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Douglas Space with Special (α, β)-Metric
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abstract: We deal with the conditions for a Finsler space with the special (α, β)-metric to be a Douglas
space of second kind, where α is a Riemannian metric and β is a differential 1-form.
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1. Introduction

The Douglas spaces and weakly Berwald space are considered as generalizations of Berwald spaces. S.
Bacso and M. Matsumoto [2] introduced the concept Douglas space. Finsler space is a Douglas space if
and only if the Douglas tensor vanishes identically. I. Y. Lee [4] found the conditions for a Finsler space
with Matsumoto metric to be a Douglas space of second kind.

In this paper, we find the condition for a Finsler space with an (α, β)-metric L(α, β) = c1α+c2β+
α2

β ,
where c1 ̸= 0, to be Douglas space of second kind.

2. Preliminaries

Let Fn = (Mn, L) be the Finsler space with an (α, β)-metric L(α, β), where α = (aij(x)y
iyj)

1
2 and

β = bi(x)y
i. The fundamental function Gi of a Finsler space is given by, 2Gi = γ i

0 0+2Bi, where (γ i
j k)

is the Christoffel symbol, then we have Gi
j = γ i

0 j + Bi
j and G i

j k = γ i
j k + B i

j k, where ∂̇jB
i = Bi

j ,

∂̇kB
i
j = B i

j k and the Berwald connection is given by BΓ = (G i
j k, G

i
j). Denote B i

j k the difference

tensor [3] of G i
j k from γ i

j k.

G i
j k(x, y) = γ i

j k +B i
j k(x, y).

Transvecting this equation by yk, we get

Gi
j = γ i

0 j +Bi
j and 2Gi = γ i

0 0 + 2Bi,

where, B i
j k = ∂̇kB

i
j and Bi

j = ∂̇jB
i.

The differential equations of geodesic of a Finsler space Fn in the parameter t is,

ẍiẋj − ẍj ẋi + 2(Gixj −Gjxi) = 0, yi = ẋi,

where the functions Gi(x, y) is given by

2Gi(x, y) =

{
i
j k

}
yjyk,
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where

{
i
j k

}
are the Christoffel symbol constructed from gij(x, y) with respect to ẋi. The Finsler

space Fn is a Douglas space if and only if the Douglas tensor

Dh
ijk = Gh

ijk − 1

n+ 1

(
Gijky

h +Gijδ
h
k +Gjkδ

h
i +Gkiδ

h
j

)
,

vanishes identically [2], where Gh
ijk = ∂̇kG

h
ij is the hv-curvature tensor of the Berwald connection.

Fn is said to be Douglas space if,

Dij = Gi(x, y)yj −Gj(x, y)yi, (2.1)

is homogeneous polynomial in (yi) of degree three. On differentiating (2.1) with respect to yh, yk, yp

and yq, we have Dij
hkpq = 0, which is equivalent to Dim

hkpm = (n+ 1)D i
h kp = 0. Thus, the Finsler space

Fn which satisfies the condition Dij
hkpq = 0, which is equivalent to Dim

hkpm = (n+ 1)D i
h kp = 0, is called

Douglas space. Again differentiating (2.1) by ym and contracting by m and j in the obtained equation,
we have Dim

m = (n+1)Gi −Gm
myi. Thus, Fn is said to be Douglas space of the second kind if and only if

Dim
m = (n+ 1)Gi −Gm

myi, (2.2)

is homogeneous polynomial in (yi) of degree two. Again differentiating (2.2) with respect to yh, yj and
yk, we get, Dim

hjkm = (n+ 1)Di
hjk = 0.

Definition 2.1 The Finsler space Fn is said to be Douglas space of the second kind, if it satisfies the
condition Dim

m = (n+ 1)Gi −Gm
myi be homogeneous polynomials in (yi) of degree two.

Definition 2.2 The Finsler space Fn with (α, β)-metric is said to be Douglas space of the second kind,
if and only if

Bim
m = (n+ 1)Bi −Bm

myi,

is homogeneous polynomials in (yi) of degree two, where Bm
m is given [4].

Further differentiating above equation with respect to yh, yj , and yk, we get
Bim

hkpm = Bi
hjk = 0, is called Douglas space of second kind.

We use the following [1]:

Lemma 2.1 If α2 ≡ 0(modβ), that is, aij(x)y
iyj contains bi(x)y

i as a factor, then the dimension is
equal to two and b2 vanishes. In this case we have δ = di(x)y

i satisfies α2 = βδ and dib
i = 2.

Now define the function Gi(x, y) [5] of Finsler space Fn with (α, β)-metric as,

2Gm = γ i
0 0 + 2Bi,

where

Bi =

(
E

α

)
yi +

(
αLβ

Lα

)
si0 −

(
αLαα

Lα

)
C∗

{(
yi

α

)
−
(
α

β

)
bi
}
, (2.3)

where, we put

E =

(
βLβ

L

)
C∗,

C∗ =
{αβ (r00Lα − 2αs0Lβ)}
{2 (β2Lα + αγ2Lαα)}

,

γ2 =b2α2 − β2.
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Since γ i
0 0 = γ i

j k(x)y
iyj is hp(2), by means of (2.1) and (2.3) we have the following [6]:

Bim
m =

(n+ 1)αLβ

Lα
si0 +

α{(n+ 1)α2ΩLααb
i + βγ2Ayi}

2Ω2
r00

− α2{(n+ 1)α2ΩLβLααb
i +Byi}

LαΩ2
s0 −

α3Lααy
i

Ω
r0, (2.4)

where

A = αLαLααα + 3LαLαα − 3α(Lαα)
2,

B = αβγ2LαLβLααα + β{(3γ2 − β2)Lα − 4αγ2Lαα}LβLαα

+ΩLLαα. (2.5)

Thus from the above, we have

Theorem 2.1 The necessary and sufficient condition for a Finsler space Fn with an (α, β)-metric to
be Douglas space of second kind is that Bim

m are homogeneous polynomials in (ym) of degree two, where
Bim

m is given by (2.4) and (2.5), provided that Ω ̸= 0.

3. Douglas Space of Second Kind with L(α, β) = c1α+ c2β + α2

β

Theorem 3.1 The Finsler space Fn with an (α, β)-metric L(α, β) = c1α+ c2β+ α2

β is a Douglas space
of second kind if and only if
(i) α2 ̸≡ 0(mod β) then (3.5) and (3.6) are satisfied and s0 = 0.
(ii) α2 ≡ 0(mod β) then (3.12), (3.13) and (3.14) are satisfied and V i

2 = 0.

Proof: Consider the Finsler space Fn with an (α, β)-metric L(α, β) = c1α + c2β + α2

β . The partial
derivatives for this metric are as follows,

Lα = c1 +
2α

β
,

Lβ = c2 −
α2

β2
,

Lαα =
2

β
, (3.1)

Lααα = 0,

Ω = c1β
2 +

2b2α3

β
.

Substituting (3.1) in (2.5), we get

A =
6c1
β

,

B =
1

β3
{6c1c2α2β3b2 − 6c1c2β

5 − 2c1b
2α4β + 8α5b2 + 10c1α

2β3 + 2c21αβ
4}. (3.2)
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Now, from (3.1) and (3.2), equation (2.4) reduces to

Bim
m {c31β9 + 4c1b

4α6β3 + 4c21b
2α3β6 + 2c21αβ

8 + 8b4α7β2 + 8c1b
2α4β5}

− si0{(n+ 1)c31c2αβ
9 + (n+ 1)c1c2b

4α7β3 + 4(n+ 1)c21c2b
2α4β6 + 2(n+ 1)c21c2α

2β8

+ 8(n+ 1)c2b
4α8β2 + 8(n+ 1)c1c2b

2α5β5 − (n+ 1)c31α
3β7 − 4(n+ 1)c1b

4α9β

− 4(n+ 1)c21b
2α6β4 − 2(n+ 1)c21α

3β6 − 8(n+ 1)b4α9 − 8(n+ 1)c1b
2α6β3}

− r00{bi[(n+ 1)c21α
3β6 + 2(n+ 1)c1α

4β5 + 2(n+ 1)c1b
2α6β3 + 4(n+ 1)b2α7β2]

+ yi[3c21b
2α3β5 + 6c1b

2α4β4 − 3c21αβ
7 − 6c1α

2β6]}
+ s0{bi[2(n+ 1)c1c2α

4β6 − 2(n+ 1)c1α
6β4 + 4(n+ 1)c2b

2α7β3 − 4(n+ 1)b2α9β]

+ yi[6c1c2b
2α4β5 − 6c1c2α

2β7 − 2c1b
2α6β3 + 2b2α7β2 + 10c1α

4β5 + 2c21α
3β6]}

+ r0y
i{2c21α3β6 + 4c1α

4β5 + 4c1b
2α6β3 + 8b2α7β2} = 0.

Assume that Fn is a Douglas space of second kind, that is, Bim
m be hp(2). Since α is irrational in (yi),

the above equation is divided into two parts as follows:

Bim
m {c31β9 + 4c1b

4α6β3 + 8c1b
2α4β5}

− si0{4(n+ 1)c21c2b
2α4β6 + 2(n+ 1)c21c2α

2β8 + 8(n+ 1)c2b
4α8β2

− 4(n+ 1)c21b
2α6β4 − 8(n+ 1)c1α

6β3}
− r00{bi[2(n+ 1)c1α

4β5 + 2(n+ 1)c1b
2α6β3] + yi[6c1b

2α4β4 − 6c1α
2β6]}

+ s0{bi[2(n+ 1)c1c2α
4β6 − 2(n+ 1)c1α

6β4] + yi[6c1c2b
2α4β5 − 6c1c2α

2β7 − 2c1b
2α6β3

+ 10c1α
4β5]}+ r0y

i{4c1α4β5 + 4c1b
2α6β3} = 0, (3.3)

and

Bim
m {4c21b2α2β6 + 2c21β

8 + 8b4α6β2}
− si0{(n+ 1)c31c2β

9 + (n+ 1)c1c2b
4α6β3 + 8(n+ 1)c1c2b

2α4β5

− (n+ 1)c31α
2β7 − 4(n+ 1)c1b

4α8β − 2(n+ 1)c21α
2β6 − 8(n+ 1)b4α8}

− r00{bi[(n+ 1)c21α
2β6 + 4(n+ 1)b2α6β2] + yi[3c21b

2α2β5 − 3c21β
7]}

+ s0{bi[4(n+ 1)c2b
2α6β3 − 4(n+ 1)b2α8β] + yi[2b2α6β2 + 2c21α

2β6]}
+ r0y

i{2c21α2β6 + 8b2α6β2} = 0. (3.4)

Since the term which is does not contain α2 in (3.3) is c31β
9Bim

m , therefore we must have hp(9)V i
9 such

that c31β
9Bim

m = α2V i
9 .

We consider two different cases:

Case(i): when α2 ̸≡ 0(mod β) , that is, n > 2, then there exits a function gi(x) such that
V i
9 = gi(x)c31β

9, then

Bim
m = α2gi(x). (3.5)

Similarly, the terms which does not contain α2 in (3.4) is Bim
m 2c21β

8−si0(n+1)c31c2β
9+r003c

3
1β

7yi, hence
we must have hp(7)U i

7 such that

β6{Bim
m 2c21β − si0(n+ 1)c31c2β

2 + r003c
2
1y

i} = α2U i
7.

Above equation shows that there exits hp(8)U i
8 such that U i

7 = β7U i
8, which gives

Bim
m 2c21β − si0(n+ 1)c31c2β

2 + r003c
2
1y

i = α2U i
8,
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substituting (3.5) in this equation, we get

−si0(n+ 1)c31c2β
2 + r003c

2
1y

i = α2{U i
8 − gi(x)2c21β},

since α2 ̸≡ 0(mod β), U i
8 − gi(x)2c21β must vanish and hence

3yir00 = (n+ 1)c1c2β
2si0. (3.6)

Now substituting (3.5) and (3.6) in (3.3), we get

gi(x){c31β9 + 4c1b
4α6β3 + 8c1b

2α4β5}
− si0{4(n+ 1)c21c2b

2α2β6 + 2(n+ 1)c21c2β
8 + 8(n+ 1)c2b

4α6β2

− 4(n+ 1)c21b
2α4β4 − 8(n+ 1)c1α

4β3b2}
− r00b

i[2(n+ 1)c1α
2β5 + 2(n+ 1)c1b

2α4β3]− (n+ 1)c1c2β
2si0[2c1b

2α2β4 − 2c1β
6]

+ s0{bi[2(n+ 1)c1c2α
2β6 − 2(n+ 1)c1α

4β4] + yi[6c1c2b
2α2β5 − 6c1c2β

7 − 2c1b
2α4β3

+ 10c1α
2β5]}+ r0y

i{4c1α2β5 + 4c1b
2α4β3} = 0. (3.7)

In the equation (3.7), the term which is free from α2 is c31β
9gi(x)−si0

(
4(n+ 1)c21c2β

8
)
−6c1c2y

iβ7s0, hence

we must have hp(7)V i
7 , such that c31β

2gi(x) − si0
(
4(n+ 1)c21c2β

)
− 6c1c2y

is0 = α2V i
7 . If V i

7 = hi(x)β7,
then

c31β
2gi(x)− si0

(
4(n+ 1)c21c2β

)
− 6c1c2y

is0 = α2hi(x).

Transvecting the above equation by bi, gives

c31β
2gb − s0

(
4(n+ 1)c21c2β + 6c1c2

)
= α2hb, where bih

i = hb, big
i = gb.

Again since α2 ̸≡ 0(mod β) , we get hb = 0, which gives

s0 =
c21β

2gb
2 [2(n+ 1)c1c2β + 3c2]

. (3.8)

Substituting (3.5), (3.6) and (3.8) in (3.4), we get

α2gi(x){4c21b2α2β6 + 2c21β
8 + 8b4α6β2}

− si0{(n+ 1)c31c2β
9 + 4(n+ 1)c1c2b

4α6β3 + 8(n+ 1)c1c2b
2α4β5

− (n+ 1)c31α
2β7 − 4(n+ 1)c1b

4α8β}
− r00b

i[(n+ 1)c21α
2β6 + 4(n+ 1)b2α6β2]− (n+ 1)c1c2β

2si0[c
2
1b

2α2β5 − c21β
7]

+

(
c21β

2gb
2 [2(n+ 1)c1c2β + 3c2]

)
{bi[4(n+ 1)c2b

2α6β3 − 4(n+ 1)b2α8β] + yi[2b2α6β2

+ 2c21α
2β6]}+ r0y

i{2c21α2β6 + 8b2α6β2} = 0. (3.9)

Since only the term −2(n+ 1)c31c2β
9si0 does not contain δ, hence there exists hp(8)V i

8 such that −2(n+
1)c31c2β

9si0 = α2V i
8 , where V i

8 = β9hi(x), then −2(n + 1)c31c2s
i
0 = α2hi(x). Since α2 ̸≡ 0(mod β) ,

therefore hi(x) = 0 which gives si0 = 0 ⇒ s0 = 0.

Case(ii): when α2 ≡ 0(mod β), Lemma(2.1) shows that n = 2, b2 = 0 and α2 = βδ, δ = di(x)y
i.

Using these conditions, equations (3.3) and (3.4), can be rewritten as

Bim
m c31β

2 − si0{6c21c2β2δ} − r00{bi6c1δ2 − yi6c1δ}
+ s0{bi[6c1c2δ2β − 6c1δ

3] + yi[−6c1c2βδ + 10c1δ
2β]}+r0y

i4c1δ
2 = 0 (3.10)
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and

Bim
m 2c21β − si0{3c31c2β2 − 3c31βδ − 6c21δ}−r00{bi3c21δ − yi3c21}+ s0y

i2c21δ + r0y
i2c21δ = 0. (3.11)

In (3.10), the only term which is free from δ is Bim
m c31β

2, hence there exits hp(1)U i such that

Bim
m = δU i. (3.12)

Similarly, in (3.11) the term which does not contain δ is

Bim
m 2c21β − si03c

3
1c2β

2 + r00y
i3c21 = δV i

2 .

Substituting (3.12) in this equation, we get

r00y
i3c21 = si03c

3
1c2β

2 + δ{V i
2 − 2c21βU

i}. (3.13)

Again substitute (3.12) and (3.13) in (3.10), we get

U ic31β
2 − si0{6c21c2β2} − r00b

i6c1δ + r00y
i6c1β

+ s0{bi[6c1c2δβ − 6c1δ
2] + yi[−6c1c2β + 10c1δ]}+r0y

i4c1δ = 0.

Since the term which is free from δ is U ic31β
2 − si06c

2
1c2β

2 + r00y
i6c1β − yi6c1c2βs0, thus we must have

hp(2)U i
2 such that

U ic31β
2 − si06c

2
1c2β

2 + r00y
i6c1 − yi6c1c2βs0 = δU i

2,

which gives

c21c2β
2si0 = δU i

2 + yi6c1c2βs0 − U ic31β
2. (3.14)

Substituting (3.12), (3.13) and (3.14) in (3.11), we get

2c21βδU
i − {3c31c2β2 − 3c31βδ − 6c21δ}

(
δU i

2 + yi6c1c2βs0 − U ic31β
2

c21c2β
2

)
− {bi3c21δ − yi3c21}

(
si03c

3
1c2β

2 + δ{V i
2 − 2c21βU

i}
yi3c21

)
+ s0y

i2c21δ + r0y
i2c21δ = 0.

The term which is free from δ is −3c1{yi6c1c2βs0 −U ic31β
2}+ si03c

3
1c2β

2, hence there exits hp(2)V i
2 such

that −3c1{yi6c1c2βs0 − U ic31β
2}+ 3c1{yi6c1c2βs0 − U ic31β

2} = δV i
2 ⇒ V i

2 = 0. 2
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