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On the Transcendence of Sum and Product of Certain Infinite Series

Fedoua Sghiouer, Sarra Ahallal and Ali Kacha

ABSTRACT: In the present paper and as an application of Roth’s theorem concerning the rational approxima-
tion of algebraic numbers, we give a sufficient condition that will assure us that a sum, product and quotient
of some series of positive rational terms are transcendental numbers. We recall that all the infinite series that
we are going to treat are Liouville numbers. At the end this article, we establish an approximation measure
of these numbers.
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1. Introduction

The theory of transcendental numbers has a long history. We know since J. Liouville in 1844 that the
very rapidly converging sequences of rational numbers provide examples of transcendental numbers. So,
in his famous paper [8], Liouville showed that a real number admitting very good rational approximation
can not be algebraic, then he explicitly constructed the first examples of transcendental numbers. In [1],
the authors give a family of real numbers that are transcendental.

There are a number of sufficient conditions known within the literature for an infinite series,
>0 1 1/an, of positive rational numbers to converge to an irrational number, see [3, 10].These con-
ditions, which are quite varied in form, share one common feature, namely, they all require rapid growth
of the sequence a,, to deduce irrationality of the series. As an illustration consider the following results
of J. Sandor which have been taken from [12] and [13].

From this direction, the transcendence of some infinite series has been studied by several authors such
as M.A. Nyblom [9], J. Hancl and J. Stépnicka [5]. we also note that the transcendence of some power
series with rational coefficients is given by some authors such as J. P. Allouche [3] and G. K. Gozer [4].

We recall that in [5], we have proved the transcendence of some series of positive rational terms.

In the present paper, the first aim is to give a sufficient condition that will assure us that a sum, product
and quotient of some series of positive rational terms are transcendental numbers.
Let g1, g2 be two distinct integers > 2, such that g; > go and 61, 6> two infinite series which are defined

by
+oo +oo
0r=> gi", b= g
n=1 n=1

where a,, > 1, b, > 1 are integers for all n > 1.
The second main result of this article is to establish an approximation measure of a real number 61 + 5.
In order to prove the transcendence of the infinite series, we will use the Roth’s Theorem.

Roth’s Theorem. Let a be a real number, 6 a real number > 2, if there exists an infinity rational
numbers %7 with ged(p, q) = 1 such that
1
o — p’ < >
q q
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then o is a transcendental number.

2. Main Results

2.1. Transcendence of some series

Theorem 2.1 Let g1, g2 be two distinct integers > 2, such that g1 > g2, B a real number > 0. With the
same notations as above, let

+o0o 1 +o00o 1
= o b2=) —
n=1 91 n=1 92

where apy1 = a,ll“‘ﬁ foralln>1 and aq; > 2.
Then, the real numbers 01 + 6o, 01 — 02, 01 X 05 and 61 /05 are transcendental numbers.

Remark 1. From the definition of ;, it is clear that these series are convergent.

Proof: Let
- 1 Pn,1 i 1 Pn,2
0 1 = = ,0 2 = - = 2=
" kz::l 91" an,1 " 1 95" In2’
where ged(Pn,1,¢n,1) = g¢d(Pn,2,¢n,2) = 1. So, we can see that ¢,1 = g7 and ¢, 2 = g5". a

(i) Transcendence of (61 + 62).

We have
|61 + 62 — 61 — 02| <101 — 01| + |02 — 0, 2].

Therefore, we get
|01 = Ona| = an+1 (1 + Z ak+1 an+1> :
k= n+1

which gives

1 2
W<|91_0n1|< Tant1
91
and ) )
ggﬁ < |92*9n2| < g;n+1.

From the previous inequalities and the hypothesis g; > g2, we deduce

2 2 4
‘01 + 62 — 9?%1 - 071,2‘ < Ant1 + ant1 ant1° (21)
92 92
We can see that
gan«i»l
lim 2 =400

The above inequality is true since one has

antrlngs 5 Ings < 9B(1+8)" In go
anln(grge)  "In(gi1g92) — In(g192)
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. 146)"~ " _In =
and lim, 4 26(1+9) ln(g1g;2) = Foo.

Hence, for all positive integer d > 2, Ing = ng(d) such that for all n > ng, we have

In(g5"*") > dIn(g1g:)"" = In ((g192)*")".
Which yields,
gng+1 > (gtlln,géln)d

and the inequality (1) becomes

Pn Dn,2 4
(= +=—=)I<

91 + 92 — —_—.
‘ qn,l %,2 (Qn,1Qn,2)d

Since, d > 2, by Roth’s Theorem, we deduce that 6, + 6, is a transcendental number.
Similarely, it can easily be proven that 6; — 5 is also a transcendental number.

(ii) Transcendence of 6y x 6.
One has

|01 x O — 0,1 X Oy 0] =[(01 — 0n.1)0n2 + (B2 — 62)0, 1]
< |01 — 0n1]02 + (1 + 61)]02 — O 2]
20, 2(1+6y)

An 41 An 41
g

91

<

for all n sufficiently large. Since g1 > g2 and using the relationship (2), we obtain

2(1+ 61 +62) < 1

9 X 9 — 9 X 9 <
‘ 1 2 n,1 ’I’L,Q‘ ;7l+1 (qn,1Qn,2)d)

for all n sufficiently large. Therefore, 8, x 05 is transcendental by Roth’s Theorem.

(iii) Transcendence of (61/6s).

01 en,l

= (0, —0,1)0 0,2 —05)0,
0 Ops [(61 .1)02 + (052 2)0n.1]

— |0n,2(91 - an,l) + 9n,1(0n,2 - 92)‘
020, 2

AsOp1=pni1/dny <1+61 <2and 8,2 =Dpn2/qn2 > 1/g5", for n > 2, we obtain

0 0 0, —0 2g5*
Y1 Un1 < | 1 n,1|+ D) ‘an’2_92‘
92 971,2 02 62
2 4g5"
< +
92g(11n+1 92g(21n+1
244950 1
<t
02 92

Since pp,2 < (14 02)gn,2 < 2¢n2 and using (2), for all n sufficiently large, we find
0 Onn

)

4 4(1 +
< ( 62)
Oy G2

T (@n19n2)? T (qnapn2)?

Therefore 6, /605 is a transcendental number.

(2.2)
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2.2. Approximation measure of a power series (67 + 65)

In this subsection, we give the second main result of this article.
Throughout this section, we adopt the following notation § = 61 + 6, and 0,, = 01 ,, + 62,5, = P /gy, Where
ng(pnaQn) =1

Theorem 2.2 Let £ be an algebraic number of degree d > 2 and height H. Let « > H and k > 1 be two
real numbers such that for all m > 1, we have

ap < apg1 < ake for all n>1.

n

Then we get,
1

"8 GE

Remark 2.1 This approzimation measure obtained of 01 + 05 is the same of 61 — 02, 61 X 02 and 01 /65.

Proof: Let £ be an algebraic number of degree d > 2 and height H > «. From Theorem 1, part i) we
deduce that 6 is transcendental.

To obtain an approximation measure of 8; + 0o, it is sufficient to minimize |§ — £| by function of H and
d.

We have

Which becomes,
0 =&l =10 — & — [0 — 0]

According to Liouville’s Theorem, it is not hard to see that

1

€ —On| > gl (2.3)
It follows from section 1 that
1
|0 - 9n| < an41 °
2
S0, we obtain
€= 01> g — =
Hdqs g5
In order to have )
-0 > ———,
it suffices to have 1 1
> .
2Hd2q2 92n41
Since ¢, = (g192)°", the relationship (3) gives
1 1
(2.4)

> .
2Hd?qd ~ (g1g2)2+

Therefore (4) is equivalent to

(g192)"+" > 2Hd?(g1g2) ™. (2.5)
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To realize the inequality (5), it suffices that the integer n satisfies

(9192)%+1/% > (g1g2)dan

(2.6)
(9192)+/* > 2Hd.
The first inequality of (6) is easily obtained because an+1 > a% > 2da,.
For the second one, let ny be the smallest integer n such that
(gng)a"/z < 2Hd? < (glgg)“"“/Q. (27)
This yields that
1
A—¢&l > ———.
44 (2Hd2)'
Which proves the result of Theorem 2. O

Example. Let

g1=2,92=3,a1 =2
any1 = az,n > 1,
a=4k=2.

Let £ be an algebraic number of degree d = 3 and height H. By applying Theorem 2, an approximation
measure of (61 + 05) is given by

1
|91—|—92 —§| > W
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