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abstract: In this paper, we introduce a new class of Hermite-based Appell-type Changhee polynomials and
generalized Gould-Hopper-Appell-type Changhee polynomials and present some properties and identities of
these polynomials. The resulting formulas allow a considerable unification because the given definition uncovers
and brings into focus patterns and properties shared by different classes of special functions and number theory.
We obtain new representations, sums and identities which arise from various forms of generating functions.
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1. Introduction

The Hermite polynomials play an essential position within extension of the classical, unique features.
Starting from the Hermite polynomials. It has already been possible to attain a few extensions of a few
classically unique sets of capabilities, which include Bessel capabilities, Dickson polynomials, Laguerre
polynomials, Chebyshev polynomials (see [1-3, 9-11, 25-38]).

The Hermite (or 2 variable Kampé de Fériet) polynomials is given by (see [1, 2])

Hj(ξ, η) = j!

[ j2 ]∑
r=0

ηrξj−2r

r!(j − 2r)!
. (1.1)

These polynomials are usually defined by the generating function

eξz+ηz2

=

∞∑
j=0

Hj(ξ, η)
zj

j!
, (1.2)

and reduce to the ordinary Hermite polynomials Hj(ξ) (see [1]) when η = −1 and ξ is replaced by 2ξ.

Jedda et al. [10] introduced a class of two-index real Hermite polynomials of degree p+ j by

hp,j(ξ) = (− d

dξ
+ 2ξ)p(ξ)j = p!j!

min(p,j)∑
k=0

(−1)kξp−kHp−k(ξ)

k!(j − k)!(p− k)
. (1.3)
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Note that hp,0(ξ) = Hpξ(ξ), h0,jξ(ξ) = ξj and hp,j(0) = 0, if p < j.

The generating function of hp,j is given by

∞∑
p=0

∞∑
j=0

hp,j(ξ)
upvj

p!j!
= e−u2+(2u+v)ξ−uv. (1.4)

Furthermore, for η = u = −v, Jedda et al. [9] proved that

eξη =

∞∑
p,j=0

(−1)jhp,j(ξ)
ηp+j

p!j!
. (1.5)

The generating function of Gould-Hopper polynomials G
(q)
m (w|γ) introduced by Dattoli et al. ([3, p.

72]) is given by

ewv+γvq

=

∞∑
m=0

G(q)
m (w|γ)v

m

m!
, (1.6)

so that for every complex numbers u, v, z and w, we have (see [7],pages (5) and (6)):

∞∑
j=0

H
(p,q)
j,m (z, w|γ)u

n

n!
= G(q)

m (w|upγ)ezu, (1.7)

and
∞∑

m=0

H
(p,q)
j,m (z, w|γ)v

m

m!
= G

(q)
j (w|vpγ)ezv, (1.8)

where the polynomials H
(p,q)
j,m (z, w|γ) contain all the classes given above. Moreover, they give rise to

new classes of polynomials of Hermite type. The concrete study of this polynomial is presented in [7] in
a unified way and includes the connection to Gould-Hopper polynomials [8], operational representations
and connection to hypergeometric function, generating functions, addition formulas of Runge type, mul-
tiplication formulas, Nielson formulas and higher order differential equation they obey.

The falling factorial sequence is defined by

(ξ)0 = 1, (ξ)j = ξ(ξ − 1) · · · (ξ − j + 1), (j ≥ 1). (1.9)

The first kind of Stirling numbers are defined by

(ξ)j =

j∑
k=0

S1(j, k)ξ
k, (j ≥ 0), (see [1-10]). (1.10)

and as an inversion formula of (1.10), the Stirling numbers of the second kind are given by (see [4-11,
19-24]):

ξj =

j∑
k=0

S2(j, k)(ξ)k. (1.11)

From (1.9) and (1.10), we note that the generating function of Stirling numbers of the first kind and
that of the second kind are respectively given by (see [1-18):

1

k!
(log(1 + z))k =

∞∑
j=k

S1(j, k)
zj

j!
, (1.12)
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and
1

k!
(ez − 1)k =

∞∑
j=k

S2(j, k)
zj

j!
, (k ≥ 0). (1.13)

Let p be a fixed odd prime number. Throughout the article, Zp,Qp,Cp will respectively denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of
Qp. The normalized p-adic is given by | p |p = 1

p . For f : Zp → Cp (f being a continuous function), the

fermionic p-adic integral of f is defined by Kim (see [13]):

∫
Zp

f(ξ)dµ−1(ξ) = lim
N→∞

pN−1∑
ξ=0

f(ξ)µ−1(ξ + pNZp) = lim
N→∞

1

pN

pN−1∑
ξ=0

f(ξ)(−1)ξ. (1.14)

It is apparent from (1.14) that∫
Zp

f(ξ + 1)dµ−1(ξ) +

∫
Zp

f(ξ)dµ−1(ξ) = 2f(0), (see [14, 15, 16]). (1.15)

The Changhee polynomials are defined by (see [15])∫
Zp

(1 + z)ξ+ηdµ−1(η) =
2

2 + z
(1 + z)ξ =

∞∑
j=0

Chj(ξ)
zj

j!
. (1.16)

At the point ξ = 0, Chj = Chjξ(0) are called the Changhee numbers.

The Euler polynomials are represented by the p-adic q-integral on Zp as follows (see [13])∫
Zp

e(ξ+η)dµ−1(η) =
2

ez + 1
eξz =

∞∑
j=0

Ej(ξ)
zj

j!
. (1.17)

Lim and Qi [17] introduced the Appell-type λ-Changhee polynomials which can be represented by the
p-adic integral on Zp as follows:∫

Zp

eln(1+λz)
η
λ +ξzdµ−1(η) =

2

(1 + λz)
1
λ + 1

eξz =

∞∑
j=0

Chj(ξ|λ)
tj

j!
. (1.18)

At the point ξ = 0, Chj(λ) = Chj(0|λ)) are called the λ-Changhee numbers. Note that Chj(1) = Chj

for j ≥ 0.

They have proved that

Ch
(r)
j (ξ|λ) =

j∑
l=0

(
j

l

)
Ch

(r)
l (λ)ξj−l.

Recently, Lee et al. [18] introduced the Appell-type Changhee polynomials are defined by

2

2 + z
eξz =

∞∑
j=0

Ch∗
j (ξ)

zj

j!
. (1.19)

In the case ξ = 0, Ch∗
j = Ch∗

j (0) are the Appell-type Changhee numbers.

In this paper, we have presented the generalized Hermite-based Appell-type Changhee polynomials
and discussed, in particular, some interesting series representations. We have deduced some relevant
properties by using the structure and the relations satisfied by the recently generalized Hermite polyno-
mials. Section 2 incorporates the definition of Hermite-based Appell-type Changhee polynomials and a
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preliminary study of these polynomials. Some theorems on implicit summation formulae for Hermite-

based Appell-type Changhee polynomials HCh
(∗,r)
j (ξ, η) and their special cases are given in Section 3.

Section 4 is a consequence of the definition of the two-index real Hermite-Appell-type Changhee polyno-
mials and generalized Gould-Hopper-Appell-type Changhee polynomials combined with their properties
and special cases.

2. Hermite-Based Appell-Type Changhee Polynomials

This section incorporates the definition of Hermite-based Appell-type Changhee polynomials and a
preliminary study of these polynomials.

Let ξ, η ∈ R, we define Hermite-based Appell-type Changhee polynomials as

2

2 + z
eξz+ηz2

=

∞∑
j=0

HCh∗
j (ξ, η)

zj

j!
. (2.1)

When η = 0 then HCh∗
j (ξ, 0) = Ch∗

j (ξ) and Hermite-based Appell-type Changhee polynomials reduce
to Appell-type Changhee polynomials. When ξ = η = 0, we write Ch∗

j = HCh∗
j (0, 0), the Appell-type

Changhee numbers for j ≥ 0.

Using (1.2), we can extend (2.1) in the form(
2

2 + z

)r

eξz+ηz2

=

∞∑
j=0

HCh
(∗,r)
j (ξ, η)

zj

j!
. (2.2)

Theorem 2.1. Let j ≥ 0. Then

HCh∗
j (ξ, η|λ) =

j∑
l=0

(
j

l

)
Ch∗

jHj−l(ξ, η). (2.3)

Proof: By using (1.2) and (2.1), we complete the proof. 2

Theorem 2.2. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ, η) =

[ j2 ]∑
l=0

(
j

2l

)
Ch

(∗,r)
l (ξ)ηl. (2.4)

Proof: In (2.2), we expand eηz
2

in series, use (1.2) and then compare the coefficients of t on both the
sides to get the result. 2

Theorem 2.3. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ, η) =

j∑
k=0

k∑
l=0

(
j

k

)
(ξ)lS2(k, l)HCh

(∗,r)
j−k (0, η). (2.5)

Proof: From (2.2), we have

∞∑
j=0

HCh
(∗,r)
j (ξ, η)

zj

j!
=

(
2

2 + z

)r

eξz+ηz2

=

(
2

2 + z

)r

eηz
2

(ez − 1 + 1)ξ
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=

∞∑
j=0

HCh
(∗,r)
j (0, η)

zj

j!

∞∑
l=0

(ξ)l
1

l!
(ez − 1)l

=

∞∑
j=0

HCh
(∗,r)
j (0, η)

zj

j!

∞∑
l=0

(ξ)l

∞∑
k=l

S2(k, l)
zk

k!

=

∞∑
j=0

HCh
(∗,r)
j (0, η)

zj

j!

∞∑
k=0

k∑
l=0

(ξ)lS2(k, l)
zk

k!

=

∞∑
j=0

(
j∑

k=0

k∑
l=0

(
j

k

)
(ξ)lS2(k, l)HCh

(∗,r)
j−k (0, η)

)
zj

j!
. (2.6)

In view of (2.2) and (2.6), we get (2.5). 2

Theorem 2.4. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ + α, η) =

j∑
k=0

k∑
l=0

(
j

k

)
(ξ)lS2(k + α, l + α)HCh

(∗,r)
j−k (0, η). (2.7)

Proof: On changing ξ by ξ + α in (2.2), we see that

∞∑
j=0

HCh
(∗,r)
j (ξ + α, η)

zj

j!
=

(
2

2 + z

)r

eξz+ηz2

eαz

=

(
2

2 + z

)r

eηz
2

eαz(ez − 1 + 1)ξ

=

∞∑
j=0

HCh
(∗,r)
j (0, η)

zj

j!
eαz

∞∑
l=0

(ξ)l
1

l!
(ez − 1)l

=

∞∑
j=0

HCh
(∗,r)
j (0, η)

zj

j!
eαz

∞∑
l=0

(ξ)l

∞∑
k=l

S2(k, l)
zk

k!

=

∞∑
j=0

HCh
(∗,r)
j (0, η)

zj

j!

∞∑
k=0

k∑
l=0

(ξ)lS2(k + α, l + α)
zk

k!

=

∞∑
j=0

(
j∑

k=0

k∑
l=0

(
j

k

)
(ξ)lS2(k + α, l + α)HCh

(∗,r)
j−k (0, η)

)
zj

j!
. (2.8)

Therefore, by (2.2) and (2.8), we obtain the result (2.7). 2

Theorem 2.5. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ, η) =

j∑
l=0

(
j

l

)
HCh

(∗,r−k)
j−l (ξ, η)HCh

(∗,k)
j (0, 0). (2.9)

Proof: We observe that
∞∑
j=0

HCh
(∗,r)
j (ξ, η)

zj

j!
=

(
2

2 + z

)r

eξz+ηz2

=

(
2

2 + z

)r−k (
2

2 + z

)k

eξz+ηz2
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=

∞∑
j=0

HCh
(∗,r−k)
j (ξ, η)

zj

j!

∞∑
l=0

HCh
(∗,k)
j (0, 0)

zl

l!

=

∞∑
j=0

(
j∑

l=0

(
j

l

)
HCh

(∗,r)
j−l (ξ, η)HCh

(∗,k)
j (0, 0)

)
zj

j!
. (2.10)

By (2.2) and (2.10), we get the required result. 2

Theorem 2.6. Let j ≥ 0. Then

HCh
(∗,r)
j (ζ, u) =

j∑
k=0

(
j

k

)
Hk(α− ξ + ζ, β − η + u)HCh

(∗,r)
j−k (ξ − α, η − β). (2.11)

Proof: By (2.2), we note that

∞∑
j=0

HCh
(∗,r)
j (ζ, u)

zj

j!
=

(
2

2 + z

)r

e(ξ−α)z+(η−β)z2

e−(ξ−ζ−α)z−(η−u−β)z2

= e−(ξ−ζ−α)z−(η−u−β)z2
∞∑
j=0

HCh
(∗,r)
j (ξ − α, η − β)

zj

j!

=

∞∑
k=0

Hk(α− ξ + ζ, β − η + u)
zk

k!

∞∑
j=0

HCh
(∗,r)
j (ξ − α, η − β)

zj

j!

=

∞∑
j=0

(
j∑

k=0

(
j

k

)
Hk(α− ξ + ζ, β − η + u)HCh

(∗,r)
j−k (ξ − α, η − β)

)
zj

j!
. (2.12)

In view of (2.2) and (2.12), we arrive at the desired result. 2

Remark 2.1. Letting u = ζ = 0 in Theorem 2.6, we get

Corollary 2.1. Let j ≥ 0. Then

Ch
(∗,r)
j =

j∑
k=0

(
j

k

)
Hk(α− ξ, β − η)HCh

(∗,r)
j−k (ξ − α, η − β). (2.13)

Theorem 2.7. Let j ≥ 0. Then

j∑
q=0

[ j−q
2 ]∑

l=0

(
ξ

η2
− η

ξ2

)l
HCh

(∗,k)
j−2l−q(ξ, η)Ch

(∗,k)
q

l!q!(j − q − 2l)!ηqξj−q−2l

=

j∑
l=0

Ch
(∗,k)
l HCh

(∗,k)
j−l (η, ξ)

(j − l)!l!ξlηj−l
. (2.14)

Proof: On changing z with z
ξ and r by k, we can write (2.2) as

∞∑
j=0

HCh
(∗,k)
j (ξ, η)

zj

ξjj!
=

(
2

2 + z
ξ

)k

e
z+η z2

ξ2 . (2.15)



Certain Properties on Appell-Type Changhee Polynomials Associated with Hermite Polynomials7

Now interchanging ξ by η, we have

∞∑
j=0

HCh
(∗,k)
j (η, ξ)

zj

ηjj!
=

(
2

2 + z
η

)k

e
z+ξ z2

η2 . (2.16)

Comparison of (2.15) and (2.16) yields

e
ξ z2

η2 −η z2

ξ2

(
2

2 + z
η

)k ∞∑
j=0

HCh
(∗,k)
j (ξ, η)

zj

ξjj!

=

(
2

2 + z
ξ

)k ∞∑
j=0

HCh
(∗,k)
j (η, ξ)

zj

ηjj!

=

∞∑
l=0

( ξ
η2 − η

ξ2 )
l

l!
z2l

∞∑
q=0

Ch(∗,k)
q

zq

ηqq!

∞∑
j=0

HCh
(∗,k)
j (ξ, η)

zj

ξjj!

=

∞∑
l=0

Ch
(∗,k)
l

zl

ξll!

∞∑
j=0

HCh
(∗,k)
j (η, ξ)

zj

ηjj!

∞∑
j=0

 j∑
q=0

[ j−q
2 ]∑

l=0

(
ξ

η2
− η

ξ2

)l
HCh

(∗,k)
j−2l−q(ξ, η)Ch

(∗,k)
q

l!q!(j − q − 2l)!ηqξj−q−2l

 zj

=

∞∑
j=0

(
j∑

l=0

Ch
(∗,k)
l HCh

(∗,k)
j−l (η, ξ)

(j − l)!l!ξlηj−l

)
zj . (2.17)

Therefore, by (2.2) and (2.17), we obtain the result (2.14). 2

3. A Class of Two-Index Real Hermite-Based Appell Type Changhee Polynomials

This section is a consequence of the definition of the two-index real Hermite-based Appell-type
Changhee polynomials and generalized Gould-Hopper Appell-type Changhee polynomials combined with
their properties and special cases.

We define two-index real Hermite-based Appell-type Changhee polynomials by the generating function(
2

2 + z

)r

e−u2z2+(2uζ+v)ξ−uvz =

∞∑
j=0

hCh
(∗,r)
j (ξ, u, v)

zj

j!
. (3.1)

For v = 0, (3.1) reduces to (
2

2 + z

)r

e−u2z2+(2uz)ξ =

∞∑
j=0

hCh
(∗,r)
j (ξ, u, 0)

zj

j!

=

∞∑
j=0

Ch
(∗,r)
j (ξ)

zj

j!

∞∑
m=0

Hm(ξ)
umzm

m!
.

Replacing j by j −m and comparing the coefficients of zj , we get

hCh
(r)
j (ξ, u, 0) =

j∑
m=0

(
j
m

)
umCh

(∗,r)
j−m(ξ)Hm(ξ),
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where Hm(ξ) is ordinary Hermite polynomials.

Note that the above result for u = 1 is a special case of (2.2) because when ξ is replaced by 2ξ and
η = −1 then we have (

2

2 + z

)r

e2ξz−z2

=

∞∑
j=0

HCh
(∗,r)
j (2ξ,−1)

zj

j!
. (3.2)

In other words

hCh
(∗,r)
j (ξ, 1, 0) = HCh

(∗,r)
j (2ξ,−1).

Theorem 3.1. Let j ≥ 0. Then

hCh(∗,r)
m (ξ, u, v) =

∞∑
j=0

m∑
s=0

Ch(∗,r)
s hm−s,j(ξ)

um−svj

(m− s)!j!
. (3.3)

Proof: On replacing u by uz in (1.4), we have

∞∑
m=0

∞∑
j=0

hm,j(ξ)
(uz)mvj

m!j!
= e−u2z2+(2uz+v)ξ−uvz.

Then using (3.1), we can write

∞∑
s=0

hCh(∗,r)
s (ξ, u, v)

zs

s!
=

(
2

2 + z

)r

e−u2z2+(2uz+v)ξ−uvz

=

∞∑
s=0

Ch(∗,r)
s

zs

s!

∞∑
m=0

∞∑
j=0

hm,j(ξ)
(uz)mvj

m!j!
.

Now replacing m by m− s and comparing the coefficients of zs, we get the required result. 2

As immediate consequence of Theorem 3.1, we assert the following.

Theorem 3.2. Let j ≥ 0. Then

Ch(∗,r)
m (ξη) =

∞∑
j=0

m∑
s=0

Ch(∗,r)
s hm−s,j(ξ)

ym−s

(m− s)!j!
. (3.4)

Proof: We multiply both the sides of (1.5) by(
2

2 + z

)r

,

and replace η by ηz to get(
2

2 + z

)r

eξηz =

(
2

2 + z

)r ∞∑
m,j=0

(−1)jhm,j(ξ)
(ηz)m+j

m!j!

=

∞∑
s=0

Ch(∗,r)
s

zs

s!

∞∑
m,j=0

(−1)jhm,j(ξ)
(ηz)m+j

m!j!
.

Thus we have
∞∑
s=0

Ch(∗,r)
s (ξη)

zs

s!
=

∞∑
s=0

Ch(∗,r)
s

zs

s!

∞∑
m,j=0

(−1)jhm,j(ξ)
(ηz)m+j

m!j!
.
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Now replacing m by m− s and comparing the coefficients of zs, we get the required result. 2

Ghanmi and Lamsaf [7] analyzed a new class of polynomials generalizing different classes of Hermite
polynomials such as the real Gould-Hopper, as well as the 1-d and 2-d holomorphic, ternary and polyana-
lytic complex Hermite polynomials. In the following theorem, we are concerned with a special and unified
generalization. More precisely, we deal with the generalized Gould-Hopper polynomials and Appell-type
Changhee polynomials.

First, we define generalized Gould-Hopper Appell-type Changhee polynomials by the generating func-
tion

∞∑
j=0

GCh
(∗,r)
j (w, γ, ζ|u, v)z

j

j!
=

(
2

2 + z

)r

ewv+ζuz+γupvq

. (3.5)

Note that for r = 0, (3.5) reduces to

∞∑
m=0

G(q)
m (w|(uz)pγ)v

m

m!
eζuz = ewv+ζuz+γupvq

,

where G
(q)
m is defined by (1.6).

The next generating function is a consequence of the above one (see [7]) and gives the closed expression
of Rp,q

γ (z, w|u, v) in the form

Rp,q
γ (ζ, w|u, v) = eζu+wv+γupvq

,

where

Rp,q
γ (ζ, w|u, v) =

∞∑
j=0

∞∑
m=0

H
(p,q)
j,m (ζ, w|γ)u

j

j!

vm

m!
. (3.6)

Furthermore, the polynomials H
(p,q)
j,m (z, w|γ) are given by (1.7) and (1.8).

Theorem 3.3. For every u, v, w, ζ,∈ C and j, r ≥ 0, we have

GCh
(∗,r)
j (w, γ, ζ|u, v) =

∞∑
m=0

j∑
s=0

H
(p,q)
j−s,m(ζ, w|γ)Ch(∗,r)

s

uj−svm

(j − s)!m!
. (3.7)

Proof: Start with (1.10), replace γ by upγ and multiply both the sides by eζuz to get

ewv+γupvq

eζuz =

∞∑
m=0

G(q)
m (w|(uz)pγ)v

m

m!
eζuz.

Again, we multiply both the sides by (
2

2 + z

)r

,

to get

ewv+γupvq

eζuz
(

2

2 + z

)r

=

∞∑
m=0

G(q)
m (w|(uz)pγ)v

m

m!
ezut

∞∑
s=0

Ch(∗,r)
s

zs

s!
.

Thus by using the definitions (3.5) and (3.6), we have

∞∑
s=0

GCh(∗,r)
s (w, γ, ζ|u, v)z

s

s!
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=

∞∑
j=0

∞∑
m=0

H
(p,q)
j,m (ζ, w|γ) (uz)

j

j!

vm

m!

∞∑
s=0

Ch(∗,r)
s

zs

s!
. (3.8)

Now replacing j by j − s and comparing the coefficients of zj , we get the required result. 2

As immediate consequence of the above theorem, we have

Corollary 3.1. For every u, v, w, ζ,∈ C and j ≥ 0, we have

GCh
(0)
j (w, γ, ζ|u, v|λ) = Rp,q

γ (ζ, w|u, v) = eζu+wv+γupvq

.

4. Implicit Formulae Involving Hermite-Based Appell-Type Changhee Polynomials

We begin by considering the theorems on implicit summation formulae for Hermite-based Appell-type

Changhee polynomials HCh
(∗,r)
j (ξ, η) and their special cases.

Theorem 4.1. Let j ≥ 0. Then

HCh
(∗,r)
q+l (ζ, η) =

q,l∑
j,p=0

(
q
j

)(
l
p

)
(ζ − ξ)j+p

HCh
(∗,r)
q+l−p−j(ξ, η). (4.1)

Proof: By changing z by z + u in (2.2), we get(
2

2 + (z + u)

)r

eη(z+u)2 = e−ξ(z+u)
∞∑

q,l=0

HCh
(∗,r)
q+l (ξ, η|λ)

zq

q!

ul

l!
, (see [11, 12]). (4.2)

Again changing ξ with ζ in above equation, we have

e(ζ−ξ)(z+u)
∞∑

q,l=0

HCh
(∗,r)
q+l (ξ, η)

zq

q!

ul

l!
=

∞∑
q,l=0

HCh
(∗,r)
q+l (ζ, η)

zq

q!

ul

l!
. (4.3)

∞∑
N=0

[(ζ − ξ)(z + u)]N

N !

∞∑
q,l=0

HCh
(∗,r)
q+l (ξ, η)

zq

q!

ul

l!
=

∞∑
q,l=0

HCh
(∗,r)
q+l (ζ, η)

zq

q!

ul

l!
, (4.4)

∞∑
N=0

f(N)
(ξ + η)N

N !
=

∞∑
j,m=0

f(j +m)
ξj

j!

ηm

m!
, (4.5)

in the left hand side becomes

∞∑
j,p=0

(ζ − ξ)j+pzjup

j!p!

∞∑
q,l=0

HCh
(∗,r)
q+l (ξ, η)

zq

q!

ul

l!
=

∞∑
q,l=0

HCh
(∗,r)
q+l (ζ, η)

zq

q!

ul

l!
. (4.6)

∞∑
q,l=0

q,l∑
j,p=0

(ζ − ξ)j+p

j!p!
HCh

(∗,r)
q+l−j−p(ξ, η)

zq

(q − j)!

ul

(l − p)!

=

∞∑
q,l=0

HCh
(∗,r)
q+l (ζ, η)

zq

q!

ul

l!
. (4.7)

The complete of the proof. 2

Theorem 4.2. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ + ζ, η + u) =

j∑
s=0

(
j
s

)
HCh

(∗,r)
j−s (ξ, η)Hs(ζ, u). (4.8)
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Proof: By changing ξ by ξ + ζ and η by η + u in (2.2) and using (1.2), we have(
2

2 + z

)r

e(ξ+ζ)z+(η+u)z2

=

∞∑
j=0

HCh
(∗,r)
j (ξ, η)

zj

j!

∞∑
s=0

Hs(ζ, u)
zs

s!

=

∞∑
j=0

HCh
(∗,r)
j (ξ + ζ, η + u)

zj

j!

=

∞∑
j=0

(
j∑

s=0

(
j
s

)
HCh

(∗,r)
j−s (ξ, η)Hs(ζ, u)

)
zj

j!
. (4.9)

In view of (2.9), we get (4.8). 2

A special case for z = 1 and u = 0 may be deduced from Theorem 4.2, which assumes the form

Corollary 4.1. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ + 1, η) =

j∑
s=0

(
j
s

)
HCh

(∗,r)
j−s (ξ, η).

Theorem 4.3. Let j ≥ 0. Then

HCh
(∗,r)
j (η, ξ) =

[ j2 ]∑
s=0

Ch
(∗,r)
j−2s(η)

ξs

(j − 2s)!s!
. (4.10)

Proof: By replacing ξ by η and η by ξ in equation (2.2) to get

∞∑
j=0

HCh
(∗,r)
j (η, ξ)

zj

j!
=

∞∑
j=0

Ch
(∗,r)
j (η)

zj

j!

∞∑
s=0

ξsz2s

s!
.

=

∞∑
j=0

 [ j2 ]∑
s=0

Ch
(∗,r)
j−2s(η)

ξs

(j − 2s)!s!

 zj

j!
,

which complete the proof.
2

Theorem 4.4. Let j ≥ 0. Then

HCh
(∗,r)
j (ξ, η) =

j∑
s=0

(
j
s

)
Ch

(∗,r)
j−s (ξ − ζ)Hs(ζ, η). (4.11)

Proof: By (2.2) as (
2

2 + z

)r

e(ξ−ζ)zeζz+ηz2

=

∞∑
j=0

Ch
(∗,r)
j (ξ − ζ)

zj

j!

∞∑
s=0

Hs(ζ, η)
zs

s!
. (4.12)

∞∑
n=0

HCh
(∗,r)
j (ξ, η)

zj

j!
=

∞∑
j=0

j∑
r=0

Ch
(∗,r)
j−s (ξ − ζ)Hr(ζ, η)

zj

(j − s)!s!
.

On equating the coefficients of z, we get the result (4.11). 2
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5. Further Remarks

In this section, by using the fermionic p-adic integral on Zp, we derive some identities for Appell-type
Changhee polynomials, Stirling numbers of the first kind, and Euler numbers. By (1.15), we note that

2

2 + z
eξz+ηz2

=

∫
Zp

(1 + z)ζeξz+ηz2

dµ−1(ζ)

=

∫
Zp

eζ log(1+z)+ξz+ηz2

dµ−1(ζ). (5.1)

and

eξz+ηz2

eζ log(1+z) =

 ∞∑
j=0

Hj(ξ, η)
zj

j!

( ∞∑
m=0

ζm(log(1 + z)m)

m!

)

=

 ∞∑
j=0

Hj(ξ, η)
zj

j!

( ∞∑
m=0

ζm
∞∑

k=m

S1(k,m)
zk

k!

)

=

 ∞∑
j=0

Hj(ξ, η)
zj

j!

( ∞∑
k=0

k∑
m=0

ζmS1(k,m)
zk

k!

)

=

∞∑
j=0

(
j∑

k=0

k∑
m=0

(
j

k

)
Hj−k(ξ, η)ζ

mS1(k,m)

)
zj

j!
. (5.2)

Thus, by (5.1) and (5.2), we note that

∞∑
j=0

HCh∗(ξ, η)
zj

j!
=

∫
Zp

eζ log(1+z)+ξz+ηz2

dµ−1(ζ)

=

∞∑
j=0

(
j∑

k=0

k∑
m=0

(
j

k

)
Hj−k(ξ, η)

∫
Zp

ζmS1(k,m)dµ−1(ζ)

)
zj

j!

=

∞∑
j=0

(
j∑

k=0

k∑
m=0

(
j

k

)
Hj−k(ξ, η)EmS1(k,m)

)
zj

j!
. (5.3)

Therefore, by (5.3), we obtain the following theorem.

Theorem 5.1. Let j ∈ N. Then

HCh∗
j (ξ, η) =

j∑
k=0

k∑
m=0

(
j

k

)
Hj−k(ξ, η)EmS1(k,m). (5.4)
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