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Degree-Based Topological Indices of Order Super Commuting Graphs of Finite Groups
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ABSTRACT: Consider D to be an equivalence relation on a group 57 and let ¥ be a graph type. Given the
equivalence relation D, let [y] denote the equivalence class of an element y. The vertex set V(%) of the D-super
W graph of ./ represents an undirected graph such that two distinct vertices y, z € U are adjacent if [y] = [2],
or if there exist elements y’ € [y] and 2’ € [z] such that y’ and 2’ are adjacent in the ¥ graph of J#. In
this study, we compute the degree-based topological indices of order super commuting graphs corresponding
to various finite non-abelian groups, including dihedral, generalized quaternion, semidihedral, quasidihedral,
Vsg, and Ugy groups. This work lies in the systematic derivation of closed-form expressions for these indices
over new classes of order super commuting graphs. The obtained results provide a deeper understanding of
the structural properties and interrelations among these finite non-abelian groups through their topological
descriptors.
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1. Introduction

The properties of graphs have been exhaustively described on finite groups, along with their properties
have been explored using group properties and vice versa. Additionally, finite groups are described if
specific graph theoretic properties are attained. These graphs frequently produce instances and alternative
examples for a range of graph theory conjectures and issues. Among the well-known graphs defined on
groups are the generating graph, power graph, solvable graph, commuting graph, non-commuting graph,
nilpotent graph, etc. Another class of graphs is formed on groups. Commuting, nilpotent, and solvable
conjugacy class graphs are examples of such graphs.In 2022, Arunkumar et al. [4] introduced the concept
of super graphs of groups by integrating two existing types of graphs defined on groups. The Laplacian
Spectrum and Sombor Spectrum of super graphs for certain groups were further investigated in [[14],
[18]].

Let D be an equivalence relation defined on a finite group . For any y € J¢, its D-equivalence class
is denoted by [y]. If [y] = [z] or if there exist ¥’ € [y] and 2’ € [z] such that a commutes with b, then
the K-super commuting graph on %7 is defined as a graph whose vertex set consists of such equivalence
classes, and two distinct vertices y’ and z’ are adjacent. When [y] = [z], the resulting graph is the
K-commuting graph on ., which has been discussed in [[9], [10], [17], [7]]-

The order super commuting graph, denoted by OSCom(.%¢), is obtained by taking K as the relation of
having the same order among elements of 7. Various forms of such graphs on finite groups were presented
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in [4], and their structural properties were analyzed in [[4], [5]]. Furthermore, several topological indices
of super commuting graphs for specific groups were computed in [3], while their spectral properties were
explored in [[2], [6]].

Compared to earlier studies on commuting graphs [[9], [10], [17], [7]], the investigations on super com-
muting graphs [[4], [3], [2], [6]] offer a broader framework that generalizes traditional commuting relations
by incorporating equivalence-based partitions of group elements. This extension provides deeper insights
into both the algebraic and spectral characteristics of group-based graphs. In this paper, we compute
Distance-based topological indices of order super commuting graphs of finite non-abelian groups such as
dihedral groups, dicyclic groups, semidihedral groups, quasidihedral groups, Vgy groups, and Ugy groups.

2. Preliminaries

Assume that ¥ = (V(¥), E(V)) is a simple undirected graph. |¥|, the number of vertices, indicates
the order of W. The shortest path between v; and vy in U is represented by the distance dis(vyi,v2).
Two vertices, v; and vs, are represented as vivy if they share an edge. The degree is specified by d,, of
vertex v1. N(vp) is the set of vertices in a graph, adjacent to v1. A path of length dis(vq,ve) from vy
to vy is called a geodesic. ecc(vy) represents the eccentricity of a vertex vy € V, which is the greatest
distance between v; and any other vertex in W. diam(¥) represents the diameter of ¥, which is the
highest eccentricity of any vertex. Likewise, the vertex with the least eccentricity in ¥ corresponds to
the radius of ¥, which is represented by rad(¥). If a graph’s diameter and radius are the same, it is said
to be self-centered.

The disjoint union of x copies of Ky is denoted as xKy. V is defined as the join of two graphs, U is
defined as union of two disjoint sets or graphs.

Let U1(V (1), E(¥;)) and Uy(V(¥3), E(¥2)) be two connected graphs. ¥y V ¥q is their join graph,
which is a graph with the vertex set V(¥;) UV (¥5) and edge set

E(W,) U E(¥5) U {yz Ly e V()2 e V(\IJQ)}.

Indices Representations | Formulas
Randi¢ index [12] R(¥) >y € E(\D)\/ﬁ
Sombor index [11] SO(W) Dyserw) \/ Dy T A2
Harmonic index [15] Hr() D yreB(D) dyﬁ
Geometric Arithmetic index [16] GA(Y) >y B(W) Z\yﬂ%

Atom Bond Connectivity index [13] ABC(¥) 2 yser(w) \/ %
Atom Bond Sum Connectivity index [1] | ABS(¥) D yrer(w) \/ %

Sum Connectivity index [20] x(¥) ZyZeE(\I,) \/ﬁ
Symmetric Division Deg index [19] SDD(V) 2y B(D) (Zi’ + ?1;)

Table 1: Various types of degree-based topological indices considered.

The order super commuting graph of a group ¢, represented as OSCom(s), is defined as a graph
where the vertex set is V(OSCom(s#)) = . Two distinct vertices y and z are connected by an edge
if either [y] = [z], or there exist elements a € [y] and b € [z] such that ab = ba. Here, [y], known as the
order class of y in J%, consists of all elements in 7 that share the same order as y.

In this paper, we examine six specific types of groups: the dihedral groups Dsy, defined by the presentation

(po | p? =0%=1,0po~! = p~') for ¥ > 3 having order 2¢; the quaternion groups Quy, characterized
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by the presentation (p,o | p?Y =1, p” = 02, opo~! = p~1) for ¥ > 2 having order 4¥; the quasidihedral
groups @Dy, defined as (p,o | pzﬂf1 =02 =10pc ! = p2072_1) for ¥ > 3 having order 27; the
semidihedral groups S Dgg, which are defined by the presentation (p,o | p*’ =1, 62 =1, opo~! = p??~1)
for ¥ > 2 having order 89; the groups Vg, presented as (p,o | p*) =1, 0* =1, 0p=0"1p" !, 07 p =
p~'o) having order 89, and Ugy; defined by (p,o | p?” =1, 03 =1, p~'op = ¢~ ') having order 6J. The
structure for these groups have been described in the S.Das [8].

The work in this article is structured as follows: In Chapter 3 provides an in-depth analysis of vertex and
edge partitions within the order super commuting graphs associated with finite groups. In Chapter 4 4
explores various properties of these graphs, delving into their structural and mathematical characteristics.
Finally, In Chapter 5 5 examines degree-based topological indices of the order super commuting graph
OSCom(s), presenting key insights and their implications.

3. Vertex and Edge Partitions

In this section, we explore the relationships between distances, edges, and the degree sequence within
order super commuting graphs.
Edge partition of OSCom(Dsg) of Dihedral groups Day for every yz € E(OSCom(Day)):

dy,d,) type edges | Distance | Number of
(dy y g
(@) edges
(9—-1,20-1) D= -1 (dy,d-) type edges | Distance | Number of
(20 — 1,9) o=1 0 (@) edges
(9 —1,9—1) d=1 @2 (20—1,20 — 1) d=1 20 —1)0
(9,9) >=1 @-1)9
(9,9 —1) b =2 (¥ —1)9 Table 3: Values of distance and number of edges

when ¥ is even
Table 2: Values of distance and number of edges
when ¢ is odd

Edge partition of OSCom(Q4y) of Generalized Quaternion groups Q4 for every yz € E(OSCom(Qas)):

(dy,d-) type edges | Distance | Number of
(@) edges

Eiz : 17 ;Lg _T_ B i i : 41119 (dy,d-) type edges | Distance | Number of

7 _ D) edges
(49 — 1,20 — 1) d=1 40— 1) (
(20 41,29 + 1) o= (29 — 1)9 (49 — 1,49 — 1) D=1 (49 — 1)29

— - = (20-2)(29-3)

83 + 1733 _ B g _ 9 (0 — 2)419 Table 5: Values of distance and number of edges

: — when 9 is even

Table 4: Values of distance and no.edges when ¢
is odd

Table 6: Edge partition of OSCom(QDY) of Quasidihedral groups QDY for every yz € E(OSCom(QDY))

(dy,d,) type edges | Distance (®) | Number of edges
(29 — 1,27 — 1) d=1 220—1 _ 991
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Table 7: Edge partition of OSCom(SDgy) of Semidihedral Groups SDgy for every yz €
E(OSCom(SDsy))

(dy,d.) type edges | Distance (®) | Number of edges
(80— 1,89 — 1) o=1 49(89 — 1)

Edge partition of OSCom(Vgy) of Vsy for every yz € E(OSCom(Vsy)):

,d.) type edges istance umber of edges
dy,d d D Numb f ed
(®)

(89— 1,89 —1) d=1 W .
(89 — 1,49 + 3) b =1 4909 1 2) (dy, d-) type edges ](initance eNdugI:Sber of
(60 — 1,89 — 1) d=1 (49 — 4)(20 + 4) — — i —
(49 + 3,49 + 3) D=1 9(20 — 1) (89— 1,80 —1) d=1 19(80 — 1)

- - - (49—4)(49—5)

’ 2 able J: values ol distance and numbper of edages

(23 :1;23 1) 2:; 89(9 — 1 Table 9: Values of dist d number of ed
h+3,60-1) — ©W-1) when n is even

Table 8: Values of distance and number of edges
when ¢ is odd

Table 10: Edge partition of OSCom(Usgy) of Usy for every yz € E(OSCom(Usy))

(dy,d,) type edges | Distance (®) | Number of edges
V(91
(69 — 1,60 — 1) =1 501
(30 —1,69 — 1) o=1 292
(49 — 1,89 — 1) P=1 392
(30— 1,39 — 1) o=1 929 — 1)
_ 39(39—1
(49 — 1,49 — 1) d=1 85(39-1)
(39 — 1,49 — 1) P =2 6192

4. Properties of Order Super Commuting Graphs of Finite Groups

This section examines various topological properties of order super commuting graphs associated with
finite groups such as dihedral groups Dsy, generalized quaternion groups @4y, semidihedral groups Q@ Dyv,
quasidihedral groups SDgy,Vsy groups , and Ugy groups.

Lemma 4.1. [8] Consider OSCom(3) be Order Super commuting graph of any finite non-abelian group
.
KV (K19,1 U Kﬁ), if ¥ is odd,

1. If # = Dyy, then OSCom(I€) = {K if 9 is even
279 )

K2 V (K21972 U Kgﬁ), Zfﬁ 8 Odd,

2. If H = Quy, then OSCom(H') = {K ) if ¥ is even
49, '

3. If # = QDgyo, then OSCom() = Kys.
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Kogia V (Kop U Kyg_yg), if ¥ is odd,

If A = Vgy, then OSCom(I) =
4. 1f 89, then om(#) {K&% if ¥ is even.

5. If # = SDgy, then OSCom/() = Kgy.
6. If H# = Usgy, then OSCom() = Ky V (Kag U K3y).
Consider an entity
C(SCom(), @) = {(j1, j2; j1j2 € V(P(H)))|®(j1, j2)} (4.1)
The following result shows the total distance of super commuting graphs given in Lemma 4.1.
Proposition 4.2. The total possible distance of OSCom(H) is given:
1. If Doy is a dihedral group of order 29 where 9 is odd, thus we have

92, d=1

W—-1)29, ®=2 } where ¥ is odd

d(OSCom(Day),®) =
920 —-1), ®=11} whered is even

2. If Quy is a generalized quaternion group of order 49 where ¥ is odd, thus we have .

(20 +1)29, & =1

(¥ —-1)89, &=2 } where ¥ is odd

d(0SCom(Quyp),®) =
(49 —-1)29, ®=1} whered is even

3. If QDY is a quasidihedral group of order 2°, we have

d(0SCom(QDY), ®) = {220—1 T |

4. If SDgy is a semidihedral group of order 8% where ¢ is odd, thus we have
d(OSCom(SDsy), ®) = {419(819 “1), d=1

5. If Vgy is a group of order 89 where ¥ is odd, thus we have

4969 +1), ®=1

1690(0 — 1), ®—2 } where 9 is odd

d(OSCom(Vgy), ®) =
4989 —1), ®=11} where? is even
6. If Ugy is a group of order 69, we have

3949 —1), ®=1

d(OSCOm(U(w)v é) = {12192 b =2

Proof. The edge partition of OSCom(Dsy) of dihedral group Day for every yz € V(OSCom(Dgy)) is
given in Table 2. For distance ® = 1, we sum all the number of edges having distance ® =1 of (d,, d.)
type edges and for distance ® = 2, we sum all the number of edges having distance ® = 2 of (d, d,) type
edges. Thus, adding all such entities, we get

92 b=

d(0OSCom(G), D) = ’

2000 —-1), =2
By simplifying, we have
92, o=
202 — 29, ® =2

The other parts can be similarly worked out. O

d(0SCom(G), D) = {
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5. Degree-Based Topological Indices of OSCom()
Theorem 5.1. The Randi¢ index for OSCom(s€) of a finite group J, the following holds.
1. For dihedral group Dsy, we have

VI VI—1 29—3 . )
20T + T + =5=, if v is odd,
R(OSCOTTL(DQ&)) =
v, if U is even.
2. For generalized quaternion group Qag, we have
49 1 4(9-1)
V(49—-1)(20+1) N V/(20-1)(49-1)

(20-1)9 | (29-3)(9-1) g

R(0SCom(Qug)) = T 2091+ 29-1 if ¥ is odd,

29

, if U is even.

3. For quasidihedral group QDY , we have
R(0OSCom(QD3)) =271,

4. For semidihedral group SDgy, we have
R(OSCom(SDsgy)) = 49.

5. For Vgy group, we have

(2043)(942) | __49(9+2) 9(29—1)
89—1 \/(4’19+3)(819—1) 4943
8(0—1)(9+2) 2(49-5)(9¥—1) 9 is odd
R(0SCom(Veg)) = {  V6o-1)o-1) -1 > if 0 s odd,
449, if ¥ is even.
6. For Ugy group, we have
(9 -1 2092 (20 — 1)y 3939 —1)
R(OSCom(U, = +
( (Uoo)) 2(60 — 1) BI—1)60—1) 30—1 = 249-1)
3092

- VA9 =169 1)

Proof. For every single group 4, the structure of O.SCom(s)is described in lemma 4.1, and the Randié
Index R(OSCom()) is defined here.

For Randi¢ index of the dihedral group having order 21, by using Lemma 4.1, Proposition 4.2, Tables 2
and 3, we have

1 1
(0~ 1)< (191)(2191)> + 19(419(2191))

(¥—-1)(9-2) . -
" ? ) (\/(191)(191)) if 9 is odd,
Y (9—1)

~(252) ()

R(OSCom(Dqy)) =
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For the generalized quaternion group (49, having order 49, by using Lemma 4.1, Proposition 4.2, Tables

4 and 5, we have

<1> + 49 <1>

(49—-1)(49-1) (20+1)(49—1)

4(9—-1) 9(29—1) . .
V/(20-1)(49—-1) 20+1 if ¥ is odd,

R(OSCom(Quv)) = 4 + ( (219_2)2(219_3)) (\/(2;_1)2 )

(20(49 — 1)) <1) if 9 is even.
(49—1)(49—-1)

For the quasidihedral group @D} having order 2V, by using Lemma 4.1, Proposition 4.2, and Tables 6,

we have

1
R(OSCom(QDY)) = (229-1 — 291 ()
(0SCom(QDY)) = ( (o=
For the semidihedral group SDgy having order 8¢, by using Lemma 4.1, Proposition 4.2,

we have

and Tables 7,

R(OSCom(SDsy)) = (49(89 — 1))<\/(879 - 11)(819 - 1)>'

For the group Vgyg, which has order 8, we have used Lemma 4.1, Proposition 4.2, and Tables 8 and 9 to

1

(2944)(2943)
2 V/(89—1)(89—1)
1
#a00+2) (b

+(49 — 4)(29 + 4) <1> if 9 is odd,

(69-1)(89—1)
R(OSCom(Vas)) = | y(29 — 1) (m

I TR CT)! 1
2 V(69-1)(69-1) }’

(49(89 — 1)) <1), if 9 is even.
(89—1)(89—1)

obtain (

For the group Ugy, which has order 69, we have used Lemma 4.1, Proposition 4.2, and Tables 10 to obtain

R(OSCom(Usy)) = (19(192_ 1)> ( (69 — 11)(619 — 1)> M 2192<\/(319 - 11)(619 - 1))
+3q92<\/(419_ 11)(60_ 1)> +(20 - 1)19<\/(319_ 11)(319 - 1))

+ (319(31; - U) ( @ - 11)(419 = 1))'

Theorem 5.2. The Sombor index for OSCom () of a finite group H, the following holds.

1. For dihedral group Doy, we have

(0 — DV59%2 — 69 + 24 9592 —49 + 1
+ (9—1) (2092 —3942)
SO(0SCom(Day)) = V2 ’

(20 — 1)29/2, if ¥ is even.

if ¥ is odd,
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2. For generalized quaternion group Qu9, we have

V2(49 — 1) +/2(9 — 1)(29 — 3)(29 — 1)
+09v2(20 — 1)(20 + 1) +4(9 — 1)v/2002 — 120 + 2 if ¥ is odd,

SO(0SCom(Quy)) = { +49v/2002 — 40 + 2,

20(49 — 1)%V/2, if ¥ is even.

3. For quasidihedral group QDY , we have

SO(0SCom(QDY)) = v2(2°~1) (27 — 1)?

4. For semidihedral group SDgy, we have

SO(0SCom(SDsy)) = 49v2(89 — 1)

5. For Vgy group, we have

SO(0SCom(Vgy))

V2|(89 — 1)(20 + 3)(9 + 2) + 9(49 + 3) (20 — 1)
+2(9 — 1)(49 — 5)(60 — 1) + 49(9 + 2)V4092 + 49 +5 if 9 is odd,

=) H8(0 + 2)(9 — 1)V/5092 — 149 + 1] ,

49v/2(89 — 1)2, if ¥ is even.

6. For Ugy group, we have
SO(08Com(Usp)) = 9V2(279° — 199 + 3) 4 2021/4592 — 180 + 2 + 30%/5202 — 200 + 2

Proof. For every single group . the structure of OSCom/(s#)is described in lemma 4.1, and the Sombor
Index SO(OSCom(s2)) is defined here.

For the dihedral group Dsy, using Lemma 4.1, Proposition 4.2, and Tables 2 and 3, we have

SO(0SCom(Day)) =

(9 —1) <\/(219 —1)24 (9 — 1)2> + (/92 + (20 — 1)2)
+ w—1>2<19—2>> (\/(19— D2+ (0 —1)2 if ¥ is odd,

H(252) (v o).

(9(20 — 1))< 2020 — 1)2)7 if ¥ is even.

Using Lemma 4.1, Proposition 4.2, and Tables 4 and 5, we can analyze the generalized quaternion group

Q419 .

SO(0SCom(Quy)) =

V2(49 — 1) +/2(9 — 1)(29 — 3)(29 — 1)
+09v/2(29 — 1)(29 + 1) + 419<\/(219 +1)2 + (49 — 1)2)

+4(9 = 1) <\/(219 —1)2 + (40 — 1)2) if 9 is odd,

(29(49 — 1)) <\/2(419 - 1)2>, if ¥ is even.



DEGREE-BASED TOPOLOGICAL INDICES OF ORDER SUPER COMMUTING GRAPHS OF FINITE GROUPS 9

For the quasidihedral group QDY , using Lemma 4.1, Proposition 4.2, and Tables 6, we have

SO(0SCom(QDY)) = (227~ — 29~ 1) <\/(219 —1)2+ (29 - 1)2).

For the semidihedral group SDgy, using Lemma 4.1, Proposition 4.2, and Tables 7, we have

SO(0SCom(SDgy)) = (49(8Y — 1)) <\/(819 —1)2+ (89— 1)2).
For the Vgy group, using Lemma 4.1, Proposition 4.2, Tables 8, and 9, we have

<(219+4>2<”+3>) (\/(819 —1)2+ (80 — 1)2>

+49(9 + 2) <\/(419 +3)%2 + (89 — 1)2)

(49 — 4)(20 + 4) <\/(619 “10)2+ (30— 1)2> i 9 is odd,
SO(0SCom(Vav)) =4 4i(20 — 1) <\/(419 T3+ (401 3)2)

+(“419“*);‘“9‘5)) (\/(619 —1)% + (60 — 1)2>,

(49(89 — 1)) <\/(819 —1)2+ (89 — 1)2), if 9 is even.

For the Ugy group, using Lemma 4.1, Proposition 4.2, and Tables 10, we have

SO(0SCom(Usy)) = <19(’92_1)) <\/(619 —1)2 4 (69 — 1)2> + 209 (\/(319 —1)2 4 (69 — 1)2)

+ 30° <\/(419 —1)2 + (69 — 1)2> +9(29 — 1) (\/(319 —1)2 4 (39 — 1)2>
+ (W) <\/(419 —1)2 4 (49 — 1)2>.

2

Theorem 5.3. The Harmonic index for OSCom(F) of a finite group €, the following holds.

1. For dihedral group Dyy, we have

2(9-1) 20 | 20-3  rog .
D 4 204 , if ¥ is odd,
Hr(OSCom(Day)) = {19319 Lo ’ if ¥ is even

2. For generalized quaternion group @49, we have

4(9-1) |, 9(29—1
419171 + % + éﬁfl + (219+1 :
Hr(0SCom(Qug)) = { +W=DEI=3) if 9 is odd,
24, if ¥ is even.

3. For quasidihedral group QDY , we have
Hr(0SCom(QDY)) = 2771,
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4. For semidihedral group SDgy, we have
Hr(0SCom(SDsgy)) = 49.

5. For Vgy group, we have
(0+2)(2043) |, 40(9+2) , 9(29—1)
+ + 973

B w42) | Bot1)as
+5 ;ﬁ)£1+ L X _619)(,1 _5), if ¥ is odd,

Hr(0SCom(Vgy)) =

49

, if U is even.

6. For Ugy group, we have

AH—1) 42 32 9@I-1) | 3IBY 1)

Hr(0SComUso)) = 55—y Y 993 T50 -1 s0-1 T 2@i—1)

Proof. For every single group J#, the structure of OSCom/(5#)is described in lemma 4.1and the Har-
monic Index Hr(OSCom(5#)) is defined here.

To determine the harmonic index of the dihedral group with order 29, we use Lemma 4.1, Proposition
4.2, and Tables 2 and 3.

=) ) + ()
+ (19—2)2(19—1)> (2(7921)) if ¢ is odd,
Hr(0SCom(Day)) = { m—l)) (2)
2 29 )
(929 — 1)) (2(251)> if ¥ is even.

By using Lemma 4.1, Proposition 4.2, and Tables 4 and 5, we can determine the harmonic index of the
generalized quaternion group of order 44.

((4191)4244191)) + 49 ( (4191)1(21%1))

Hr(0SCom(Qug)) = 4 TV =1 (z(zﬁm>

(20—2)(20—3) 2
+( 2 )(2(2&—1))

(219(4’(9 — 1)) (MW) s if ¥ is even.

By using Lemma 4.1, Proposition 4.2, and Tables 6, we can determine the harmonic index of a quasidi-
hedral group with order QDY .

Hr(OSCom(QD)) = (22" — 2~ (2(21921)

By using Lemma 4.1, Proposition 4.2, and Tables 7, we can determine the harmonic index of the semidi-
hedral group of order SDgy.

Hr(OSCom(SDgy)) = (49(89 — 1))<(819 -1) —?— (89 — 1)>'
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By using Lemma 4.1, Proposition 4.2, Tables 8 and 9, we can determine the harmonic index of the Vgy

group, which has order Vgy.
<(219+4)(219+3)> < 2 )
2 (89—1)+(80-1)

+(49 — 4)(29 + 4) ((619—1)-1—2(819—1)) if 9 is odd,
Hr(OSCom(Vsy)) = 920 — 1) <2>

(49+3)+(49+3)
+((419—4)(419—5)> ( 2 )
2 (69—1)+(69-1) |
(4'[9(819 - 1)) ((819—1)-?—(819—1))7 if ¥ is even.

By using Lemma 4.1, Proposition 4.2, and Tables 10, we can determine the harmonic index of the Ugy
group, which has order Usgy.

Hr(0SCom(Usy)) = (ﬁ(ﬁ; 1)> (2(6192_ 1)> * 2192<(319 -1 —2F (69 — 1)>
+3192<(419_1)i(6ﬁ_1)> +ﬁ(2ﬁ‘1)((30—1)i(3ﬁ—1)>

+ <3ﬂ(32_1)>((4ﬂ1)i(4§1)>'

Theorem 5.4. The Geometric Arithmetic index for OSCom/(F€) of a finite group S, the following
holds.

1. For dihedral group Doy, we have

3 3
20-1)2/20—-1 |, 295 29—1 N2 g
GA(0OSCom(Day)) = 30-2 + e (0 =17 ifd s odd,
9(29 — 1), if U is even.

2. For generalized quaternion group QQa9, we have

14+ WOIZDEHD (29 —1)

GA(0SCom(Quy)) = | $2ZDVIIDEIZD (9 1)(20 —3), if 0 is odd,

29(49 — 1), if ¥ is even.

3. For quasidihedral group QDY , we have

GA(0SCom(QDY)) = 277129 —1).

4. For semidihedral group SDgy, we have

GA(OSCom(SDsy)) = 40(89 — 1).
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5. For Vgy group, we have

(P+2)(29+3)+ (20 — 1)+ 2(9 — 1)(49 — 5)
L) 65;119:-3)(819—1)’ i 0 is odd,
GA(OSCom(Vsy)) = { 4 80+DI-DV(69-1)(89—1)
TH—1
49(89 — 1), if ¥ is even.

6. For Ugy group, we have

I —1) N 39(39 — 1) N 49%,/(30 — 1)(69 — 1)
2 2 99 — 2
392/ (49 — 1)(69 — 1)
59 — 1 ‘

GA(OSCom(Usy)) = (20 — 1) +

Proof. For every single group ¢, the structure of OSCom() is described in lemma 4.1, and the
Geometric Arithmetic Index GA(OSCom (7)) is defined here.
Using Lemma 4.1, Proposition 4.2, and Tables 2 and 3, we can analyze the dihedral group Day.

91 2,/(9—-1)(29—1) 9 2,/9(20-1)
( N i ) TV Free
9—2)(9—1 2¢/(9-1)2 o9t
e )) (w—\/nw—l)) if 9 is odd,
GA(OSCom(Dsg)) = 4 mn) (W)
2 29 |
(¥(29 - 1)) (22”((221;9__11))2> if 9 is even.

For the generalized quaternion group (Q49, we have the following results using Lemma 4.1, Proposition
4.2, and Tables 4 and 5.

(2 (4191)(4191)) +419(2,/(4791)(2q9+1))

2(40—1) 49— +(20+1)

49 — 1) 2 DRI if 9 is odd,

-1 +(29-1)

+9(20 — 1) (( o

20+1)+(20+1)

4 ( (2@-2)(&9-3)) (2\/(2191)2 )
2 k)

2(20—1)

GA(0SCom(Quy)) =

24/ (49—1)(49—1) .
(2’[9(419 — 1)) <M1)+Ml)>, lf ’l9 1S even.
For the quasidihedral group QDY, we have results using Lemma 4.1, Proposition 4.2, and Tables 6.

GAOSCom(@DY)) = (20~ — o= (2L
2 227 -1) )
For semidihedral group SDgy, using Lemma 4.1, Proposition 4.2 and Tables 7, we have

2,/(80 — 1)(80 — 1)
(819—1)4—(819—1))'

GA(OSCom(SDgy)) = (49(809 — 1))(
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For the Vgy group, using Lemma 4.1, Proposition 4.2, and Tables 8 and 9, we have

( (20-44)(20+3) ) (2 BI—1)(89—1) >
2 ®O—D)F(89—1)

4900 + 2) <2,/(419+3)(8ﬂ—1))

T(49+3)+(89-1)
(40 — 4)(20 + 4) (m) if 9 is odd,
GA(OSCom(Vgy)) = +9(20 — 1) (2 (49+3)(49+3)

(49+3)+(49+3)

+((4194)2(4195)> (2 (619—1)(619—1)),

(60—1)+(69—1)

24/(89—1)(89—1 e g
(4'!9(8'[9 — 1)) (MM), if ¥ is even.
For the Uy group, using Lemma 4.1, Proposition 4.2, and Tables 10, we have

(9 —1)\ [24/(60 — 1)(60 — 1) 2¢/(30 —1)(69 — 1)
GA(OSCom(Usy)) = ( 5 ) ( 69— 1)+ (60— 1) > 2192( 30 —1)+ (69— 1) )
J’_

o (2+/(49 —1)(69 — 1) 2/(30 —1)(39 — 1)
+319((4191)+(6191)> 219_1)((3191”(3191))

" (319(32 - D) (2(419(4_191)_3(:3 - 11>))'

o
(

d

Theorem 5.5. The Atom Bond Sum Connectivity index for OSCom(3) of a finite group €, the
following holds.

1. For dihedral group Day, we have

(W —1) [39—4 (19—1)\/ 9(9-1)

39—2 T
ABS(0OSCom(Dsyy)) = +ﬁm+ (9— 2)\/(19 D(9— 2)’ if 0 is odd,

94/2(9 —1)(20 — 1), if 9 is even.

2. For generalized quaternion group @49, we have

VIS a0y 255 a0 - 1) 555
ABS(05Com(Qu)) = | +9(20 — \/E + G SRS if 0 s odd,
20/(49 — 2)(49 — 1), if 9 is even.

3. For quasidihedral group QDY , we have

ABS(0SCom(QDY)) =2771/(29 — 1)(2? — 2).

4. For semidihedral group SDgy, we have

ABS(0SCom(SDgy)) = 40+/ (89 — 2)(80 — 1).
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5. For Vgy group, we have

(9 +2)(20 4 3) /5522 + 490 + 2),/ 5525
+8(0 — 1)(9 +2)/T9=2 + 9(20 — 1)\ /4552 if O is odd,
ABS(0SCom(Vgy)) = -
(0SCom(Ves)) = \ fo(9 — 1)(40 — 5), /62=2,
494/ (89 — 2)(89 — 1), if ¥ is even..
6. For Ugy group, we have
9 — 9 —2 99 — 4 )
ABS(05Com(Usy)) = == 60— 1 o0 2 T3 T
30—2  39(39—1) [40 -2
20 — 1 .
A AT v e e e Vv

Proof. For every single group 4 the structure of OSCom(s)is as described in lemma 4.1, Atom Bond

Sum Connectivity Index ABS(OSCom(s#)) is defined here.

By using Lemma 4.1, Proposition 4.2, Tables 2 and 3, and the Atom Bond Sum Connectivity index of

the dihedral group with order 21, we obtain

-1

(20—1)+(9—1)—2
T (-1) ) +19<

@O—1D)+(@0-1)—2

(9—2)(¥—1)
+ 2 >( -0+ @-1)

(22 )

ABS(0SCom(Day)) =

(29—-1)+(29-1)

(o(z0 - 1)

By using Lemma 4.1, Proposition 4.2, Tables 4 and 5, and the Atom Bond Sum Connectivity index of

the generalized quaternion group with order 49, we obtain

49—-1)4+(49-1)—-2
(VR a0

49—-1)4+(29-1)—2
409 1)( MM)
(29 — 1 @9+1)+(20+1) -2
ABS(0SCom(Q4y)) = +( )( @0+1)+(20+1)

(2191)+(2191)2)

(219—1)+19—2>
@20-1)+9

if ¥ is odd,

if 9 is even.

(4191)+(219+1)2>
@I—D)+(@0+1)

if ¢ is odd,

Jr<(2«93)2(2192)> <

(49—-1)+(49-1)

(20(49 — 1))(

By using Lemma 4.1, Proposition 4.2, and Table 6, we obtain the Atom Bond Sum Connectivity index

of the quasidihedral group with order 27, we obtain

2(29—1)

(49—1)+(49—1)—2

(2191)+(2191)2)

if 9 is even.

ABS(0SCom(QDY)) = (229~ —27-1) <\/

(20 — 1)+ (20 —1) -2
2(29 — 1) )
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By using Lemma 4.1, Proposition 4.2, Table 7, and the Atom Bond Sum Connectivity index of the
semidihedral group with order 8, we obtain

(819—1)4—(819—1)—2)

ABS(0SCom(SDsy)) = (49(89 — 1)) (\/ (89— 1)+ (89 — 1)

By using Lemma 4.1, Proposition 4.2, Tables 8 and 9, and the Atom Bond Sum Connectivity index of
the Vgy group with order 8¢, we obtain

((219+4)(219+3)>( (8191)+(8191)2>

2 BO—1)+(89—1)
49+3)+(89—1)—2

+49(J + 2) < MM)

+(479—4)(279+4)< WW) if 9 is odd,

(69—1)+(89—1)
ABS(OSCom( Vs = (4943)+(49+3)—2
( (Vo)) =\ +o(20 - 1)< Sarra) a0t
+((419—4)(419—5)) ( (619—1)+(619—1)—2>
2 69—1)+(69—1) |°
v —1)— e g
(49(89 — 1))< W), if ¥ is even.

By using Lemma 4.1, Proposition 4.2, and Table 10, we obtain the Atom Bond Sum Connectivity index
of the Ugy group with order 6¢. Thus,

I —1)\ ([ [(69—1)+ (60 —1) —2
ABS(0SCom(Usy)) = ( 9 > (\/ (60 — 1) + (69 — 1) >

(30 — 1)+ (69 — 1) — 2
+2192(\/ (39 —1)+ (69 —1) >
(49 — 1) 4 (69 — 1) — 2
+3192<\/ @0 — 1)+ (69 —1) )
(B —1)+ (39 —-1)—-2
+19(219_1)(¢ (30 —1)+ (30— 1) )

() (M)

Theorem 5.6. The Atom Bond Connectivity index for OSCom(3€) of a finite group €, the following
holds.

1. For dihedral group Day, we have
VI—1(V39—4+V39)

29—1
(@9 )i+ (- 2)%) . if 9 is odd,

1
ABC(0SCom(Day)) = { Tv3

209 — 1, if ¥ is even.
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2. For generalized quaternion group Qu9, we have

2v201 | (29—2)(20—3)v/F—1
20—1

49-1
20(29-1)V9 (69—2) o
LT + 49 [CESyeTEnE if ¥ is odd,

ABC(OSCO’H’L(Q;;@)) = +4(’l9 . 1) (219(_6119)(7442_1)

4929 — 1, if ¥ is even.

3. For quasidihedral group QDY , we have

ABC(0SCom(QDY)) = 27/29-1 — 1.

4. For semidihedral group SDgy, we have

ABC(0SCom(SDsg)) = 89v/40 — 1.

5. For Vgy group, we have

(29+4) (279+3)\/419—1 (49—4) (49—5)+/39—1
89—1 69—1

+80(0 + 2) /(m;;?&g o + 2RI i s odd,

ABC(05Com(Vs)) = { +(49 — 4)(20 + 4) [ i .

8949 — 1, if 9 is even.
6. For Ugy group, we have
B9 — 1)/30 — 99 — 4 ) 109 — 4
AB L
CLOSCom(Usi)) = =557 Gi—ner—1) U\ @- e =1
L 020 - DVEI—1 | 3939~ 1)v2T 1
39 —1 49 —1 '

Proof. For every single group ¢, the structure of OSCom/(5€)is described in lemma 4.1, and the Atom
Bond Connectivity Index ABC(OSCom/(#)) is defined here.

For the dihedral group D2y, we can apply Lemma 4.1, Proposition 4.2, refer to Tables 2 and 3, to derive
the following results

(20-1)+(W—1)—2 I+(20—1)—2
(ﬁ"1)< @o-1)(0—1) )'+79( 920—1) )
+ (“5192))( ““”““”) if ¥ is odd,

(-1)2
ABC(0SCom(D3y)) = { mn)( 219_2>
2 )

92

(9(20 — 1))( W) if ¥ is even.
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For the generalized quaternion group (Q49, we can apply Lemmad.1, Proposition 4.2, refer to Tables 4
and 5, to derive the following results

49—1)+(40—-1)—2 19— 1)+(20+1)—2
( ((()419(_1)2)) +419< ((419—)1)(219+1)>
(49—1)+(20—1)—2 e g
+4(9 — 1)( an) if 9 is odd,
294+1)+(29+1)—2
+9(20 — 1)< <(;ﬂ<+1)>)

+<(219—2)(219—3)> ( (219—1)+(219—1)—2>
2 (20—1)2 )

v O—1)— g
(29(49 — 1))( W), if 9 is even.

ABC(0SCom(Q4y)) =

For the quasidihedral group QDY using Lemma 4.1, Proposition 4.2, and Table 6, we have

ABC(0SCom(QDy)) = (227" —2°71) (\/ = (;ﬁl)fl)((z;ﬁ_—ll))— 2>'

For the semidihedral group SDgy, using Lemma 4.1, Proposition 4.2, and Tables 7, we have

ABC(0SCom(SDsg)) = (49(89 — 1)) ( \/ (819(;191)_ +1)((88139 - 11))_ 2>.

For the Vgy group, using Lemma 4.1, Proposition 4.2, Tables 8 and 9, we have
((219+4)(219+3))< (8191)+(8191)2>
2 (89—1)(80—1)
49+3)+(89—1)—2
+49(J + 2)( s )

+(49 — 4)(29 + 4)( W) if 9 is odd,

(40+3)(49+3)

ABC(0SCom(Vzy)) = (20 — 1)( (419+3)+(419+3)2>
+<(419—4)(419—5)> ( (619—1)+(619—1)—2)
2 (69—1)(69—1) )

(40(89 — 1))( (8’§wlj;<fgf9_1f)2>, if 9 is even.
For the Ugy group, using Lemma 4.1, Proposition 4.2, and Tables 10, we have
(90— 1) (60 — 1)+ (69 — 1) — 2 of |39 =1)+(69—1)—2
ABC(OSCom(Usy)) = ( 2 ) <\/ G -nei-1) ) ¥ 30— 1)(60 = 1)
o (49 —1)+ (69 —1) —2 (30 —1)+ (30 —1)—2
20 — 1
37 (\/ RGN R BI-1)BEI-1)

. (319(31;— 1)) <\/(419— 1()5 (_4%; 1) — 2)_
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Theorem 5.7. The Sum Connectivity index for OSCom(F€) of a finite group F€, the following holds.

1. For dihedral group Dsy, we have

V—1 9

V39—2 + V39—1 f

W-2VTT+W-DVT 9 ic odd
(0SCom(Dyg)) = 4+ 3 , if 0 is odd,

/20— 1 g
RV if ¥ is even.

2. For generalized quaternion group @49, we have

+ 49 + 4(9-1)

% 1) \ﬁ(ﬁ 1%)
(0SCom(Quy)) = T Vavrz T vz if ¥ is odd,
V89 -2, if ¥ is even.

3. For quasidihedral group QDY , we have
x(08Com(QDY)) = 2972,/2(2¢ — 1).
4. For semidihedral group SDgy, we have

X(0SCom(SDgy)) = 20V169 — 2.

5. For Vgy group, we have

W+2)(2043) | 40(0+2) | 9(20-1)

s s
X(05Com(Viy)) = 4 T ViwT e o edd
294/169 — 2, if U is even.
6. For Ugy group, we have
99 —1) 292 392 ¥(29—-1) 3939 —1)

0SCom(U, + + '
x( om(Usp)) = 2/120—2 V99 —2 100 —2 V69 — 2 2¢/89 — 2

Proof. For every single group 4 the structure of O.SCom(s)is described in lemma 4.1, and the Sum

Connectivity Index x(OSCom(.#)) is defined here.
By using Lemma 4.1, Proposition 4.2, Tables 2 and 3, and the Sum Connectivity index of the dihedral

group with order 2¢, we obtain
_ 1 1
0 1)< (191)+(2191)> + 19( 19+(2191))

(W=1)(9-2) 1 o
’ ? ) (\/(191)+(191)) if ¥ is odd,

X(0OSCom(Dyy)) = D(W—1) 1

T )\ )

(929 - 1)) <1> if 9 is even.
20—1)+(20-1)
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By using Lemma 4.1, Proposition 4.2, Tables 4 and 5, and the Sum Connectivity index of the generalized
quaternion group with order 4¢, we obtain

1 1
(./2(4&-1)) +419< (479—1)+(219+1))

1 . .
+4(9 — 1) ((4191)+(2191)> if ¢ is odd,

+9(209 — 1)( L

x(0SCom(Qy4p)) = V2(20+1)
+ (29—2)(29—3) 1
2 V2(20-1) )’
(20(49 — 1)) (1) if 9 is even.
V(@9-1)+(49-1)

By using Lemma 4.1, Proposition 4.2, and Tables 6, and the Sum Connectivity index of the quasidihedral
group with order 27, we obtain

X(OSCOH(QLg)):(Qm%J__2#4)<54;9—1))'

By using Lemma 4.1, Proposition 4.2, and Tables 7, and the Sum Connectivity index of the semidihedral
group with order 87, we obtain

x(0SCom(SDsy)) = (49(80 — 1)) ( NCE 1)1+ (89 — 1))'

By using Lemma 4.1, Proposition 4.2, Tables 8 and 9, and the Sum Connectivity index of the Vgy group
with order 87, we obtain

(29+4)(2943) 1
2 V/(89-1)+(89—-1)
-1
#4000 +2)( s
1 . .
+(49 — 4)(20 + 4) <(619_1)+(819_1)> if 9 is odd,
X(0OSCom(Vgy)) = 920 —1) (1
(4943)+(49+3)
(49—4)(49—5) 1
+< 2 ) ( (6191)+(6191)>’
_ % . .
(49(8v 1))( (8§_1)+(819_1)>, if ¥ is even.

By using Lemma 4.1, Proposition 4.2, and Tables 10, and the Sum Connectivity index of the Ugy group
with order 67, we obtain

-1 1 1
el )2
2 V(69 — 1) + (60 — 1) V(69 —1)

2 1 1
+&9<¢wﬂ—n+uﬂ—n>+ﬂ@ﬁ‘”<¢ga_n

. <319(3?; - 1)) (\/(419 = 1)1+ @0 — 1)>'

x(OSCom(Usy)) = ( + (39 — 1))

+(319—1)>
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Theorem 5.8. The Symmetric Division Deg index for OSCom(5€) of a finite group €, the following
holds.

1. For dihedral group Dsy, we have

49%—29+1 £ 9 s odd
SDD(0SCom(Dyy)) = {201 > U isodd,
2020 — 1), if ¥ is even.

2. For generalized quaternion group Q4y, we have

2+ HEUEID 1 (892 — 120+ 6)

SDD(0SCom(Qap)) = |+ HEW S120t2), if 0 is odd,
49(49 — 1), if ¥ is even.

3. For quasidihedral group QDY , we have

SDD(0SCom(QDY)) =27 (2% —1).

4. For semidihedral group SDgy, we have

SDD(0SCom(SDsg)) = 89(80 — 1).

5. For Vgy group, we have

2492 — 249 + 32 + 89(9 + 2) (?ﬁ;’ﬁ%)

SDD(OSCom(Vao)) = ) +16(9 — 1)(9 +2) (385145 ) i is odd,

89(8Y — 1), if ¥ is even.
6. For Ugy group, we have

4592 — 189 + 2 392 52092 — 200 + 2
(30 —1)(69 — 1) (40 —1)(69 — 1)

SDD(0SCom(Usy)) = 149* — 60 + 2092

Proof. For every single group ¢ the structure of OSCom(#) is described in lemma 4.1, and the
Symmetric Division Deg index SDD(OSCom(5)) is defined here.

For the dihedral group Dy, we can apply Lemma 4.1, Proposition 4.2, and refer to Tables 2 and 3, we

have
29—1)%+(9—1)2 (29—1)2 402
(0 — 1)(( -1 @0-1) ) ‘H9( 929-1) )

9—2)(9—1 9—1)%4(9-1)2 693
o (=2 >> (=124 ) if 9 is odd,
SDD(0SCom(Day)) = 4 ﬂwn)(av?
2 192 b

—1)2 —1)2 . .
(9(29 — 1)) <(219(12)19t(12);91)> if ¥ is even.
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Using Lemma 4.1, Proposition 4.2, and Tables 4 and 5, we have results for the generalized quaternion
group Quy,

(49—1)%+(49—1)2 (2941)%+(49-1)2
( A0-1)(49—1) >+4’9( @t D@ —1) )

+4(9 — 1) <W) if 9 is odd,

(20 - 1)<(219+1)2+(219+1)2>

SDD(0SCom(Qu9)) = @0+1)(20+1)
+ ( (219—2)(219—3)) ((219—1)2+(219—1)2)
2 2(209-1) )
—1)2 —1)2 . .
(20(49 — 1)) <W>, if ¥ is even.

Using Lemma 4.1, Proposition 4.2, and Tables 6, we have results for the quasidihedral group QDY; we

have
(27 —1)2 + (29 — 1)2
@7 -1y '
Using Lemma 4.1, Proposition 4.2, and Tables 7, we present the results for the semidihedral group S Dgy.

(89 —1)% + (89 — 1)?
(89 —1)(89 —1) '
For the Vgy group, using Lemma 4.1, Proposition 4.2, Tables 8 and 9, we have

((219+4)(219+3)> ((8191)2+(8191)2>
2 (89—1)(89—1)
49+3)2+(89—1)2

(49 — 4)(29 + 4) (W—”“&H)) if 9 is odd,

SDD(0SCom(QD?Y)) = (2291 — 2“)(

SDD(0SCom(SDgy)) = (40(89 — 1))(

©-1)(89-1)
$DD(0SCom(Vso)) = { 429 — 1) <(419+3)2+(419+3)2>

(40+3)(49+3)
+((419—4)(419—5)) ((619—1)2+(619—1)2)
2 (69—1)(69—1) )
9—1)24(89—-1)2 . .
(49(89 — 1)) <W), if 9 is even.

For Ugy group,we present the results using Lemma 4.1, Proposition 4.2, and Tables 10, we have

(9 —1)\ [ (69 —1)* + (69 — 1)? (39 —1)% + (69 — 1)?
sop(oscam(v) = (M) (U L=y ) + 2 (e =n )

(49 — 1)% + (69 — 1)? (39 — 1) + (39 — 1)?
+ 3§2< @6 > + 929 — 1)( GI-1DEI—1) )

() ()

6. Conclusion

The article discusses many findings about the degree-based topological indices of specific kinds of super
commuting graphs assigned to finite groups. The difficulty of determining topological indices for general
super commuting graphs has yet to be addressed.
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