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Approximate Fixed Point Computation via F'—Contraction in A—Metric Spaces for
High-Dimensional Data Clustering

Siiheyla Elmas and Aleyna Kamber Ozel

ABSTRACT: In this study, we investigate Wardowski’s contraction principle for F—contraction mappings
and establish the existence and uniqueness of fixed points involving A—metric spaces. A F-contraction-based
iterative method in an A—metric space is proposed and shown to converge to an approximate fixed point,
demonstrating its effectiveness for clustering in high-dimensional data.
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1. Introduction and Preliminaries

The Banach contraction principle (BCP) [1] is considered a pivotal result in metric fixed point theory
due to its elegant simplicity and broad applicability in numerous areas of mathematics. The theory of fixed
points combines ideas from topology, analysis, and geometry to investigate the existence and uniqueness
of fixed points of a map. Over time, the BCP has undergone a variety of generalizations in different
directions. For example, Wardowski (2012) [2] extended the BCP and formulated the F—contraction,
which inspired a range of subsequent studies on F'—contractions more, [3], [4], [5] and [6].

Definition 1.1 [2] Let (®,d) be a metric space. A map H : ® — ® is called to be a F—-contraction if

there is T > 0 such that for any ¢, 7 € ®
d(H¢,HT) > 0= 7+ F(d(Hs,H7) < F(d(s, 7)),

here F : Ry — R is a map fulfilling criterias listed below:
(F'1) F is strictly increasing, viz, for every ¢,7 € Ry such that ¢ < 7, F(s) < F(7);
(F2) For all sequence {En}f;;l C Ry, limy 00 &, = 0 4ff limy, 00 F'(&) = —00;
(F3) There is k € (0,1) such that lim,_,o+ o*F(a) =0

The set F is defined as the collection of whole maps fulfilling states (F1)-(F3).

Gahler (1963) [8] formulated a 2—metric space as an enlargement of the conventional metric structure.
For valuable investigations on fixed point results, Dhage (1992) [9] recommended refining the basic
framework of the 2—metric space. In (1984) [10] presented the notion of a D—metric space. Naidu et
al. (2004) [11] demonstrated that D—metric spaces do not offer a well-defined structure for convergent
sequences and sequential continuity. In (2005) [12], they highlighted certain limitations in the notion of
open balls in D—metric spaces. The authors (2006) [13] developed the concept of G—metric space and
examined its topological characteristics. Unlike the theory of G—metric spaces, here states
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(D1) D (s, 7,v) > 0 for every ¢, 7,v € ® and equality is valid iff ¢ = 7 = v, where D : ®> — R is the
function;

was replaced by the following three separate axioms, here G : ®3 — R is the function

(G1) G(s,7,v) =0if ¢ =7 =0 for every ¢, 7,v € ®;

(G2) G (s, 7,7) > 0 for every ¢, 7 € P;

(G3) G (s,s,7) < G(s,T,v) for every ¢,7,v € & via 7 # v;

Sedghi et al. (2007) [14] pointed out that condition (D1) could be substituted by just two essential
rules and thereby proposed the concept of a D* —metric space.

Remark 1.1 [7] Each G—metric space can be regarded as a D*—metric space.

The authors (2012) [15] highlighted that condition (G3) is a distinct limitation of the G—metric
space, whereas the symmetry condition was identified as a shared weakness in both D*— and G—metric
spaces. To tackle these problems, these authors developed a new generalized metric space referred to as
a S—metric space.

Remark 1.2 [7] Each D*—metric space is also a S—metric space.

Remark 1.3 [7] The S—metric space serves as a broader concept that includes both the G—metric space
and the D*—metric space.

Abbas, et al. (2015) [7] gave the concept of an A—metric space as outlined:
Definition 1.2 [7] Let y be a nonvoid set. A map A :~y™ — [0,00) is said an A—metric on v if for any
Yy, € €7, 1 =1,2,--- ,n the following terms apply:

(AJ) A (71(1)771(2) PRIEY] ’71(7171) 3 ’Yl(n)) > Oa

(AQ) A (71(1)7’71(2) 5 erey 71(71’_1) ) 71("’)) =0

iff

Moy =Ny == Ny = Ny’

(43) A (71(1)771(2)7".771<n—1),71(")) < A (Y1) Mays 5 N> §)

+A (71(2) ) 71(2) PR 71(2)("_1) 7€>
+A (71(3) ) ’71(3)a <eny 71(3)(7,,_1) ) g)

+A (71@71) ) 71(",1)7 ceey ’yl(n,l)(n_l) 75)

+A (’Yl(n) ) 71(@7 ceey ’Yl(n)(nil) 9 5)
The dual (v, A) is said an A—metric space. From here it can be seen that the A—metric space is
actually the n—dimensional S—metric space.

The A—metric space is a generalization of classical metric spaces, based on the concept of determining
the distances between n distinct points at once. This approach provides a new perspective on spatial
relationships and structure.

Encouraged by these points, we first introduce and examine F'—contraction in A—metric space as
indicated below;

Definition 1.3 Let (v, A) be an A—metric space. A map H : v — 7 is called to be F—contraction if
there is T > 0 such that for any 1,72 € 7,

A<H’717H717"'7H71aH72) >0=
T+ F (A (H717H717 "'7H’YlaH’y2)) (A(’Yla’}/h "'771;72)

here F : Ry — R is a satisfying the following states:
(F1) F is strictly increasing, viz, for every v1,v2 € Ry such that 1 < v2, F (71) < F (72);
(F2) For all sequence {&,},~, C Ry, limy—o0&n = 0 iff limy,— oo F (&) = —o0;
(F3) There exist ¢ € (0,1) such that limy,__,o+ k°F (k) = 0.
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The concepts necessary for developing a new complete A—metric space from a existing complete
A—metric space will be outlined in the subsequent sections;

Definition 1.4 [7]Let (v, A) be an A—metric space;

(1) A sequence {v,} is called A—convergence to a point p if Ve >0, 3 € N, such that n > N implies
A(Yns Yy o p) < €. Shortly, limy, 00 A(Yns Yy -, p) = 0 < limy, o0 1 = p-

(ii) A sequence {v,} is said a A—Cauchy sequence if Ve > 0, 3 € N, such that for each k,s > N
implies A(Yi, Yoy -y Vs) < €.

(i4i) An A—metric space is called teh complete metric space in which any A—Cauchy sequence
A—convergent.

Lemma 1.1 [16] Let F : Rt — R be an increasing map and {k,},-., C Ry. Then the following terms
apply:

(a) If limy, oo F (§,) = —00, then lim,_oo€n = 0;

(b) If inf F = —o00 and limp,—00&n = 0, then lim, oo F (£,) = —00.

By proving Lemma 1.1, Secelan [17] verified that the condition (F'2) in Definition 1.1 can be substi-
tuted with an equivalent, simpler condition,

(F2') inf F = —oc0

as an alternative, additionally, with

(FZN) there exist a sequence {&,},—; C Ry such that lim, o F (§,) = —occ.

In the current paper, we use F'—contraction maps in A—metric spaces and aim to extend Wardowski’s
theorem to A—metric spaces. There has been a rising interest in the generalization of classical metric
spaces in the past few years. In this framework, 2—metric, D—metric, and G—metric spaces are viewed
as generalized forms of usual metric spaces. The most crucial of these generalizations is A—metric spaces,
since this space was developed to measure the distance between n points at the same time.

2. Fixed Point Results

Theorem 2.1 Let (v, A) be a complete A metric space and let a map H : v1 — v1 be a F—contraction.
Suppose F € F and T > 0 such that for any 71,71, €7,

A(H’Yl,H’Yl,...,H’Yl,H’)/Q) > 0=
7—+F(A(H’ylvH’yl?"'7H717H72))SF(A(’ylv’yla"w’ylv’YZ)) '

Then H has a unique fized point i € y1 and for each 71, € 71 the sequence {H"%(O) }:il converges to
-

Proof: Select 71, € 71 and express a sequence {'yl(n) }:ozl by

2 n+1
My = H71(0)7 Vi = H’Yl(l) = Hﬁ}/l(o)’ oy Mgy = H’Yl(o) = H’)/l(_:) , (2.1)

for each n € N. If there is n € N such that A (y1,,71,,.-71,,H71,) = 0, the proof is concluded.
Thus, we presume that for every n € N

Hy

-1’ n—1

0< A(’Ylmfylnv i) 71'7L7H’71n> =4 (Hryln IR H,Ylnfl ) H,yl”) : (2'2)

For all n € N, we attain

T+ F (A (H71n717H71n717"'7H71n717H71n)> < F (A (Vln_u')/ln_la ---;7171_17’717,,)) )

FA(Hy_ H e H, ) ) S F (A (Y Mo T1007,)) = 7

n—1’ n
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Reapplying this method, we arrive at

F(A <H71n 1 1, 17"’7H711L717H71n)> (23)
< F (A (71@ 1 Moy '7’}/1(71.71)’71(7L))> -7
= F (A (H'Vl( SRRCRLTRINE "H%(HVH%(H))) -7
< F (A (71(71,72) » Vno2yr o Y2y ’71(1171))) —27
= I (A (H’yl(n_s),H'yl(n_3), . H’Ylm_s)vH’Yl(n_Q))) — 27
S F (A (,71(7,,_3) ) ,71(7,,_3)7 ceey ’71("_3) ) ’Yl(n_g))) — 37
S F(A (’71(0)771(0)7'“771(0)371(1))) —nr.

Due to (2.3), we acquire lim,, . F (A (fyl Hyi ,..Hn, |, H'yln)) = —o0, which together with

(F2') and Lemma 1.1 gives

n—1’ n—1

nhl{looA( 17H’71n713"'3H71n717H71n> =0
ie.,
ljm A(’Yln y VLns oo Vg H’Yln) =0. (24)

Next, we maintain that {'71” }OO is a Cauchy sequence. Reasoning by contradiction, we presume that

n=1
there exist € > 0 and sequences {k(n)}:o:1 , {m(n)}:O:1 C N such that k() > m,) >n forevery n € N

> .
A (’Ylk(n) ) ’Ylk(n) ) a71k(n) 3 ’Ylm(n) ) = € (2 5)

(’ylk(n)71 7'711%”)71 ) ~'~7’Ylk(n)71a’ylm(n>> < e (26)
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So, we have

e < A
>~ (fylk(n) 771’“(71) ) ) ’Ylk(") ) ’Ylm(n) )

< (n-1)A (’Ylk(n)771k(n) a71k<n)771m<n))
+A (’71k(n)71 Mky g Mgy 07 m(m)
< (n—-1)A (71’“(n>’71’“<n> ’ ""’Yl’%n)’%m(n)) e
< (n=1)A (Vl’f(m’%’“(n) ’ ""71’“<n)’H71’“<n>) e
< (n-1)A <fylk( )’Vlk(n),...,’hk("),’Ylm(n)> +e€
< (n-1F {A (H%’% ) 1’H71’€< )—1 "H71k<n>—1’H71k(">)}
< (n—-1) F :A (%’%) 0 My g0 Mgy g0 Mg, )} T]
= (n—-1) F :A (HWlk(n)fz’H’YIk(n)—’z’ o H%’%n)—l)} a T}
< (n—1) _F :A ('Ylk( NSRRI ,'Ylk( )2771k<n)—1>} —27}
= (- [FA(Hn,, | H, o, o H, )| = 27]
< (n—-1) _F A <’)’1k(n)37’71k(n>3 "My s Tk 2” 37]
< (n _ 1) F :A ('Ylk(o) »'71k(0) , ...7’71k(0)a’71k(1))] - TLT:| .

From above inequality, we obtain

lim F[A (H'yl ,Hvp sy Hyp ,Hvp )] = —00
n—s o0 E(ny—1 kEmy—1 E(n)y—1 E(n)

which combined with (F2') and Lemma 1.1 gives rise to

lim A (H’Ylk(n)l ’H’hk(n),l 3oy Hﬂ’lk(n)A ) HW%(@) =e (2.7)
On the other hand from (2.4) there is m € N such that
A <71k(n),'ylk(">,...,’ylk(n),H'ylk(n)> < ——— and (2.8)
€
h >
A (’Ylm(n) Va5 Vi) H’ylk(n)> < 7 Yn >m . (2.9)

Next we affirm that for any n > m

A (Hryl aH’Yl FEEES) H’Yl aH’ylm(n)> =A <’Ylk(n)+1a’ylk(n>+l ) ...7’)/1k(w,)+1 ,71,n(n)+1> > 0. (210)

k(n) k(n) k(n)

Arguing by contraction, there is » > m such that

A (’Ylkm“ ) ’Ylkmﬂ g eeny 'Y]k(r)+1 3 ’Vlm(r)+1> =0. (211)



6 S. ELMAS AND A. K. OzEL

It follows from (2.5), (2.6), (2.8), (2.9) and (2.11) that

€
< ’y1k(r)7’Ylk(T)7 7’71k(r)’71m(r)
< (n—-1A (”Ylkm’%’“(r) ’ ""lek(r)’%’“(rHl)
+A (71%)“ »%km“ S /ylk(r)Jrl 7’yl’"(T))
< (n—-1)A (71km771km ; ---Wlk(r)’%’“(rm)
+ (n — 1) A (’Ylk(THl 7’71k(7,)+1 1o ’yl’f(r)ﬂ ”ylm(T)Jrl)
A( )
+ ’Ylm(TH»l 7’>/1m(1“)4r1 ’ 7717”(7”)+1 ”Ylm(r)
= (h-n4 <Fylk<r> My o Mgy 2 HM"'(’"))
—|—('n, — 1)A (’Ylkm+1 ’71k<7.)+1 1ty 71k(7-)+1 ’ 71’”(7‘)“)
A( o, )
T AV Vg o Vg s H V1
< €.

This contradiction established the relation (2.10). Consequently, it can be inferred from (2.10) and the
hypothesis of the theorem that

T+ F (A <H"}/1k(n) , H’}/lk(n) g eeey H’Ylkm) , H’)/lm(n) )) (212)
S F (A <71k(n)’71k(n)’".771k(n)771rn(n)>) .

From (F3'), (2.7) and (2.12) we gather 7+ F (¢) < F (). This contradiction confirms that {7, }>° isa

n=1
Cauchy sequence. Owing to completeness of (y1, A), {71, },.—; converges the some point v in . Finally,
the continuity of H yields.

A(HAY/l?H’Yl»'“aH/VhPyl) = nh_RHOOA(H’Yl(maH’ﬂ(n)v"'7H71(n)771(n)>

= A (7{”7{) "'77?) = 0.

At this point, let us illustrate that H possesses at most one fixed point. In fact, if 1,72 € v be to
distinctive fixed points of H, namely, H,, = 1 # 2 = H,,. Therefore

A (H713H717 "'7H713H72) =A (’)/1,’)/1, "'7’71”72) > 07
then we get

F (A (Vlvfyla -~-a71772))
F(A (H’717H’yla "'7H’717H72))

< 7+ F(A(Hv,Hv,.... Hy1, Hy2))
< F(A(71771a"'a71772))7
which is a contradiction. Thereof, the fixed point is a unique. O

3. Application: Approximate Fixed Point Computation via A—Metric and F—Contraction
in R®
In this section, we demonstrate an application of the F—contraction principle using a specifically

defined A—metric in order to compute an approximate fixed point (i.e., cluster center) for a set of data
points in a five-dimensional space.
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We consider a randomly generated dataset v = {'yi}fil C RS, where each v; € R® is produced using
a uniform distribution. The generalized metric structure is introduced through the A—metric defined as
follows:
A(v72:98799) = [ = 1 + 12 =507 + llvs — 1 + s =517

This metric evaluates the sum of squared Euclidean distances from four fixed points to a fifth candidate
point and serves as a measure of deviation or dispersion in the space.
To initialize the process, a point v € R® is selected at random as the starting estimate of the fixed
point. A perturbed version
Yperturbed = Y + 0.01 x N(Ov I)

is used to compute the initial metric values, where N(0,I) denotes a sample from the standard
multivariate normal distribution with zero mean vector and identity covariance matrix in R®. This
perturbation ensures that A; > 0 while keeping the perturbation magnitude small.

The computed metric values at initialization are:

A = A (’77 YV ’Yperturbed) =~ (0.00186875,
Ay = A(v77,77) =0,

Since A; > 0 and As = 0, the F—contraction condition F' (A1) > F (Aj) is satisfied for the identity
function F' (t) = t, thereby justifying the applicability of the iterative process.

The fixed point iteration proceeds as follows:

(i) For each step j, the weights are computed based on the inverse Euclidean distances from the
current estimate «y; to all data points, stabilized by a small constant e.

(it) A new point 7,41 is calculated as the weighted average of all data points in 7.

(111) The process repeats until convergence is achieved, i.e., ||yj4+1 — ;| < tol.

The algorithm is guaranteed to preserve the F'—contraction condition at each step because the fixed
reference points are always chosen as the current v, resulting in A; = 0 throughout the iterations.

The Matlab R2016a implementation confirms that the algorithm converges rapidly, typically within
a few iterations, and yields a point that serves as the cluster center under the proposed A-metric.

The following pseudocode summarizes the iterative process:

Algorithm 1 Pseudocode: A—metric Based Fixzed Point Algorithm
% Input:
% ~ - Dataset in R"5 (size: n x 5)
% ~ - Initial point in R"5
% epsilon - Small constant for numerical stability (e.g.,le — 6)
% tau - Tolerance for convergence (e.g.,le — 5)
% Define A—metric:
% A(y1,72,v3,v4,75) = norm(y1l — 45)"2 + norm(y2 — v5)"2 + ...
% norm(y3 —v5)"2 4+ norm(y4 — v5)"2
% Step 1: Apply small perturbation to -y
~_perturbed = x + 0.01 x randn(1,5); % random noise from N(0, 1)
% Step 2: Compute initial A1l and A2
Al = A(v,7,7,7, v-perturbed);
A2 = A(v,v,7,7,7); % This will be zero
% Step 3: Check contraction condition
if A1 > 08¢ A2 ==
% Proceed with iteration
else
error(’F —contraction condition not satisfied at initialization.’);
end
% Step 4: Iterative process
for j =1:max_ter
% 4a: Compute distances and weights



8 S. ELMAS AND A. K. OzEL

diffs = Set —v; % difference vectors

dists = sqrt(sum(dif fs."2,2)) + epsilon; % FEuclidean distances +¢
weights = 1 ./ dists; % inverse-distance weights

% 4b: Weighted average (new vy)

~v_new = sum(Set. x weights, 1) /sum(weights);

% 4c: Compute updated Al and A2

Al = A(7,7,7,7, v-new);

A2 = A(7v, 7,7, 7, y-new); % A2still = Osincep_i =~

% 4d: Check convergence

if norm(y-new — ) < tau
disp([tConvergenceachievedatiteration!, num2str(5)]);
break;

else

v = ~v_new; % update current point

end

end

% Output:

% v - Approzimate fixed point (cluster center)

To illustrate the result, the data is projected onto the first three dimensions and visualized in 3D
space along with the computed fixed point.

of the First 3 DI ions in 5D Space
Data Points
K Fixed Point
T
09|
08
- 13
07
06—
05— .
< = » .
04 . . K
. . .

03

.
02

-
01 - . .

.-
0=l L . —
© \ : L
01 — 09
02 08
03 07
04 06
05 05
os\' 0.4
07 03

in
Figure 1: Projection of 5—dimensional dataset onto the first three dimensions
The red marker indicates the approximate fixed point (cluster center) computed via A—metric-based
F—contraction iteration. The iterative procedure converged after 8 iterations. The approximate fixed
point, representing the cluster center in the 5-dimensional space, is computed as:

fized_point = (0.5251,0.4936, 0.4398, 0.4231, 0.5045) .

This result confirms the existence of a fixed point under the defined A—metric and demonstrates the
effectiveness of the F'—contraction-based iterative scheme in high-dimensional data clustering.



APPROXIMATE FIXED POINT COMPUTATION 9

4. Conclusion

In this study, we investigated the existence and uniqueness of fixed points for F'—contraction maps in
the framework of A—metric spaces, as introduced by Wardowski. To support the theoretical findings, we
implemented an iterative algorithm based on an A-metric that evaluates the deviation of a candidate point
from multiple reference points. By employing a simple linear F—function and enforcing the contraction
condition F' (Ay) > F (Az), we verified the convergence behavior of the process on a randomly generated
dataset in R°. The proposed MATLAB-based procedure successfully computes an approximate fixed
point, interpreted as the cluster center of the dataset. The A—metric structure and the weight-based
update scheme ensure that the F-contraction inequality remains satisfied throughout the iterations. The
result not only confirms the practical validity of the theoretical framework but also illustrates the potential
of fixed point techniques in data-driven geometric computations, such as clustering in high-dimensional
spaces. This application highlights the effectiveness of A—metric and F'—contraction -based fixed point
algorithms in concrete settings, offering a computational perspective for further research in nonlinear
analysis and metric fixed point theory.
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