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Somber Index of k-Splitting Graphs

Rahul Munavalli, Prashant V. Patil, M. Kirankumar and Veeranayaka T. N.

ABSTRACT: The objective of this paper is to derive explicit formulas for the Sombor index of the k-splitting
of generalized transformation graphs, denoted as sply (G“b). The study systematically develops analytical
expressions for the Sombor index in terms of the parameters of the original graph and the splitting factor k.
Furthermore, analogous formulas are established for the complements of splj (Gab), providing a comprehensive
characterization of their structural properties.
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1. Introduction

The vertices within the molecular graph are representative of the atoms constituting the molecule,
while the edges signify the covalent bonds that interconnect these atoms. A topological index is defined
as a graph invariant that assigns a unique real number to each molecular graph. A plethora of such
descriptors has been examined in the realm of theoretical chemistry and has demonstrated practical ap-
plications, particularly within the contexts of Quantitative Structure-Activity Relationship (QSAR) and
Quantitative Structure-Property Relationship (QSPR) [13,35]. Topological indices are classified into two
principal categories, specifically degree-based indices and distance-based indices. Noteworthy examples
of degree-based indices include the first Zagreb index, the second Zagreb index, the forgotten index,
the hyper Zagreb index, the Randic index, the harmonic index, the geometric-arithmetic index, and the
redefined third Zagreb index, among others. For a comprehensive exploration of degree-based topological
indices, we direct the reader to reference [7,9,10,11,12].

Among the diverse array of degree-based indices, the first and second Zagreb indices have garnered
substantial scholarly attention. In the year 1972, Gutman et al. [9] formally introduced the first and
second Zagreb indices pertaining to a graph G. To date, numerous researchers worldwide are delving
into these indices, pushing the boundaries of knowledge to advanced methodologies. Subsequently, in
2008, Dosli¢ [6] articulated the definitions of the first and second Zagreb coindices, which pertain to
all non-adjacent pairs of vertices. For further insights regarding the Zagreb indices and coindices, as
well as their various applications, refer to[3,12,16,20,34,38]. In the year 2015, Basavanagoud et al. [4]
introduced novel graph operations referred to as generalized transformations denoted as G, and derived
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the formulations for both the first and second Zagreb indices as well as the coindices pertaining to these
graphs and their corresponding complements. In 2017, Vaidya et al. [37] proposed a new graph operation
termed k-splitting of a graph G and conducted an analysis on the energy associated with this operation.

In the current study, we concentrate on deriving explicit formulations for the forgotten index per-
taining to the k-splitting of generalized transformation graphs sply (G“b). Subsequently, we also derive
comparable expressions for the complements of sply, (G“b).

2. Preliminaries

Throughout this manuscript, we examine undirected, simple, and finite graphs. Let G be defined as
a graph characterized by the vertex set V(G) and the edge set E(G), where |V (G)| = n and |E(G)| = m,
with the elements of V(G) referred to as vertices and the elements of E(G) designated as edges of the
graph G. Two vertices are considered adjacent in G if they are connected by a common edge, which
is described as being incident to those two vertices. The degree of a vertex u in V(G), represented by
dg(u), quantifies the number of edges that are incident to u. The complement G of graph G constitutes
a simple graph that retains the same vertex set as G, whereby two vertices v and v are adjacent in G if
and only if they are non-adjacent in G. For newly topological indices, we suggest the readers to refer the
papers [1,2,14,15,17,18,19,21,22,23,24,25,26,27,28,29,30,32,33].

The first Zagreb index M7(G) [9] and second Zagreb index Ma(G) [9] are defined as

Mi(G)= > de(u)? and My(G)= Y  da(u)dg(v)

ueV(QG) weE(G)

respectively.
The first Zagreb can also be expressed as [5]

M(G)= Y [de(u) +da(v)].

weE(G)

I. Gutman [8] put forward a novel topological index namely the Sombor index which is defined as

SOG) = 3 [Videg(u)? + deg(v)?]

wveE(G)

3. The k-Splitting Graph

Let G denote a graph characterized by the vertex set V(G) and the edge set E(G), and let « and
represent two elements belonging to the union V(G) U E(G). The associativity of the elements o and
is defined as + if they exhibit adjacency or incidence within the graph G; conversely, it is denoted as —
in the absence of such a relationship. Let ab signify a 2-permutation of the set {4+, —}. The elements «
and S are said to correspond to the initial term a of ab if both entities reside within V(G), whereas they
correspond to the subsequent term b of ab if one of the entities is contained in V(G) and the other is
situated in E(G). The generalized transformation graph G is formulated on the vertex set V(G)UE(G).
A pair of vertices o and f in G is connected by an edge if and only if their associativity within G aligns
with the corresponding term of ab. In this context, there exist four distinct graphical transformations of
graphs, specifically Gt+, G*—, G=*, and G~ corresponding to the four unique 2-permutations of the
set {+,—}.

In an alternative formulation, the generalized transformation graph G constitutes a graph charac-
terized by the vertex set V(G) U E(G), where o, 8 € V (G?) are considered to be adjacent within G if
and only if the conditions (i) and (i7) are satisfied:

(i) a, €V (G“b), with o and g being adjacent in G under the condition that a = 4, whereas o and
are non-adjacent in G when a = —.

(#4) If @ € V(G) and 8 € E(G), then o and § are incident in G when b = +, while « and § are not
incident in G if b = —.



SOMBER INDEX OF k-SPLITTING GRAPHS 3

The vertex u of G® that corresponds to a vertex u of G is designated as a point vertex. Conversely,
the vertex e of G that corresponds to an edge e of G is termed a line vertex.

The k-splitting of a graph G, denoted as sply(G), is derived by augmenting each vertex u of G with
k additional vertices, labeled as u/, u”, ..., u*), in such a manner that u(*), where 1 < i < k, is adjacent
to every vertex that shares adjacency with u in the original graph G.

Now we present the main results of our work through following sections.

4. Sombor Index of spl(GTT)

Let G be a (n,m)-graph and sply(G*1) represents k-splitting of G**. For Py, the structure of
2-splitting graph of path P; *, is shown in the Figure 1

i !/

V1@ 1@ V1
" !

Vy @ Vo @ %)

vy @ V@ U3

Ve ve i

Figure 1: sply (PI"') : 2-splitting of P}
Proposition 4.1 Let G be a (n,m)-graph. Then
1. dgp, (g++) (v) = 2(k + 1)dg(v), where v € V(G)
2. dgp(a++) (€) = 2(k + 1), where e € E(G)
3. dgp (o) (V') = 2dg(v), where v’ € GT due to vertex v in G
4. dgpi(G++) (€') = 2, where € is vertex in k-splitting of Gt due to edge e in G.

Proposition 4.2 Let G be a (n,m)-graph. Then, order and size of splp(G*T1) are (n+m)(k + 1) and
3m(2k + 1) respectively.

Theorem 4.1 Let G be a (n,m)-graph. Then

SO (sple (GTF)) = 2(k+1)SO(G) +2[(k + 1)1 + 72 + 73 + V4]
where
= Z \/m; Yo = Z l:\/(k +1)2dg (u)2 +dg (U)Q]
uv€FEs uveE3
=y {\/(k +1)2dg (u)® + 1} D=y [\/dc (w)® + (k + 1)2}

Proof: Partitioning edge set of spl(GTT) as follows:

E (Splk(G++)) =F UE,UFE3UE4UEs5

where
E, = {w:w € E(G)}
E; = {ue:vertex u in G is incident to edge e in G}
By = {uv' : vertex u in G is adjacent to vertex v € Gt due to vertex v in G}
Ey = {ue’:vertex u in G is incident to vertex ¢’ € G™* due to edge e in G}

Es = {ue:vertexu' € G*" due to vertex u in G incident to edge e in G}



4 RAaxHUL MUNAVALLI, PRASHANT V. PATIL, M. KIRANKUMAR AND VEERANAYAKA T. N.

Clearly |Eq| =

We have,

SO (splk (G++))

SO (sply (G'H'))

Thus,

_l’_

+

m, |Eq| = 2m, |Es| = 2mk, |E4| = 2mk and |E5| = 2mk

[\/dsplk(c++) (u)? + dsplk(G++) (U)QJ

qu(E(splk(G++)))

Z [\/dsplk(c++) (u)2 + dsplk(G++) (U)2J + Z [\/dsplk(G++) (u)2 + dsplk(G++) (e)QJ

wv€E ue€Eq
[\/dsplk(G++) (U)z dsplk(G++ J + Z [\/dsplk(G++ splk(G++) (€I)2J
uv’ €E3 ue' €Ey
[\/dsplk(g++) (W) +d g, (Gt (G)QJ
u'e€FEsy
S _\/4(k +1)2dg (u)? + 4(k + 1)2dg (v)Q} + > [\/4(k +1)2dg (u)? + 4k + 1)2}
uwveE] - wv€Ey
> [Vat+ 120 @2+ 1do 0P| + 3 [+ 1720 (w2 + 4]
uvEE3 - uv€EFy
S [Jidcwr s s 7]
uecEg -
2k +1) Y [ fac (w)? + dg (v)2:| +2(k+1) > y/da(u)’+1
uveEq uv€EEqg
2 3 [V 20 Pt de 02| 2 5 [V e 0 1]
uwvEE3 =N
2 Y { da (u)? + (k+1)2}
ue€ Fs
20k +1)SO(G) +2(k+1) D> y/da(u)?+1
uv€ By
2 30 [+ 170 7+ da 7]
uveEE3

2 Y [\/(k+1)2dc(u)2+1}+2 > [ dG(U)Q‘*‘(k‘Fl)Q}

uv€EEy ue€FExy

SO (spli (GT+)) = 2(k + 1)SO(G) + 2[(k + 1)71 + 72 + 73 + 74]

where,

Y=y [\/(k+1)2dg(u)2+1]; e =

n= 3 V@ m= Y MkH)sz(u)adG(v)ﬂ

uv€e Ey uvEKE3

[\/dc (k4 1) ]

uveEEy ue€Es
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5. Sombor Index of spl(GT™)

Let G be a (n,m)-graph and splp(GT~) represents k-splitting of GT~. For path P, the structure of
2-splitting graph of P:' ~, is shown in the Figure 2

Ve  vie. u
" / N
(%] { (%) (] V2 .*\\_\\

vie vie U3¢/

v/j@ v,@ U1

Figure 2: sply (P} ) : 2-splitting of P, ~
Proposition 5.1 Let G be a (n,m)-graph. Then
1. dgp, (gt (v) = m(k + 1), where v € V(G)
2. dgpra+—) () = (n —2)(k + 1), where e € E(Q)
3. dgpi -y (V') =m, where v' € G~ due to vertex v in G
4. dgpi, G+-) (') = (n — 2), where e € k-splitting of GT~ due to edge e in G

Proposition 5.2 Let G be a (n,m)-graph. Then order and size of splpy(GT7) are (n+m)(k+ 1) and
m(n—1)(2k + 1).

Theorem 5.1 Let G be a (n,m)-graph. Then

SO (spli, (GT7)) = m(k+1)[V2m+ (n —2)v/m2 + (n—2)2 + 2m*k\/(k +1)2 + 1
+mk(n —2)[Vm2(k +1)2 + (n — 2)2 + /m2 + (n — 2)2(k + 1)2]

Proof: Partitioning edge set of sply(GT™) as follows:

where E (spl(G*™)) = Ey U By U B3 U By U Es
E, = {w:uve E(G)}
E;, = {ue:vertex u in G is not incident to edge e in G}
E; = {uv' : vertex v in G is adjacent to vertex v' € GT~ due to vertex v in G}
Ey = {ue :vertex u in G is incident to vertex ¢’ € G*~ due to edge ¢ in G}
E; = {u'e:vertex u' € G~ due to vertex u € G not incident to edge e in G}

Clearly, |Eq1| = m, |E2| = m(n — 2), |Es| = 2mk, |E4] = mk(n — 2) and |E5| = mk(n — 2).
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Consider,
SO (splk (G+_)) = Z [\/dsplk(GJr*) (u)2 + dsplk(GJr*) ('U)2J
u'uE(E(splk(G+*)))
B Ze;a Vo) @07+ dop ) 0] + ZE% Vdai(or-) @+ dupy (@) 7]
3 [Wag(or) @F + g o) O]+ X [y 07 +da (- (]
uv’ €E3 ue’ €Ey
+ Z [\/dsplk(GJr* ) <|>dspl;C Gt— E)QJ
u'e€Esy
= > [\/mQ(k+1) +m2(k+1) } + > {\/mQ (k4 1)2 4 n—2)2(k+1)2}
uvEkE, ue€ Fa
+ X [merrem] s S [mer e e
uv’ €E3 ue/ €EEBy
+ |:\/m2 (n—2)2 k+1)2:|
u c€E5
= Vo2mk+1) Y 14+ (k+1)y/m2+(n—-22 Y T+my/(k+12+1 >
uveEq ue€ Eg uv’ €E3
+oymEk 2+ (=22 Y 1y m (2212 Y 1
ue €E4 u’e€Es5
SO (sple (GT7)) = V2m2(k+1) + m(n —2)(k + 1)1/ (m2 + (n — 2)2)

+2m?k/[(k + )2 + 1] + mk(n — 2)\/m2(k + 1)2 + (n — 2)2

+ mk(n— 2)\/m2 + (n—2)2(k +1)2

= mk+ 1D)[V2m+ (n—2)\/m2+ (n—2)2] 4+ 2m2k\/(k + 1)2 + 1

+ mb(n —2)[/m2(k+ 12 + (n - 2)2 + \/m? + (n - 2)2(k+ 1)2

6. Sombor Index of spl(G~T)

Let G be a (n,m)-graph and splp(G~") represents k-splitting of G=F. TFor Py, the structure of
2-splitting graph of path P, *, is shown in the Figure 3

vie o)
vh@ V5@
Vi@ V5@
V4@ V)@

Figure 3: sply (P, ) : 2-splitting of P, *
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Proposition 6.1 Let G be a (n,m)-graph. Then

1 dgpi -+ (v) = (n = 1)(k + 1), where v € V(G)

2. dgpi(c-+) () = 2(k + 1), where e € E(G)

3. dypi(a-+) (V') = (n— 1), where v’ € G~ due to vertex v in G
4. depra-+) (€') =2, , where ¢’ € G~ due to edge e in G

Proposition 6.2 Let G be a (n,m)-graph. Then order and size of sply(G~1) are (n +m)(k + 1) and
1
i[n(n — 1) 4+ 2m|(2k + 1) respectively.

Theorem 6.1 Let G be a (n,m)-graph. Then

50 (st (67) = ("

+ 2m(k+1)y/(n—1)2+4
+ 2mk[/(n—1)2(k+1)2+4+/(n—1)2 +4(k+1)2]

- m> V2(n —1)(k+1) 4+ 2k(n — 1)y/(k + 1)2 + 1]

Proof: Partitioning edge set of sply(G~T) as follows:

E (Splk(G7+)) = E1 @] E2 U E3 @] E4 U E5

where

E, = {w:uv ¢ E(G)}

E;, = {ue:vertex u in G is incident to edge e in G}

E;s = {uv' s vertex u € G is not adjacent to vertex v’ € G~ due to vertex v in G}
E, = {ue’ s vertex u € G is incident to vertex ¢’ € G~ due to edge e in G}

E; = {u’e s vertex v/ € G~ due to vertex u € G is not incident to edge e in G}

2

Clearly, |B1| = "D _ Byl = 2m, |By| =2k <n<n2) - m) ,
|E4| = 2mk and |E5| = 2mk.
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Consider,

SO (sply (G™T))

SO (splk (G7+))

SO (sply (G™T))

[\/dsplk(G‘ﬂ (u)?* + Dopi (G—+) (”)QJ

qu(E(splk(G**’)))

Y (Vo) @7+ iy (o) O] + 2 [fupiy (o) 7 + gy (o) (]

uwve B ue€ By
Y [Vaa(o) @ + ooy @]+ 3 [y o) 07 + (o) (7]
uv’ € B3 e’ €Fy
> [Vupiu(o) 0+ dopiy o) 7]
u'e€ By
3 [\/(n —1D2(k+1)2 4 (n—1)2(k+ 1)2} + > {\/(n —1)2(k+1)2 4+ 4(k+ 1)2}
uveEEq ue€ Eg
> [\/(n —12(k+1)2+ (n— 1)2} + > [\/(n —1)2(k+1)% + 4}
uv’ € B3 ue’ €Ey
3 {\/(n —1)2 4k + 1)2}
u'e€ By
V2(n—1)(k+1) > 14+ (k+1)y/(n—1)2+4 > 1
uvEFE] ue€ Eg
(n-DYE+1D2+1 3 14y -2k +1)2+4 3 1
v’ € Eg ue' €Fy
V-2 a2 3 1
u'e€Es
V2(n —1)(k+1) (w fm) +omk+1)y/(n—1)2 +4

n(n—1)
2

2%(n — 1) (k+1)2+1( —m)+2mk‘\/(n—1)2(k+1)2+4

2mk\/(n _ 1)2 +4(k + 1)2
(”("T_l) - m> V3(n— 1)(k+ 1) + 2k(n — 1)y/(k + 1)* + 1)
2ml(k + 1)y/(n — D2 + 4+ kly/(n — D20k + 12 + 4

V=12 + 4k +1)2]

7. Sombor Index of spli(G~7)

Let G be a (n,m)-graph and splp(G~~) represents k-splitting of G~~. For P4, the structure of
2-splitting graph of P; ~, is shown in the Figure 4

vie v @
Vi@ V5@
Vi@ V5@
V4@ V)@

Figure 4: spls (ij) : 2-splitting of P, ~

Proposition 7.1 Let G be a (n,m)-graph. Then
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1. dgpi -y (v) = (n+m —1-2dg(v)) (k+ 1), where v € V(G)

2. dgp -y (e) = (n = 2)(k + 1), where e € E(G)

3. depi - (V') = (n+m—1-2dg(v)), where v' € G~ due to vertex v in G

4. dspi (- (€') = (n —2), where e’ € G™ due to edge e in G

Proposition 7.2 Let G be a (n,m)-graph. Then order and size of sply(G~~) are (n +m)(k + 1) and

2 [n(n — 1)+ 2m(n — 3)] (2k + 1) respectively.

Theorem 7.1 Let G be a (n,m)-graph. Then

SO (sple (G77)) = (k+Dn+r+r+y+s

Proof: Partitioning edge set of spli,(G~7) as follows:

E (Splk(G__)) =F UFE,UF3UFE4U FEy

where

E, = {w:uv ¢ E(G)}

E;, = {ue:vertex uin G is not incident to edge e in G}

E; = {uwv:vertex u € G is not adjacent to vertex v € G~ due to vertex v in G}
E, = {ue' : vertex u € G is not incident to vertex e’ € G~ due to edge e in G}
Es = {u'e : vertex u' € G~ due to vertex u € G is not incident to edge e in G}

Clearly, Ex| = "X o o) = m(n—2), |5 = 2 (n<n2> . m)

|E4| = mk(n — 2) and |E5| = mk(n — 2).
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SO (spli (G~

SO (spli, (G™~

SO (splk (G’77

Where,

RAHUL MUNAVALLI, PRASHANT V. PATIL, M. KIRANKUMAR AND VEERANAYAKA T. N.

)

)

)

71

V2

73

Y4

V5

> [V apt(a) @ + i (o) (0]

qu(E(splk(G**)))

2 Vtanie ) 0 H oy 07+ 3 | anso ) 07+ oy o) 7]

uvEk ue€ k!

[\/dsplk(G**) (u)? o, (a--) W J + Z [\/ spli(G——) (u)? +dspi(G--) (@’)QJ

uv’ €E3 ue’ €EEy

[\/dsplk(G** +dsplk(G**) (6)2J

u’e€FEs

> {\/(ner —1-2dg(w)? (k+1)2 + (n+m—1—2dg(v))* (k+ 1)2]

uveEq

+ Z {\/(n—‘rm —1—2dg(uw)? + (n—2)2(k + 1)2]

ue€ Eg

+ > _\/(nerf172dg(u))2(k+1)2+(n+mf172dg(v))2}
uv/€E3 -

+ > -\/(n—i-m—1—2dg(u))2(k+1)2+(n—2)2]

ue’€Ey4 -

+ 3 [Vinrm=1 =200 + (022

u'e€Es -

k+1) > {\/(n—&-m —1—2dgu))® +(n+m—1- 2dG(U))2}

uvEE]

+ > [\/(n+m —1—2dg(u))? + (n—2)2(k + 1)2]

ue€ Eg

+ 3 [Vt m—1-2daw)? (k+1)2+(n+m—1—2dc(v))2]
uwv’€E3 -

+ > -\/(n-i-m—1—2dg(u))2(k+1)2+(n—2)2]
ue'€Ey -

+ 3 -\/(nerfldeg(u))Q+(n72)2}
u’e€Es5

k+Dm+y2+v3+7a+7s

Z {\/(n +m—-1- 2dg(u))2 +(n+m—1- sz(U))2:|

3 [\/(n +m—1—2dg(u)? + (n— 2)2(k + 1)2]

Z \/(n +m—1-2dgw)? (k+1)2+(n+m—1- 2dg(v))2]

S [yt m—1— 26 (6 + 12 + (n - 2)2]

\/(n +m—1-=2dgw)’ + (n— 2)2]
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8. Conclusion

This study derives explicit formulas for the Sombor index of the k-splitting of generalized transfor-

mation graphs, represented as sply, (G“b). Furthermore, analogous expressions have been established for
the complements of, extending the analytical understanding of these graph structures splj (G“b).
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