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Certain Properties on Appell-Type Changhee Polynomials Associated with Hermite
Polynomials
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ABSTRACT: In this paper, we introduce a new class of Hermite-based Appell-type Changhee polynomials and
generalized Gould-Hopper-Appell-type Changhee polynomials and present some properties and identities of
these polynomials. The resulting formulas allow a considerable unification because the given definition uncovers
and brings into focus patterns and properties shared by different classes of special functions and number theory.
We obtain new representations, sums and identities which arise from various forms of generating functions.
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1. Introduction

The Hermite polynomials play an essential position within extension of the classical, unique features.
Starting from the Hermite polynomials. It has already been possible to attain a few extensions of a few
classically unique sets of capabilities, which include Bessel capabilities, Dickson polynomials, Laguerre
polynomials, Chebyshev polynomials (see [1-3, 9-11, 25-38]).

The Hermite (or 2 variable Kampé de Fériet) polynomials is given by (see [1, 2])

E;
Hi(&m) =4

nrgj—QT

4
— rl(j —2r)! (L.1)

These polynomials are usually defined by the generating function
z 22 - Zj
e = ZHj(E,n)ﬁ, (1.2)
§=0

and reduce to the ordinary Hermite polynomials H; (&) (see [1]) when n = —1 and ¢ is replaced by 2¢.

Jedda et al. [10] introduced a class of two-index real Hermite polynomials of degree p + j by

I R e L O L - (3
() = (= g +26)"(&) = plj! l;) Sl (1.3)
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Note that hy () = Hpé(E), hoje(é) = & and hp;(0) =0, if p < j.

The generating function of h, ; is given by

Z Z By, (5)% — e—u2+(2u+v)§—uv. (1.4)

|
=0 j=0 Py

Furthermore, for n = u = —v, Jedda et al. [9] proved that

e . p+J
e = 3" (< 1) hy(6) Lo (1.5)
p.j=0 P

The generating function of Gould-Hopper polynomials G (w]y) introduced by Dattoli et al. ([3, p.
72]) is given by

et — Z G (wly) = (1.6)

so that for every complex numbers u, v, z and w, we have (see [7],pages (5) and (6)):

ZH(p @) (2 U’W — = G (w|uPy)e™, (1.7)

and
Z HP (2 w|7 —G(q)(w|vp )e? (1.8)
where the polynomials H; (p ’Q)(z, wly) contain all the classes given above. Moreover, they give rise to

new classes of polynomials of ‘Hermite type. The concrete study of this polynomial is presented in [7] in
a unified way and includes the connection to Gould-Hopper polynomials [8], operational representations
and connection to hypergeometric function, generating functions, addition formulas of Runge type, mul-
tiplication formulas, Nielson formulas and higher order differential equation they obey.

The falling factorial sequence is defined by

€o=1, (§);=¢&E—-1)---(—=j+1),(G=1). (1.9)

The first kind of Stirling numbers are defined by

(€)= 3 1. k)EE, (> 0), (see [1-10]). (1.10)
k=0

and as an inversion formula of (1.10), the Stirling numbers of the second kind are given by (see [4-11,
19-24)):

J

&= 50, k)& (1.11)

k=0

From (1.9) and (1.10), we note that the generating function of Stirling numbers of the first kind and
that of the second kind are respectively given by (see [1-18):

k'(log (1+2) ZSl 3 k)—, (1.12)
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and
oo

%(ﬁ —1)" =;Sz(j, k)%,(kzo). (1.13)

Let p be a fixed odd prime number. Throughout the article, Z,, Q,, C, will respectively denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of
Qp. The normalized p-adic is given by | p |, = zlz For f :Z, — C, (f being a continuous function), the
fermionic p-adic integral of f is defined by Kim (see [13]):

pN -1 pN -1

/Z F(€)dnor () = Jim_ Z F@1(6+972,) = Jim — Z G (1.14)
It is apparent from (1.14) that
| #e0ana©+ [ F©dna(©) =200, (see (14,15, 16). (1.15)

The Changhee polynomials are defined by (see [15])

i J
[ s dunan = o= Y o) (1.16)
Zy, 4 =0 J-
At the point £ =0, Ch; = Ch;¢(0) are called the Changhee numbers.
The Euler polynomials are represented by the p-adic g-integral on Z,, as follows (see [13])
2 = 2
&ty — §z E-(£)=. 1.17
/ o 0) = e = LB (1.17)

Lim and Qi [17] introduced the Appell-type A-Changhee polynomials which can be represented by the
p-adic integral on Z, as follows:

1n(1+)\z)%\l+§z — 2
e dp— = Ch;( )\ e 1.18
L pal) = T Z GEY (1.13)
At the point & = 0, Ch;j(A) = Ch;(0|\)) are called the A-Changhee numbers. Note that Ch;(1) = Ch;
for j > 0.

They have proved that
J .
r J r j—
UGEDY (Z)Chf e,
1=0

Recently, Lee et al. [18] introduced the Appell-type Changhee polynomials are defined by

= Zc*hj(g)?. (1.19)
Jj=0 '
In the case £ =0, Ch¥ = C'h%(0) are the Appell-type Changhee numbers.
j j

In this paper, we have presented the generalized Hermite-based Appell-type Changhee polynomials
and discussed, in particular, some interesting series representations. We have deduced some relevant
properties by using the structure and the relations satisfied by the recently generalized Hermite polyno-
mials. Section 2 incorporates the definition of Hermite-based Appell-type Changhee polynomials and a
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preliminary study of these polynomials. Some theorems on implicit summation formulae for Hermite-
based Appell-type Changhee polynomials HC’h;*’r) (&,7n) and their special cases are given in Section 3.
Section 4 is a consequence of the definition of the two-index real Hermite-Appell-type Changhee polyno-
mials and generalized Gould-Hopper-Appell-type Changhee polynomials combined with their properties
and special cases.

2. Hermite-Based Appell-Type Changhee Polynomials
This section incorporates the definition of Hermite-based Appell-type Changhee polynomials and a
preliminary study of these polynomials.

Let &, € R, we define Hermite-based Appell-type Changhee polynomials as

2 2 > P
Ex4n2® _ Ch* ol 2.1
When 7 = 0 then yChj(§,0) = Ch} (&) and Hermite-based Appell-type Changhee polynomials reduce
to Appell-type Changhee polynomials. When § = 1 = 0, we write Ch} = gChj (0,0), the Appell-type
Changhee numbers for j > 0.

Using (1.2), we can extend (2.1) in the form

2 ' 24n2? = *,7 Zj
( ) 417 = N7 Ch >(§,n)ﬁ. (2.2)

2+z =

Theorem 2.1. Let j > 0. Then
J

wOns &) = 3 (])on i 23)

1=0
Proof: By using (1.2) and (2.1), we complete the proof. O

Theorem 2.2. Let 5 > 0. Then

ol

|
HChS™ () = (;l)cm(*’”(@nl. (2.4)

=0

Proof: In (2.2), we expand e"’ in series, use (1.2) and then compare the coefficients of ¢ on both the
sides to get the result. O

Theorem 2.3. Let 7 > 0. Then
7 k .
HChY " (1) ZZ( > €)152(k, 1) Ch})(0,m). (2.5)
k=0 1=0

Proof: From (2.2), we have

() (e ) 2 2\ emine?
Sonen e = (572)

2 "
:< ) e (" =1+ 1)

2+ 2
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o o j 1 B
= 2 HCR 0,2 3 €y e” — 1)

Jj=0 T 1=0

N L 0SS Sy (kD)
=) uCh; <,n>ﬁz<§>lz 2k, 1) o
=0

Jj=0 k=l
k

8

o 2
= > uCh{™(0.m) =
J]:
k=0 l=

[e%s) 7 k X j
= (Z > (i) (€)1 (k, )RS (0, 77)) T (2.6)
(

ok
(€nSak, ) o
0

<
I
=)

ik .
HCRS " (E+am =3 (i) (€)1Sa2(k + o, L+ a) g ChS}(0,m). (2.7)

k=0 1=0

Proof: On changing & by £ + « in (2.2), we see that

(o) .] 2 T
> HORS 6+ o) T = =7
= J! 2+2

e <] , j > k
= ZHChS-*”)(O,??)% ZZ(g)lSQ(k +a l+a) 1

00 i k . p
=2 (ZZ (i) (©)1Sa(k + o, L+ @)y Ch{ (0 n>> o (2.8)

0
Therefore, by (2.2) and (2.8), we obtain the result (2.7). O
Theorem 2.5. Let 7 > 0. Then
() g (r—k ok
HCLS " (€,m) Z( ) ChS T € muChi™(0,0). (2.9)
1=0

Proof: We observe that

S e e = ()
’ ' —"—Z

r—k k
= 2 2 e§Z+7722
24z 24z
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. - (x,7— k) (%,k)
= Z Ch (&) i Z Chi™(0, 0) i
7=0 =0
= d J Jk 2
=> (Z (l) CHY) (& muChi™ (0, 0)) =
j=0 \i=0 J:

By (2.2) and (2.10), we get the required result.

Theorem 2.6. Let 5 > 0. Then

J .
#ChS™" (¢ u) Z( )HkOéfJFC/B n+uw)nChS}) (€ = vy = B).

k=0

Proof: By (2.2), we note that

Z ChS™ (¢, ) i _ (2 @zt -5 = (e Cma)z—(n—u—p)z?
4! 242

— o~ (E=C—a)z—(n—u—p)2* Z Ch*r)(é—an B)
7=0

2
4!

=S Hila—6+¢B—n+u k,ZHChW(ﬁ—an 6)

k=0 7=0
Z (Z ( )Hk(a E+C.B—n+uuChl’ ’”(5—04,77—/8)) T
In view of (2.2) and (2.12), we arrive at the desired result.

Remark 2.1. Letting u = ¢ = 0 in Theorem 2.6, we get

Corollary 2.1. Let 5 > 0. Then

J .
Ch§*7r) = Z <‘]]€> Hk(a - gaﬂ - n)HChEEZ)(f —Q,n — 5)

k=0

Theorem 2.7. Let j > 0. Then

j—q
2

>

q=0 1=0

[ HChSs)_ (€, Chy™
772 £2) Ng!(j —q—20)nagi—a—2

J
Z (G —l mgan 1

=0

Proof: On changing z with % and r by k, we can write (2.2) as

k
(k) (2 iy
;)Ch 5’)51 <2+>e :

z
3

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Now interchanging & by 7, we have

5 \" 2
CnS 2 ) &t 2.16
oo - () 210)

Comparison of (2.15) and (2.16) yields

k
22 22 2 > Zj
n 2 : (k)
e n? €2 <2+ ) HChj (5,7])6]3'

3 7=0
7§:(T’%7% ZZZC plek) 2 24 Z *k)f 27
B q 1 5]]'
=0 =0
S oK S K ) 2
| |
Pt gl nJJ

izg *,k *,k
N6 n\ ORI Emeh
2 €2) gl(j —q—20)npegi-a2

-3 (zj: O™ n O (0 £)> 2 (2.17)
o\ U- l)mglng z

Therefore, by (2.2) and (2.17), we obtain the result (2.14). O

3. A Class of Two-Index Real Hermite-Based Appell Type Changhee Polynomials

This section is a consequence of the definition of the two-index real Hermite-based Appell-type
Changhee polynomials and generalized Gould-Hopper Appell-type Changhee polynomials combined with
their properties and special cases.

We define two-index real Hermite-based Appell-type Changhee polynomials by the generating function

2 " 2,2 e Zj
—u“z*+(2uC+v)E—uvz _ (,1)
<2—|—z) e —jE:O nCh; (§,u,v)—j!. (3.1)

For v = 0, (3.1) reduces to

2 " 2 2 i 20
—uz"+(2uz)§ _ Ch(v*’r) 0
<2+Z> € ;h J (fauv )j'

(e - umz™
Z::oC( (¢ j, Z()Hm(ﬁ) —

Replacing j by j — m and comparing the coefficients of 27, we get

J

WChS (€ u,0) = ( " )umChSEZ;i(é)Hm@%
m=0
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where H,,,(§) is ordinary Hermite polynomials.

Note that the above result for u = 1 is a special case of (2.2) because when ¢ is replaced by 2§ and
n = —1 then we have

2\ )
= 22" E R (26, ~1 2
<2+Z) (& = OHC 57 ) (3 )

In other words
RnCRS (€,1,0) = rORY™ (26, -1).

Theorem 3.1. Let 5 > 0. Then

o0 m ;
*,7 *,7 u™ %yl
hch( ) §7u ’U chhg ’ )h”L_s’j(é-)m. (33)
j=0s=0
Proof: On replacing u by uz in (1.4), we have
33 b VT ot
o m!j!
Then using (3.1), we can write
g s T sl 2+ 2
= C’ — B, ( 7.
| K 151
5=0 5 =0 j=0 meJ:
Now replacing m by m — s and comparing the coefficients of z°, we get the required result. O
As immediate consequence of Theorem 3.1, we assert the following.
Theorem 3.2. Let 5 > 0. Then
G (€n) = ZZCh*wm H(é)( ST (3.4)

7=0s=0

Proof: We multiply both the sides of (1.5) by

and replace i by nz to get

(2iz>rew - (Qiz) 3 (—1>J'hm,j<§)(”2;“

m,j=0
[eS) s 00 m+
> > (1P
s=0 " m,j=0 m'j'

Thus we have

iCh *r) Zi' ZCh(* ’I‘)Z i (*1)jhm7j(€)w-
s=0 !

mlj!
m,j=0 J
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Now replacing m by m — s and comparing the coefficients of z°, we get the required result. O

Ghanmi and Lamsaf [7] analyzed a new class of polynomials generalizing different classes of Hermite
polynomials such as the real Gould-Hopper, as well as the 1-d and 2-d holomorphic, ternary and polyana-
lytic complex Hermite polynomials. In the following theorem, we are concerned with a special and unified
generalization. More precisely, we deal with the generalized Gould-Hopper polynomials and Appell-type
Changhee polynomials.

First, we define generalized Gould-Hopper Appell-type Changhee polynomials by the generating func-
tion

c- *T Zj 2 " P44
ZgCh; (w, 7, C|u, U)j! (2 n z) ewutCuzFyutv?, (3.5)
Note that for r = 0, (3.5) reduces to
D G (wl(ua)r) et = e,
m!
m=0

where G'?) is defined by (1.6).

The next generating function is a consequence of the above one (see [7]) and gives the closed expression
of RY(z,w|u,v) in the form
RE(C wfu, ) = S

where
o0 o0 ’LLJ ’Um
Gl =3 > HLP G w5y (3.6)
Jj=0m=

Furthermore, the polynomials H§f;;f)(z,w|’y) are given by (1.7) and (1.8).

Theorem 3.3. For every u,v,w,(,€ C and j,r > 0, we have

—S8,m

v

e} J
*,T ) *,7 ’LL
cCh{™ (w, v, Clu,v) = 37 ST HPD (¢ wly)ChS "G

m=0 s=0

Proof: Start with (1.10), replace v by uP~y and multiply both the sides by e*“* to get

m
P,4q v
ewvtyuvt gQuz E G;‘g) (w|(u2)p7)—' eSuz

2 T
242)

Pyt 2 ) <
ewvtyuPu? Cuz <2+Z) Z G(q)(w|(uz zutZOh(* r)Z )
m=0

Again, we multiply both the sides by

to get

Thus by using the definitions (3.5) and (3.6), we have

S
sl

3 GChE D (w, 5, Clu, v)
=0
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joam X s
gl m! 4l
7=0m=0 s=0
Now replacing j by j — s and comparing the coefficients of 27, we get the required result. O

As immediate consequence of the above theorem, we have

Corollary 3.1. For every u,v,w,(,€ C and j > 0, we have
GCh{ (w, 7, Clu,o|A) = RE(C, whu, v) = ettt
4. Implicit Formulae Involving Hermite-Based Appell-Type Changhee Polynomials

We begin by considering the theorems on implicit summation formulae for Hermite-based Appell-type
Changhee polynomials HCh(* " (&,n) and their special cases.

Theorem 4.1. Let j > 0. Then

SCHED ) = 3 (9)() ) e-ormacni, . (41)

J,p=0 J

Proof: By changing z by z + wu in (2.2), we get

2 " 2 29 gt
- (z+u)® _ —&(z+u) (e ~ =
(2 Iy P u)) el =e quZOHCth (&, n|N) 41 (see [11, 12]). (4.2)

Again changing ¢ with ¢ in above equation, we have

—O(etu) N .y Hut & o 294!
O BT O Em) g = D2 nCR G g (43)
q,l=0 q,l1=0
— [((—OE+u]Y & ey AUl S ey 20l
> ~ >0 O Em g = 3 WO G gy (4.4)
N=0 q,l=0 q,l=0
S +
> LT ny+m—,”—, (4.5)
N=0 7,m=0

in the left hand side becomes

— ((—&IPiur & Tyl & o 29 u
Z T Z Hth+l , 77 Z Chq+l ) 'ﬂ (46)
7,p=0 q,l=0 1=0
BB R -
,1=0j,p=0 ot (g =)= p)!
l
u
= Z HCh (¢ )—l— (4.7)
q,l=0
The complete of the proof. O
Theorem 4.2. Let 5 > 0. Then
J )
HCORE (€ + 6+ u) = Z( )HChg’z?(f,n)Hs(c,u) (48)

s=0
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Proof: By changing £ by £ + ¢ and 1 by  + v in (2.2) and using (1.2), we have

2 \"
_c (E+0)z+(n+u)2” E Ch *,7) E H(
(2 i Z) € = H € 77 Cv

el 77+u)J—j'

7=0

=2 (Z ( ‘l ) HCh™) (€, m) S(C,u)> ji, (4.9)
j=0 -

s=0

In view of (2.9), we get (4.8). O
A special case for z =1 and v = 0 may be deduced from Theorem 4.2, which assumes the form

Corollary 4.1. Let 57 > 0. Then

J

HChS™ (€ +1,1) =Z( ) HCRS (€ ).

s=0
Theorem 4.3. Let 5 > 0. Then
(3] s
ch(m, &) =S cnt)( )75 (4.10)
H2T & j-2s\1 (j — 2s)ls!” '
s=0
Proof: By replacing & by n and 7 by £ in equation (2.2) to get
i (5,7 2 B i ) P 55225
> uCh (€5 = Ch™" )5 Y 2
§=0 j=0 s=0
o [ 3] s j
=Y (oo | 5
= \= J (j—2s)ls! | 4!
which complete the proof.
O
Theorem 4.4. Let j > 0. Then
(]
weni e =3 (1) en e - om. o (4.11)
s=0
Proof: By (2.2) as
2 " —()z Cz 22 * ”‘ zl -
<2+Z> 6=z gbztn ZCh = 472 )T (4.12)
5=0
v B (¢ o
n=0 j=07r=0

On equating the coefficients of z, we get the result (4.11). O
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5. Further Remarks

In this section, by using the fermionic p-adic integral on Z,, we derive some identities for Appell-type
Changhee polynomials, Stirling numbers of the first kind, and Euler numbers. By (1.15), we note that

2
_ L pgrtnE? :/ (1 +Z)C65Z+’722dp_1(4)
z

24z X
:/ 6(log(1+z)+§z+nz2d‘u_l(<). (51)
ZP
and
2 ° J > m(log(1 m
b7 tnz” (Clog(1+2) _ ZHJ(&??)Z*' (Z C(oginlJrZ))>
J=0 J m=0
= ZHJ‘(&??)% (Z Yy Sl(k,m)'z!>
j=0 m=0 k=m
= | Xy (Z 3 cmsl(k,m);>
Jj=0 k=0 m=0
o Jj k j i
= (Z ) (k> ij(an)cmsl(k,m)) = (5.2)
j=0 \k=0m=0 7

Thus, by (5.1) and (5.2), we note that

> * Zj O, z z 22
S uCh (&m)7; = / eCloslF2He=tn="gqy, 4 (¢)
. Z

< (I .
:Jz::o (;;(k)ij(&n) /ZPC S1(k,m)dul(g)> o

o Jj k . i
- Z <Z > (i) ij(é,n)Emsl(k,m)> % (5.3)

Therefore, by (5.3), we obtain the following theorem.

Theorem 5.1. Let j € N. Then

Jj ok .
HCh;(S’n) = Z Z <i) Hj—k(gvn)Emsl(kam)- (54)
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