |Vull5 + (g1 0 Vu) (t), V§>0.
Similarly,
¢
/ ga2(t —s) / Vo (t,z). (Vv (t,z) — Vou(s,z)) deds (3.19)
0 Q
I 5
< = /0 ga(s)ds ) [ V0|2 + 8(g2 0 Vo) (1), V5> 0.
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Combining (3.16), (3.17), (3.18) and (3.19), give

L't > (1—a)H’(t)H*O‘(t)—5<HVu||2(VH)+||Vv||2(”+1)) (3.20)

—6e ((g1 0 V) (t) 4 (g2 0 V) (1)) + 2eco (p7 + 2) (Pp(a)+1 (4) + Pp(a)+1 (v))

—de (/ |u|q (z) dx—i—/ |v|q(’” dx) _ & (/ ut2 |u|q(w)—2 dm+/ Ut2 |v|q(w)—2 daj)
Q

(1= a) H'(t)H <>—e(uv 15058 + 1ol Eh)

v

2(v+1) 2(y+1)

(1 - fo g1(s ) LIVl =< (1 - (- %) Jo gg(s)ds> I |Vl
1—]0 g1(s 1= Jo ga2(s)ds

—de ((g1 0 Vu) (t) + (gz ° Vo) (1)) + 2eco (0™ + 2) (Pp(a)+1 (1) + pp(a)+1 (v))

—de (/ |u|q(z) dz —|—/ |v|q(m) d;v) _ = (/ u? |u|q(w)72 dx +/ v? |v|q(m)72 dx> .
Q Q 46 \Ja Q

1-(1-45) o gi(s)ds .
1—[¢ gi(s)ds , 1 =1,2.
By using Lemma 3.8 (2.1) and estimate (3.20), we get

We denote 7; =

L) = (=) HOH 1) e (|IVul*0) 4 7o) (3.21)
—& (ml |Vull® + nela ) [ Vo]
—52 (g1 0 Vu) (£) + (g2 0 V) (8)) + 220 (0~ + 2) (Pp(ey 11 (1) + Ppay41 (V)

—d¢e (/ |u|q<x) dx +/ \v|q<x) da:) - (/ u? |u|q(w)_2 dx —|—/ v? |v\q(m)_2 dx)
Q Q 46 \Ja Q

(1= o) B/ (O H*(t) — & (IVul0) 4 7o)+

Y

—& min (1) (L [ Vul* + 12 Vo] *)
—de (g1 0 Vu) (£) + (92 0 Vo) (£)) + 220 (5 +2) (piay 1 () + pyayia (0)

_qt _q=
~0ecs ((Pp<x>+1 (1) + pp(z)+1 () 7+ (Pp@) 41 (W) + Pp(ay 41 (V) 7~ )

£ /uf\u|q<w)_2dac—|—/vt2 |v|q(z)_2dx )

Then, from the defnition H(t) and l;, (i = 1,2), we get

= (W IVl + 1290 (3.22)
> M“”Tin (Il 4+ 90l 0) + (91 0 V) (1) + (920 Vo) (1) — 2 /Q F (,u,0) de
1 2(y+1 2(y+1
> 200 + 5 (IVal*T* Y + 196200 ) + (910 V) (1) + (920 F0) (1)

—2c (pp(m)+1 (u) t Pp(a)+1 (U)) :

Using the last inequality, for 2 >0, 0 < 8 <1 and d > 0, we have

z5§z+1§(l+;)(z+d). (3.23)



8 A. BOUREGA AND F. YAzID

Applying (3.23) with 2 = pp(z)41 (W) + pp(z)+1 (v), d = H(0), B = pfil < 1 and then with = 4~ <1

. p—+1
respectively, we get

qt

(Pp@)+1 (W) + pp(ey1 (0)) 7 F1 < (1 + Ht@) (Pp@)+1 (W) + pp@y+1 (v) + H(0))  (3.24)
< es ((Ppa)1 (W) + ppay+1 (v) + H(1))

where ¢ =1+ ﬁ.
Similar calculations give, for some c5 > 0

=

(Pp(a)+1 (W) + Pp@)y1 (0) 7 < e5 (Ppa) 41 (W) + ppay+1 (V) + H(L)) (3.25)

A combination of (3.5) — (3.24) — (3.25) implies that, for some cg > 0

gt q—
/Q |ul7®) dz + /Q 1™ dz < 2e4 <(pp(w)+1 (W) + Pp(a)+1 (0)) P~ + (Ppa)1 (W) + Pp(a)+1 (V) "“) (3.26)
< ¢ (pp(z)+1 (u) + Pp(x)+1 (’U) + H(t)) )
where ¢cg = 4cy.c5.
Consequently,
L) = (1—a)H'(OH (1) == (Va0 + Vel P0) (3.27)
1
= min () ( —2H(8) + (17l 4 Vo)) 4 (g1 0 Va) (1) + (92 0 To) (1)
i=1,2 (y+1)
—2¢ min (772)/ F(z,u,v)dx
i=1,2 Q

=0 (910 Vu) (t) + (92 0 Vo) (1)) + (2eco (p™ +2) — decs) (Pp(ay+1 (W) + ppay41 (v))

£ /uf \u|q(m)72dx+/vt2 |’u|q(x)72dx

(1~ a) H'()H (1) + 2¢ (mg (ne) - 5) H(1)

=1,

min;—1 3 (1) 2(y+1) 2(y+1)
=12 Uk 1) (1w v
ve (A 1) (jvulo 4 o)

e (i, (90 = 6) (910 9) () + (520 90) (0)

Y

+€ (200 (p7 + 2) -2 12%112 (i) er — 506) (P;o(a:)-H (u) + Pp(z)+1 (v))

. /ut2 \u|q(m)_2dac—|—/vt2 |v|q($)_2das .

So by choosing § such that ﬁ = kH™*(t), where x is a large constant to be specified later,
0

13 <m(7ry+12)(m) — 1) Z O, g (mini:LQ (nz) — (5) =

cr=¢ (200 (pf + 2) — ergnQ (ni) — 5506> > 0.

substituting in(3.27), we obtain

L) > (L= a ) H'@OH () + 2 miny () HE) + cr (o1 (0) + pyays1 (1) (3:28)
> s (H(t) + Pp(x)+1 (u) + Pp(z)+1 (U)) )
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where ¢g = min (2e min;— 2 (1;), ¢7) and we pick € small enough such that 1 —a —ex > 0.
Next, using the algebraic inequality

(a+b)P < 2P~ 1 (a? + 7).
and on the other hand, thanks to the Holder’s inequality and the embedding L® +1(Q) < L?(Q),

we obtain
Finally, by noting that

Le() = (Hl“"(t)+§/ﬂu2das+;/ﬂ112dx> - (3.29)

1
_a 3 2, € 2) -«
< 1—«a - =
< 2 [H(t)+(2|u|| + < Iol’?) }
i = o
< CH@®) + [lull =5, + Ilvlpil}
= clEO+ (- 5) "™ + (e ]
- 2
< C _(Pp(x)+1 (1) + Pp(a)+1 (v)) FQ}
< CLH®) + ppayer (W) + ppgoy+1 (v)]
we get, for some
1
L4 (t) < C[H(t) + pp(ey+1 (W) + ppay+1 (v)] - (3.30)

Thus,(3.28) and (3.30) arrive at

L'(t) > AL (t), for t > 0. (3.31)

where A = & is a positive constant.

A direct integration over (0,t) of (3.31) then yields

LTa(t) > — —, for t > 0.
L™7=a(0) — A%
Therefore, L(t) blows up in time
T<T* = 1_7‘10‘.
AaLT-=(0)
which implies that L(t) — +oo, as t — T*, where T' < T™* = #%a(o)' Consequently, the solution of

problem (1.1) blows-up in a finite time.
This completes the proof.

4. Exponential growt
In this section, we aim to indicate that the energy grow up as an exponential function as time as goes to

infinity.

Theorem 4.1 Suppose that (1.5) — (2.1) hold. (u,v) be a any solution to (1.1). Suppose further that
E(0) <0 and

t
v .
gi(s)ds > 1= 152
/o v+ 1

Then, the solution to (1.1) grows exponentially.
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Proof: We define
G(t):=H(t)+ E/ u?dr + —&—E/ vidx, t>0. (4.1)
2 Ja 2 Ja

where H(t) = —FE(t) and choose 0 < & < 1 in this interval to obtain small perturbation of E(t) and
we will indicate that G(¢t) grows exponentialy, namely G(t) satisfies a differential inequality of the form

G'(t) > E0G(t), for t > 0.
By derivating (4.1) and using Eq (1.1), we have
G'{t) = H'(t)+5/utudx+s/vtvda: (4.2)
Q Q
1
= [luell3 + [lvell; + 3 [gl(t) IVul* + g2(2) IIWIIQ}
1 ! z)— z)—
~5 Lt o T + (g5 o To)O)+ [ a1l dw ot [ ol ol 2 o
Q Q
— (IVulP0F) + | 9o) ) — & (vl + Vo))
t
+€/ Vu(t / g1(t —s)Vu (s )dsders/ Vo (t)/ g2(t — s)Vu (s) dsdx
Q 0

+5/ (ufr (z,u,v) +vfs (x,u,v))dx
Q

—5/ wug |u) 2 dy — 5/ vvy 0|12 da
Q Q

1
> fwnll3 + ol + 5 [92(6) IVl + g2(6) V0l
— (Ivull® + | vol?)

1 xr x
~5 6t o V(O + (50 Vo)) + [ fu® [l da [ o o

—c (HVUHQ(VH) + ||VU||2(’Y+1)> +2¢ (p~ +2)/ F (z,u,v)dz
Q
t
—I—E/ Vu(t / g1(t —s)Vu(s )dsdw—i—&/ Vo (t / g2(t — s)Vu (s) dsdx
0

—5/ wuy [u]?™ 7 d — 6/ ooy o] 172 da.
Q )

Terms in (4.2) is estimated as follows:

— 1 xT)— xT
/utu|u|q(m) *dx < —/ u? |u|q( ) 2dx+5/ |u|q( ) da. (4.3)
Q 40 Jq Q
Similarly, we have
— 1 x)— x
/ vV \v|q(z) *dx < —/ v? |v|q< )72 4y + 5/ |v|q( ) da. (4.4)
Q 40 Jo Q
Therefore, combining with and Cachy-Schwarz ans Young inequalities, we have
/ Vu (t / g1(t — s)Vu (s) dsdz (4.5)

/ g1(s)ds || Vul]? —/ g1(t—s) /Vu (t,x) (Vu (t,z) — Vu(s, z)) dzds

I 2 1
7/0 g1(s)ds ||Vul| —i(gloVu)(t).

2
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Similarly,
1 /¢ 5 1
Vv 92 (t —s)Vv (s)dsdz > 5 g2(8)ds ||Vo|” — 5(92 o Vo) (t). (4.6)
0
Combining (4.3) ,(4.4) 7(4.5)and (4.6), give
Gt = Jul®+ ol — & (IFul*TH + Vo P0H) (4.7)
I 2 I 2
—& 1—5 g1(s)ds ) || Vu||” — ¢ 1—5 g2(s)ds | | V]
E
5 (lg10Vu) () + (g2 0 V) (1)) + 2eco (P +2) (Pp() 1 (W) + P11 (v)
e ( AT dx) (1-2) ( [t o [ o |vq<”>—2dx)
45 0
>l + floel = & (JVulPOH + Vol POD)

1-1 tg s)ds 1-1 tg s)ds
e Y ¥ 2L PR
1— [, 91(s)ds 1— [, 92(s)ds

: ((91 0 Vu) (t) + (g2 0 Vo) (1)) + 2eco (P 4 2) (Pp(a)+1 (1) + o)1 (V)

—de (/ |u|q<m) dx +/ |v\q(z) d:c) (1 — 4—5) (/ ' |u|q(m)_2 dx +/ v? |v\q(z)_2 dz) .
Q Q Q

|
DO |

o 1—%13 gi(s)ds .
We denote w; = T g ()ds 1=1,2.
2 2 2 1 2 1
G'(t) = el + ol = & (IVulP0F + 7o) 20+ (4.8)

¢ (wlll |Vu? + wzzz) ik

*% ((g10Vu) (t) 4 (g2 0 V) (1)) + 2eco (p7 +2) (Pp(a)+1 (W) + Pp(a)+1 (v))

—de (/ |u|II(9€) daj—‘r/ |U‘Q(:E) dx) + (1_ B) (/ u? |u|Q(x)—2dm+/ Ut2 |Uq(x)—2dx>
Q Q a

2 2 2 1 2 1
el + ol = & (IVal*@+Y + vl P0HD)

Y]

—e min (w) (L [ Vul® + 2 | Vo] )

—% ((g10Vu) (t) 4 (g2 0 V) (£)) + 2eco (07 + 2) (Pp(a)+1 (W) + Pp(a)+1 (v))

—de (/ |u|q<m) dz +/ |v\q(z) dcc) (1 — @) </ ' |u|q<m)_2 dz +/ v? |v\q(z)_2 dz) .
Q Q Q

Then, from the defnition H(t), consequently,

G0 > el + ol + 22 min (w,) H() (49)
c min;— 2 (w;) 1 (”qu?(erl) + HVUH2(W+1))
v+1

te <mg( ) - 1) (91 0 V) (£) + (g2 0 Vo) (1)

1=

+e <200 (P~ +2) —2c40 — 2¢4 112%112 (wl)) (Pp)+1 (W) + ppizy1 (v))

+ (1 — i) (/ ’U,E |u|Q($)—2 dr +/ Ut2 |U‘q($)—2 da:) .
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Taking ¢ small enough such that ki = 2c¢o(p™ +2) — 2c4d — 2¢imin—1 2 (w;) > 0 and
ks = min;—1 2 (w;) — 2 > 0 and k3 = mm%'f(w) —1 > 0 then taking e small enough such that 1 — & >0
, we have

G'(t) > [H(t) + lJuel” + [loell* + (g1 0 V) (&) + (g2 © VO)(E) + Pp(ay+1 (1) + Pp(aye1 (v)| . (4.10)

Thus, the functional G(t) is strictly positive and increasing for all ¢ > 0.
Conversely, from G(t) function we obtain

e 3
G(t) = H(O)+ 3l + S ol (4.11)
< " [H®+|Vul* + | Vol’]
<

C [ @)+ Juel® + ool + (g1 © Vu)(£) + (92 0 T0)(t) + ppiayr (1) + ppiaysr (v)
From (4.10) and (4.11) we arrive at
G'(t) > AG(t), for t > 0. (4.12)

where A = c% > ( is a constant.
Integration of (4.12) over (0,t) gives us

G(t) > G(0)exp (At), for t > 0. (4.13)

his completes the proof. O
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