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Remarks on F'—Contraction in S—Metric Space

Siiheyla Elmas and Ferdi Cinar

ABSTRACT: In this approach, we focus on fixed points of F'—contraction on an abstract space. In particular,
we propose the idea of F'—Suzuki contraction. The practical relevance of the established results is demonstrated
via suitable examples.
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1. Introduction and Preliminaries

The Banach contraction principle (BCP) [1] is widely acknowledged as one of the key findings in metric
fixed point theory, owing to its simplicity and broad applicability across various mathematical disciplines.
It exemplifies an elegant synthesis of analysis, topology, and geometry. This foundational framework not
only establishes the existence and uniqueness of fixed points for a class of self-map in metric spaces but
also yields valuable methodologies for their determination. Among these methodologies is the extension
of classical contraction conditions to more generalized or abstract settings. The literature encompasses a
wide range of contraction-type mappings, several of which have been modified to overcome the limitations
inherent in the classical contraction framework—such as the Khan type [13], Meir-Keeler Khan type [14],
Hardy-Rogers type contractions [15].

BCP [1] extensively studied and generalized by numerous mathematicians, leading to substantial
progress in fixed point theory. Furthermore, It serves as a valuable technique across diverse areas of
mathematics, including approximation theory, game theory, quantum theory, economic analysis, and the
study of differential and integral equations.

In our approach, we use S—metric spaces [6], which were introduced as a natural extension of standard
metric spaces, to generalize classical results and investigate broader conditions under which fixed point
theorems hold.

Definition 1.1 [6] Let M # & be a set and let 6 : M? — [0,00) be a map that fulfills certain conditions
for anyn, p, ¢ € M:

(s1) 0(n,p,¢) =0

(2) 0(n,11,¢) =0 iff n=p=(=0;

(s3) 0(n, 11, ¢) < 0(n,m,v) +0(p, p,v) +0(C, ¢, v).

Then the map 0 is said a S—metric on M and (M ,0) is called a S—metric space.

The literature provides examples of S—that cannot be derived from any standard metric ([7], [8]),
underscoring the necessity of formulating novel fixed point theorems within the framework of S—metric
spaces. Several such findings have been established by employing various analytical techniques aimed at
extending classical fixed point theorems ([9], [10], [11], [12]).

Theorem 1.1 [3] Let (M, dy) be a complete S—metric space and let § : M — M be a self-map. Assume
that ds(0,,6,,0,) < ds(n,n, 1) applies for every n,u € M vian # p. Hence, 8 has ezactly one fized point
in M.
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Suzuki, in 2008, [2] established extensions of Edelstein’s fixed point results involving complete
S—metric space, thereby extending the applicability of classical theorems to this broader setting.

Theorem 1.2 [2] Let (M,ds) be a complete S—metric space and let § : M — M be a self-map.
Suppose that for every n,u € M vian # pu,

1
55(77,77,977) < dg(n,n, 1) = ds(0n,0n,0u) < ds(n,m, ).

Hence, 0 has exactly one fixed point in M.

Wardowski, in 2012, [4] put forward a novel class of contractive mappings, referred to as
F —contractions, and set forth a new fixed point theorem related to this class. Through this approach,
Wardowski provided a conceptual expansion of the BCP that differs significantly from the classical ex-
tensions available in related works. The concept of F'—contraction is defined in the following manner.

Definition 1.2 Let (M,ds) be a metric space. A map 0 : M — M is called to be a F—contraction if
there exists A > 0 such that

ds(0n,0p) >0 =

v, M,
LS A+ F(dy(0n,0p)) < F(ds(n, 1))

where F': Ry — R is a function that fulfills certain conditions:
(F'1) F is strictly increasing for any n,u € Ry such that n < u, F(n) < F(p);
(F2) Given any sequence {n,},—, of strictly positive terms, lim,, oy = 0 iff limy, o0 F(n,) = —00;
(F3) There exists k € (0,1) such that lim, o+ n*F(n) = 0.

Definition 1.3 Let (M,d,) be a S—metric space. A map 0 : M — M is called to be a F—contraction
if there exists A > 0 such that

ds(0n,0n,0p) >0 =

Vinpe My F(ds(6n,0n,0u)) < F(ds(n,n, 1)) W

where F': Ry — R is a function that meets the assumptions (F1)-(F3) listed above.

We identified F as the family of functions satisfying the assumptions (F1)-(F3). Illustrative examples
of such functions can be found in [4] and [5].

Remark 1.1 Based on assumption (F1) and the result in (1), one can deduce that every F— contraction is

necessarily continuous. exhibits continuity. In this context, the author [/] proposed a revised formulation
of the BCP.

Theorem 1.3 [4] Let (M,ds) be a complete S—metric space and let 0 : M — M be a F—contraction.
Then 6 has exactly one fized point n* € M and for any n € M the sequence {0"n}, € N converges to

*

n*.
The author [5] presented the following auxiliary result.

Lemma 1.1 [5] Let F' : Ry — R be an increasing function and {n,},., be a sequence of strictly positive
terms. Then, the statements below are valid;
(a) if lim,, o F'(n,) = —00, then lim,,_ o 1y, = 0;

Lemma 1.1 by Secelean reveals that the original formulation of condition (F'2) in Definition 1.3 can
be substituted by a more concise yet equivalent condition;

(F27) inf F = —o0;

in other cases, also, using

(F2°°) there exists a sequence {1, } -, of strictly positive terms such that lim,_, F(1,) = —oc0.
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Remark 1.2 Let F,, : Ry — R be identified by F,,(n) = Inn. Clearly, F,, € F. Observe that when
F = F,, the notion of a F'—contraction coincides with BCP. Hence, BCP emerge as a special instance of

the more general class of F—contractions. Nevertheless, it should be noted that there exist F'— contractions
which do not fall under the scope of BCP ([4], [5]).

In our approach, the condition (F3) in the original definition is replaced by the following alternative
assumption 1.3:

(F3°) F is continuous on (0, 00).

We referred to S as the set of all functions fulfilling the conditions (F1), (F2°) and (F3°).

Example 1.1 Let Fi(n) = 51, Fa(n) = 5+ + 0, F3(n) = =5, Fi(n) = == Then Fy, F3, Fj,

en—e—"n"

F,es.

Remark 1.3 [t is clear that conditions (F3) and (F8°) are independent. For example, for p > 1,

F(n) = ;—pl satisfies (F1) and (F2), but not (F3), while it satisfies (F3°); thus, S € F. Conversely,

F(n) = (n%[ln])“ where t € (0,1/n), fulfills (F1) and (F2), satisfies (F3), but not (F3°); hence, F € 3.

However, F(n) = Inn, belongs to both, so FNS # .

Motivated by Remark 1.3, , it is natural to extend the author’s result [4], by considering maps F' € &
instead of F' € F. In this context, we introduce the notion of a F-Suzuki contraction and present a
revised formulation of Theorem 1.3.

Definition 1.4 Let (M,ds) be a S—metric space. A map 0 : M — M is said to be a F—Suzuki
contraction if there exists A > 0 such that for each n,p € M via Tn # Tu

1
55(77717, On) < ds(n,m, 1) = A+ F(ds(0n,0n,0p)) < F(ds(n,n, 1)),
where F' € F.

The current work focuses on F'—contraction endowed with S—metric space. Furthermore, the validity
and effectiveness of the proposed results are demonstrated through illustrative examples.

2. Main Results

Theorem 2.1 Let M be a complete S—metric space. Suppose 0 : M — M is a F—contraction assume
F € F and there exist A > 0 such that for any n,u € M,

ds(0n,0n,0u) > 0= X+ F(ds(0n,0n,0u)) < F(ds(n,m, 1)) + Ny (0, 1),
where

Ny (n, 1) = ymin{ds (n,n,0u), ds(n,m,0n), ds (g, 11, 0p) , ds (11, p1,0n)} such that v > 0.

Then 6 has exactly one fized point in n* € M and for every ny € M the sequence {0™no}, -, converges
ton*.

Proof: Let M be a complete S—metric space. Choose 19 € M and define a sequence {n,}, -, as
follows;

mo = Ono,m2 =0 =6n, ...
M1 = Onp = 9:;;1, for every n € N.

In the context of the S—metric space when dg (7, n, n+1) > 0 the given condition

)\+ F(ds(nnann;nn+l)) § F((ds(nnannann-&-l))
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holds for a chosen A > 0. This satisfies the definition of a S—metric space, implying that there exist a
unique fixed point n* € M for the map 6, and for every ny € M the sequence {6no} -, converges to n*.

If there exist n € N such that ds(7,, 7, 0nn) = 0. Thus, having completed the proof, we proceed by
assuming that 0 < ds (9, M, ) = ds(00n—1,0n0—1,0n,) for each n € N we attain

/\+F(ds(9?7n—1,977n—17977n)) < dS(nn—lann—lann) + Ny (nn—lann)
i.e
F(ds(0nn—1,0n—1,00)) < ds(Mn—1,Mn—1,M) + Ny (n—1,7m) — A,

where

Ny (n—1,1n)
= ymin{ds (Mn-1,M-1,0n), ds (Mn—1,M0—1,00n—1), ds (D, Mns 00n) , ds (Nns My ONn—1)}
- ’len{ds (77n—1,77n—1777n+1), ds (nn—lznn—lann>7 ds (nnvnnynn-i-l)a ds (nnannann)}

= 0.

Continuing this process, the resulting expression is as follows

F(ds(0nn—1,0m0-1,00n)) < ds(n—1,Mn-1,Mm) — A
s(ONn—2,0Mn 2,00, 1)) — A
(0nn—2,0Mn—2,0m0—-1)) — 2\
5(9777173» 0nn—3, 0777172) —2A
(77n—3, Mn—3, 77n—2)) -3\

|
|

A
e
—~ o~~~
Q.Q.m&‘&

IN
!

S

ds (10,10, m1) — NA, (2.1)

IN

from 2.1 we obtain lim, oo F(ds(00n—1,00n—-1,60n,)) = —oo, which combined with (F2°) and Lemma
1.1, leads to F(ds(0nn—1,0n,—-1,0n,)) # 0, i.e

ILm ds(Mns M, Onn) = 0. (5)

At this stage, we aim to show that the sequence {n,,} is a Cauchy. Suppose, for the sake of contradiction,
that there exists a real number € > 0 and two strictly increasing sequences {p(n)} and {w(n)} in N.

p(n) > W(n) >n, ds(np(n)a Nw(n)s nw(n)) > g, ds(np(n)fh Np(n)—1> nw(n)) <e (6)
Thus, we derive

€ ds (np(n)v Mp(n)» nw(n)) <d, (np(n)’ Np(n)> 77p(n—1)) +d, (np(n)—lv MNp(n)—15 nw(n)) (22)

ds(Mp(n)s Mo(n)s Np(n—1)) + € = ds(Mpn)=1, Mp(n)—=1, Mp(ny—1) + €.

INIA

In light of (5) and (2.2), one deduces that
nh—>ngo ds (np(n)a Mp(n)> nw(n)) =& (7)
As implied by (5) there is n € N such that

g g
ds (np(n)a Mo(n)» 977,;(n)) < Z and ds (nw(n)7 Nw(n)s onw(n)) < Z Vn > N. (8)
We now assert that

ds (977p(n), an(n), anp(n)) =d, (”7p(n)+17 Np(n)+1> 77w(n)+1) >0 VneN. (9)
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Reasoning by contradiction, there is m > n such that

ds (np(m)-‘rlv Tp(m)+15 nw(m)-‘rl) =0. (10)
An application of (6), (8) and (10) yields,

€ ds(Mp(m)> Mp(m)s Meo(m))

ds(Mp(m)s Mp(m)s Mp(m)+1) F As (Mp(m)+1> Mp(m)+15 Teo(m))
ds (Mo(m)s Tp(m)s Mp(m)+1) + ds (Mp(m)+15 Tp(m)+15 To(m) +1)
s (Nes (m) 415 Mo (m) 15 o (m) )

s (Mo(m) s Mo(m)s Op(m)) T ds (Mp(m)+15 Mp(m)+15 Mo(m) +1)
+ds(77w(m) Neo(m) s s (m))

IAIACIA

I
Q.

<

o

This contradiction substantiates (9). Accordingly, by applying both (9) and the initial assumption, we
get

A+ F(ds (enp(n)v 977p(n)7 gnw(n))) < F(ds (ﬁp(n), Mo(n)> nw(n))) + N’Y (np(n)v nw(n)) for any n € N, (11)
where

Ny (Tp(n)s Meo(m))

L4 (o) Moy, o)) 5 d (77p<n>7 Mo(m): Op(m)) }
= min
7 { d (nw(n) Nw(n)» 9%; (n) ) ) (nw(n)7 Nw(n)s enp(n))

’ymin { d (np(n)v Mp(n)> nw(n)+1) , d (np(n)u Mo(n)> 77p(n)+1) ) } (23)
d Nw(n)s NMw(n)s nw(n)+1) 3 d (nw(n)a Nw(n)s Mp(n)+1

such that v > 0. Letting n — oo in (11) and (2.3), and using (F3 ) and (7), it follows that A+F'(g) < F(e).
Hence, the contradiction confirms that {n,} ., forms a Cauchy sequence. Given that (M,d,) is a
complete, {n,} ~, converges to a n C M.

This continuity of § consequently results in

ds(On,0n,m) = lm_dy(0nn, 0nn,mn) = Hm ds(g1, g1, m0) = ds(n* 0" ") = 0.

We now proceed to demonstrate the uniqueness of the fixed point of . Suppose, for the sake of contra-
diction, that there exist two distinct fixed points 1, p € M such that 0n = n # u = Opu. Therefore,

ds(0n,0n,0u)) = ds(n,n, 1) >0,

then we attain,

F(ds(n,n, 1)) = F(ds(0n,0n,0p)) < X+ F(ds(0n,0n,0p)) < F(ds(n,n, 1)) + Ny (0, 1) ,

where
Ny (np) = ~ymin{ds (n,n,0n), ds(n,7,0n), ds (1, 00), ds (1, 1, 0m)}
= 0 such that v >0,
which is a contradiction. Thus, 6 has exactly one fized point in n*. O

Example 2.1 Take M = R. Define the S—metric ds : M3 — [0,00) as follows;

ds(kyy,l) = |k =1+ |y =1+ |k — y| for every k,y,l € M.
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Consider the map 6 : M — M given by:

0(a) = g + ¢ for every a € M.

Nezt, take into account the function F': Ry — R4 as:
F(t) =kt for any k € R4
We proceed to confirm the conditions of the theorem in the following way:
ds(a,0a,0b) > 0= A+ F(ds(ba,ba,0b)) < F(ds(a,a,b)) + Ny (a,b)

where

N, (a,b) = ymin{d; (a,a,0b), ds(a,a,0a), ds(b,b,0b), ds(b,b,0a)}.

Assume the following expressions:

0(a) = g—l—c,
o) = 2t
ds(fa,0a,0b) = |a—1V|,
F(ds(fa,0a,0b)) = kl|a—b|,
ds(a,a,b) = Ja—bl+|a—bl=2a-1],
F(ds(a,a,b)) = 2kl|a—1bl.

Accordingly, the following expression is derived from the above considerations for X >0 and v > 0,

A+ kla—0b|

) ds (a,a,0b), ds(a,a,ba),

< 2]<1|a—b|+7mm{ ds (b, b, 0b), S(b,b,ﬁa)
< 2kla—b|.

Subsequently, we compute the fixed point of 0
fa*) = a é%—i—c:a
a* = 2
As a final step, we verify that the sequence converges 0™ (ag)s>, for any ag € M;

1
6"(@0) - 2n+(+2+27+ +2n 1)

0"(ap) — 2c=a" asn — oo.

Given the S—metric, The space M fulfills the hypotheses of Theorem 2.1. The map 0(a) = § + c is an
F—contraction that satisfies A > 0. The unique fired point of 0 is a* = 2c. For any initial point ag € M
the sequence 6™ (ag) converges to a*.

Example 2.2 Let M = R,. Define the S—metric d, : M? — [0,00) as following;
ds("{ayvl) = |I{ - ” + |y - l| + |"$ - y| fO’/‘ every Hayvl € M.

Take the maps 6 : M — M and F : M — M identified by 0(a) = In(a +2) and F(t) = £, resp.
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Assume the following expressions:

a+ 2 b+2

ds(0a,0a,0b) = ‘ln(b+2)’+1n<a+2>,
dufa,ab) = la—bl+lb—al =2la—b,
F(ds(a,a,b 0,4|a—bl,
a+2

)
F(ds(0a,ba,0b) )

)
)
) = qu(
)
)

b+ 2
O(a) = In(a+2) and 6(b) =1n(b+ 2) for all a,b e M,
N, (a,b) = ~ymin{ds(a,a,0b), ds(a,a,0a), ds(b,b,0b), ds(b,b,0a)} = 0.

According to the hypothesis of the Theorem 2.1, we get

a+2
b+ 2

A+ 0,4 |In(

ﬂ§m4m—m.

Therefore, A > 0 is found to satisfy the inequality.

Let a* be the fized point of the map 6(a) = In(a+2) and there exists a* € M such that ln(a*+2) = a*,
which implies that (a* + 2) = e® . Solving this equation yields approzimately a* ~ 1,146.

Assume that {a,} is a sequence with the initial condition ag > 0, thus,

any1 = 6(an) =In(a, +2)
a1 = In(ag +2)
ay = In(a; +2) =In(In(ag + 2))
as = In(az +2) = In(ln(In(ap + 2)))

In(a+2) < a.
That is, for a > 0 the series converges decreasingly to a*.

3. Conclusion

This approach explores the existence of fixed points for mappings satisfying the conditions of a
F—contraction in the context of S—metric spaces. The theoretical findings have been further substanti-
ated by carefully constructed examples, which illustrate the applicability and robustness of the proposed
results. These contributions not only generalize existing fixed point theorems but also enrich the fixed
point theory in non-standard metric frameworks, paving the way for potential applications in various
branches of mathematical analysis and related fields.
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