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Douglas Space with Special («, §)-Metric
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ABSTRACT: We deal with the conditions for a Finsler space with the special (o, )-metric to be a Douglas
space of second kind, where « is a Riemannian metric and g is a differential 1-form.
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1. Introduction

The Douglas spaces and weakly Berwald space are considered as generalizations of Berwald spaces. S.
Bacso and M. Matsumoto [2] introduced the concept Douglas space. Finsler space is a Douglas space if
and only if the Douglas tensor vanishes identically. I. Y. Lee [4] found the conditions for a Finsler space
with Matsumoto metric to be a Douglas space of second kind.

In this paper, we find the condition for a Finsler space with an («, 8)-metric L(c, ) = cra+c2f+ %2,
where ¢; # 0, to be Douglas space of second kind.

2. Preliminaries

Let F" = (M™, L) be the Finsler space with an (o, B)-metric L(a, 3), where a = (aijv(x)yiyj)% and
B = b;(z)y*. The fundamental function G* of a Finsler space is given by, 2G* = v, + 2B*, where (’yjzk)
is the Christoffel symbol, then we have G*; = v,'; + B; and G} = ", + B;";, where 9;B" = B';,
OxB'; = B;'; and the Berwald connection is given by BI' = (G ;,G ;). Denote B/’ the difference
tensor [3] of G %), from ~,%.

Gji p(T,y) = ’ink + Bjik(zvy)'
Transvecting this equation by y*, we get
GZJ = fYOij —+ Bl‘7 and QGZ = "}/07;0 —+ 2Bi,

where, B;'; = 0yB'; and B'; = 9; B".
The differential equations of geodesic of a Finsler space F'™ in the parameter ¢ is,

#al — i+ 2(G - GiaY) =0, ¢ =it
where the functions G(x,y) is given by

2Gi(x,y)={ ik }yjyk,
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where { jz i } are the Christoffel symbol constructed from g;;(z,y) with respect to #*. The Finsler

space F'" is a Douglas space if and only if the Douglas tensor

1
Dy, = Gy, — n+l (Gigny" + Gisof + G0} + Gridy)

vanishes identically [2], where G?jk = 8kGi’] is the hv-curvature tensor of the Berwald  connection.
F™ is said to be Douglas space if,

DY = G'(z,y)y’ — G (x,y)y’, (2.1)
is homogeneous polynomial in (y°) of degree three. On differentiating (2.1) with respect to Yy, kP
and y9, we have D}, = 0, which is equivalent to D, = (n + l)l‘)hZ gp = 0. Thus, ‘the Finsler space
F™ which satisfies the condition D} = 0, which is equivalent to Dyipm = (n+1)Dy’ kp = 0, 1s called

P
Douglas space. Again differentiating 52.1) by y™ and contracting by m and j in the obtained equation,
we have D™ = (n+1)G* — G™y’. Thus, F™ is said to be Douglas space of the second kind if and only if

Dim = (n +1)G* — G™y', (2.2)

is homogeneous polynomial in (y*) of degree two. Again differentiating (2.2) with respect to y”, 47 and
y*, we get, D;Z?km =(n+ 1)D}ij =0.

Definition 2.1 The Finsler space F" is said to be Douglas space of the second kind, if it satisfies the
condition D™ = (n + 1)G* — G™y* be homogeneous polynomials in (y*) of degree two.

Definition 2.2 The Finsler space F™ with (c, 8)-metric is said to be Douglas space of the second kind,
if and only if

B = (n+1)B' — By,
is homogeneous polynomials in (y*) of degree two, where B is given [/].

Further differentiating above equation with respect to y”, v/, and y*, we get

B;L’}?pm = szk = 0, is called Douglas space of second kind.

We use the following [1]:
Lemma 2.1 If o = 0(modpB), that is, a;j(x)y'y’ contains bl(ﬂc)yz as a factor, then the dimension is
equal to two and b* vanishes. In this case we have § = d;(x)y" satisfies o® = 36 and d;b* = 2.

Now define the function G*(z,y) [5] of Finsler space F™ with (a, B)-metric as,

2G™ = v,y + 2B,

p (o () (R -G e

b () e

where

where, we put

L
o — {aB (rooLa — 2asoLg)}
{2(B2La + av?Lao)} ’
72 :b2a2 o BQ'
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Since v,'y = fyjik(x)yiyj is hp(2), by means of (2.1) and (2.3) we have the following [6]:

(n+1)aLg . a{(n + 1)a?QLa.b" + 72 Ay'}

B = L. 0 202 Too
a?{(n+1)a?QLgLanb" + By'} a3 Laay’
_ — 2.4
LaQ2 S0 Q To, ( )
where
A= aLoLooa +3LaLae — 3a(Laa)27

B = afy’LaLlgLaaa + B{(37* = *)La — 407*Laa} LgLaa

+ QLL . (2.5)

Thus from the above, we have

Theorem 2.1 The necessary and sufficient condition for a Finsler space F™ with an («, ()-metric to
be Douglas space of second kind is that BI™ are homogeneous polynomials in (y™) of degree two, where
Bim s given by (2.4) and (2.5), provided that Q # 0.

3. Douglas Space of Second Kind with L(a, ) = cia+ o8 + %2

Theorem 3.1 The Finsler space F™ with an («, B)-metric L(a, B) = cra+cof+ O‘T; is a Douglas space
of second kind if and only if

(i) a* # 0(mod B) then (3.5) and (3.6) are satisfied and so = 0.

(ii) a® = 0(mod B) then (3.12), (3.13) and (3.14) are satisfied and Vi = 0.

Proof: Consider the Finsler space F™ with an (o, )-metric L(co, 8) = cia+ o8 + %2 The partial
derivatives for this metric are as follows,

2a
Loy=c+ 5
LB =C2 — gz»
Loo = %, (3.1)
Loaa =0,
Q=cp%+ 2b;a3

Substituting (3.1) in (2.5), we get

1
B = E{66102a263b2 — 6e1ca8° — 210202 B + 8a°b? + 10¢10% 83 + 20%0464}. (3.2)
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Now, from (3.1) and (3.2), equation (2.4) reduces to
B {339 + 4eib*a’ B3 + 4302 B0 + 2c2a B8 + 8b1a” B2 + 8c1b?at 57}
—si{(n+1)Ecaaf® + (n + Veread?a” B3 4+ 4(n + 1) eab?a* 85 + 2(n + 1)c2epa® B8
+8(n + 1)eab*a®B% + 8(n + 1)c1cab?a®B° — (n + 1)c3a®B7 — 4(n + 1)e1b*a®p
—4(n+ 1)AEp?a’B* — 2(n +1)c2a®B5 — 8(n + 1)b*a® — 8(n + 1)c1b%a’ B3}
—roo{b'[(n+ 1)cia®BC +2(n + )10 B° + 2(n + 1) 62a’ 8% + 4(n + 1)b%a” 57
+ 1y [3c3b%aB° + 6c1b2a* Bt — 32T — 6102 5%}
+ 50{b'[2(n 4+ 1)crc0a?BY — 2(n 4 1)c1a®BY + 4(n + 1)epb®a” B2 — 4(n + 1)b%a ]
+ 9 [6crcab®a B — 6ercaa® BT — 21020 B3 + 2077 B2 + 10c,0* B° + 2¢3a3 85}
+roy'{2¢3aB5 + de1a? B + 4y b2l 4 8b2a”f%) = 0.
Assume that F" is a Douglas space of second kind, that is, B&™ be hp(2). Since « is irrational in (y),
the above equation is divided into two parts as follows:
Bii{clB° + 4erb* a5 + 8erb%a 57}
— sh{d(n +1)cieb®a B8 4 2(n + 1)cFcaa® B8 + 8(n + 1)cab*a® 32
—4(n+ 1)Ep%a’Bt — 8(n + 1)c1a°8%}
—roo{b'[2(n + 1)c1a? B + 2(n + 1)e1b2a’ B3] + ' [6c1b%a* Bt — 610250}
+ 50{b'[2(n + 1)crcaa® B% — 2(n + 1)c1a®BY) + yi[6c1cb?a B° — 6c1c20? BT — 2¢10%a’33
+ 10c10? B85} + roy {dci1a?B° + 4c1b?a’ B3} = 0, (3.3)
and
B 420?02 B8 + 23 3% + 81’32}
— st {(n +1)c3caf? + (n+ 1V)ereab®a®B + 8(n + 1)cicab®a* B°
—(n+1)Ea?B” —4(n +1)eb*a®B —2(n + 1)cia? B8 — 8(n + 1)b*a®}
—roo{b*[(n + 1)c3a?B5 + 4(n + 1)b2a®B?] + y'[3cib*a?B° — 3c1 57}
+ s0{b'[4(n + 1)cab?a® 5% — 4(n + 1)b%a® 6] + y'[2b%a5 62 + 2c¢2a*89)}
+roy'{2c2a? % + 8b%a’B?%} = 0. (3.4)

Since the term which is does not contain a? in (3.3) is ¢§52Bi™, therefore we must have hp(9)Vy such
that ¢3p2Bim = o2Vy.

We consider two different cases:

Case(i): when a? # 0(mod j3) , that is, n > 2, then there exits a function g*(z) such that
Vi — g(@)cd, then

Bi™ = o’gi(z). (3.5)

Similarly, the terms which does not contain o in (3.4) is B;;*2c18% — sf(n+1)cfca8% +ro03¢} 87y", hence
we must have hp(7)U?% such that

BBIM2c2B — si(n + 1)cicaf? + r0o3ciy'} = QUL
Above equation shows that there exits hp(8)U¢ such that Ut = 87U}, which gives

Bim2c23 — si(n+ 1)cicaB? + roo3ciy’ = UL,
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substituting (3.5) in this equation, we get
—sh(n +1)c3eaB? + roo3cty’ = o2 {Ui — g'(x)2c2 8Y,
since a? # 0(mod f8), Ui — g*(x)2c33 must vanish and hence
3y'roo = (n + 1)cicaf?s). (3.6)

Now substituting (3.5) and (3.6) in (3.3), we get

g () {3 + 4c1b*ab B3 + 8c1b%a 55}

— sh{d(n + 1)cieab?a? B8 4+ 2(n 4 1) ea 88 4 8(n 4 1)cab*a’ 32

—4(n+ 1)’ B — 8(n + 1)1 B30%}

—roob'[2(n + 1)c1a?B° + 2(n + 1)e1b?a* B3] — (n 4 1)crcaB2sh[2c1b% 0 B — 2¢1 9]

+ 50{b"[2(n + 1)c1c00? B8 — 2(n + 1)cla464] + 4 [6crcab®a?B® — 6ercoBT — 2¢1b%a* 33

+10c102 B} + roy{4c1a?B° + 41 b*a* B3} = 0. (3.7)
In the equation (3.7), the term which is free from a2 is ¢ 3%¢* (z) — s§, (4(n + 1)cic28%) —6¢1c2y" 7 50, hence
we must have hp(7)V7, such that ¢82¢"(z) — sf) (4(n + 1)cicoB) — 6ercay’sy = 2VE. If Vi = hi(z)f7,
then

ciB2g (x) — sh (4(n+ 1)0?025) — 6ereay’so = a’hi(x).
Transvecting the above equation by b;, gives
ci’ﬁ2gb — 8 (4(n + 1)0%025 + 60102) = a’hy, where bh' =hy, big' = g

Again since o # 0(mod B3) , we get hy = 0, which gives

c1B2gp

_ . 3.8
%07 92(n + 1)e1caB + 3¢a] (38)

Substituting (3.5), (3.6) and (3.8) in (3.4), we get

a?g'(x){4ctb?a? B8 + 2¢3 6% + 8b*a’ 3%}

—si{(n+1)ccaf? + 4(n + 1)crcab*a’ B3 + 8(n + 1)crcb®a* B°

—(n+1)AEa?B" —4(n + 1)e1b*a®p}

—roob'[(n + 1)c2a?B% 4 4(n + 1)b?ab6%] — (n + 1)c1ca%sh[3D2a? 85 — 257

252
1B gn i 2 643 _ 2 8 ifo12 632
+ (2[2(n—|— 1)01025+3CQ]) {b'[4(n + 1)exd*a”B” — 4(n + 1)b°a®B] + ' [2b°a° B
+ 2202} + royt{2c2a? 8 + 8b2a’5%) = 0. (3.9)

Since only the term —2(n + 1)c3ca3%sf does not contain &, hence there exists hp(8)V{ such that —2(n +
cieaB2st = a?V{, where Vi = B%h(z), then —2(n + 1)c3casy = a?hi(z). Since o? # 0(mod B) ,
therefore hi(z) = 0 which gives s{ =0 = s9=0.

Case(ii): when o? = 0(mod ), Lemma(2.1) shows that n = 2, b = 0 and o? = 36, § = d;(z)y".
Using these conditions, equations (3.3) and (3.4), can be rewritten as
Bime3p% — si{6c3caf%0} — roo{b'6c10% — y'6c10}
+ 50{b'[6c1¢20%3 — 6¢16°%] + ' [—6¢1c286 + 10¢16% 8] +roy'de 62 = 0 (3.10)
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and
Bim2c23 — si{3c3caB2 — 3386 — 6¢35} —r00{b'3ctd — y'3c2} + soy'2¢36 + royi2¢is = 0. (3.11)
In (3.10), the only term which is free from & is Bi" ¢332, hence there exits hp(1)U® such that
B™ = §U". (3.12)
Similarly, in (3.11) the term which does not contain ¢ is
Bm2¢2 3 — si3cicoB? + rooy'3ct = V3.
Substituting (3.12) in this equation, we get
Tooy'3ch = sh3cicaB + 5{Vy — 263 pU}. (3.13)
Again substitute (3.12) and (3.13) in (3.10), we get

Uicifﬂz — 36{60%0252} — 100 6¢18 + rooy’6e1 3
+ So{bi[601025ﬁ — 661(52] + yi[—GClcgﬁ + 10015]}+T0yi4615 =0.

Since the term which is free from § is Utc33? — si6cica3% + rooy'6e1 8 — yi6eicaBsg, thus we must have
hp(2)U4 such that

Uicip? — 8660%6252 + 700y 6c1 — y'6c1cafsg = UL,
which gives
2. p20i _ sTrio i i 332
cicef sy = 60Uz + y*6cicafBso — U'ey 5. (3.14)

Substituting (3.12), (3.13) and (3.14) in (3.11), we get

' i i 778,302
263" — (3eteas® — el — o) (VA EL O a000 LA

3y 32
s83c3eaf? + 0{V4 — 2c38U}
y'3ct

—{b'3c26 — y'3c3} < > + 50y°2¢26 + 1oy '2¢25 = 0.

The term which is free from § is —3c1{y6c1caBs0 — Utci B2} + s§3c3caB?%, hence there exits hp(2)Vy such
that —3c1{y'6c1caBso — Ulci B2} + 3c1{y'6cicaBsy — Ulci B2} = 6Vi = Vi =0. O
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