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Some New Identities Involving Generalized the Multivariable H−Functions

Priyanka Gupta, Bhupendra Tripathi ∗ and Roshani Singh

abstract: This study establishes some new identities involving the multivariable H-functions.The symbolic
manipulation of equations through the use of multivariable H-functions is crucial and useful for both applied
and pure mathematics. The findings obtained here are fundamental in nature and comprise both fresh and
well-known findings as specific examples.

Keywords:H-function of two variables, multivariable H-functions, identities, hyper geometric func-
tion.

Contents

1 Introduction 1

2 Result Required in the Sequel 2

3 Identities 2

4 Particular Cases 4

5 Conclusion 5

1. Introduction

The multivariable H-function, which was introduced by Srivastava (1978) and investigated by Srivas-
tava et al.(1982) [4,5] in term of a multiple Mellin -Bernes type contour integral as

H[z1, . . . , zr] = H0,n:m1,n1:···:mr,nr
p,q:p1,q1:···:pr,qr

[
...

z1

zr

∣∣∣∣∣ (aj ;α
1
j ,...,α

r
j )1,p:(c

1
j ,γ

1
j )1,p1 ;...;(c

r
j ,γ

r
j )1,pr

(bj ;β1
j ,...,β

r
j )1,q ;(d

1
j ,δ

1
j )1,q1 ;...;(d

r
j ,δ

r
j )1,qr

]

=
1

(2πω)r

∫
L1

· · ·
∫
Lr

ψ(ξ1, . . . , ξr)

{
r∏

i=1

ϕi(ξi) z
ξi
i

}
dξ1 · · · dξr.

(1.1)

where ω =
√
−1 and

ψ(ξ1, ...., ξr) =
Πn

j=1Γ(1− aj +Σr
i=1α

(i)
j ξi)

Πp
j=n+1Γ(aj − Σr

i=1α
(i)
j ξi)Π

q
j=1Γ(1− bj +Σr

i=1β
(i)
j ξi)

(1.2)

ϕi(ξi) =
Πni

j=ni+1Γ(1− c
(i)
j + γ

(i)
j ξi)Π

mi
j=1Γ(d

(i)
j + δ

(i)
j ξi)

Πpi

j=1Γ(c
(i)
j + γ

(i)
j ξi)Π

qi
j=mi+1Γ(1− d

(i)
j + δ

(i)
j ξi)

(i = 1, ...., r) (1.3)

And Lj = Lωτj∞ represents the contours which start at the point τj−ω∞ and terminate at the points
τj − ω∞ with τjϵℜ = (−∞,∞)(j = 1, ..., r).

In eqn 1.1, i in the superscript (i)stands for the number of primes e.g. b(1) = b′, b(2) = b′′ and so on;
and an empty product is interpreted as unity. Suppose , as use that the parameters

aj , j = 1, ..., p; c
(i)
j , j = 1, ..., pi
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bj , j = 1, ..., q; d
(i)
j , j = 1, ..., qi; Î(1, ..., r)

are complex numbers and the associated coefficients

αj , j = 1, ..., p; γ
(i)
j , j = 1, ..., pi; (1.4)

βj , j = 1, ..., q; δ
(i)
j , j = 1, ..., qi; ∀iϵ{1, ..., r} (1.5)

positive real numbers such that the left of the contour . Also

Vi =

p∑
j=1

α
(i)
j +

pi∑
j=1

γ
(i)
j −

q∑
j=1

β
(i)
j − γ

qi∑
j=1

δ
(i)
j < 0 (1.6)

Ωi =

p∑
j=n+1

α
(i)
j −

q∑
j=1

β
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=1

δ
(i)
j +

ni∑
j=1

γ
(i)
j −

pi∑
j=n+1

γ
(i)
j > 0 (1.7)

Where the integral n, p, q,mi, ni, pi and qi are constrained by the inequalities p ≥ n ≥ 0, q ≥ 0, qi ≥
mi ≥ 1 and pi ≥ ni ≥ 1, ∀iϵ{1, 2, ...., r} and the inequalities hold for suitably restricted values of the
complex variables z1, ..., zr. The sequence of parameters in eqn 1.1 are such that none of poles of the
integrand coincide, that is, the poles of the integrand coincide, that is, the poles of the integrand in eqn
1.1 are simple. The contour Li in the complex ξi− plane is of the Mellin – Barnes type which runs

from −ω∞ to ω∞ with indentations, if necessary to ensure that all the poles of Γ(d
(i)
j + δ

(i)
j ξi) , where

j = 1, . . . ,mi are separated from those of Γ(1− c
(i)
j + γ

(i)
j ξi) ,where j = 1, . . . , ni.

2. Result Required in the Sequel

From Rainvile(1971) [3], my investigation requires the following formula:

zΓz = Γ(n+ 1) (2.1)

Γ(α− r)Γ(1− α+ r) = (−1)rΓ(1− α)Γα (2.2)

3. Identities

In this paper, we will to establish some new identities involving generalized the multivariable H-
functions defined by Mittal and Gupta(1972) [2]. Provided that where |arg(zρ)| < 1

2Vρπ, ∀ρϵ{1, ..., r} is
given in eqn 1.6.
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(3.1)
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H0,n:m1+2,n1;...;mr,nr

p,q:p1+1,q1+2;··· ;pr,qr

[
...
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(3.3)
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+ H0,n:m1+1,n1+1;...;mr,nr
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[
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(3.4)

Proof: To prove above eqn 3.1 we use 1.1 and Fox (1961) [1]. We get following integral

=
1

(2πω)r

∫
L1

...

∫
Lr

1

Γ(1− σ + υξ)− rΓ(1− σ + υξ) + rΓ(1− ρ+ µξ) + rΓ1− (1− σ + µξ) + r

ψ(ξ1, ..., ξr){Πr
i=1ϕi(ξi)z

ξi
i }dξ1....dξr

=
(−1)2r

(2πω)r

∫
L1

...

∫
Lr

1

Γ1− (1− σ + υξ)Γ1− σ + υξΓ1− (1− ρ+ µξ)Γ1− σ + µξ

ψ(ξ1, ..., ξr){Πr
i=1ϕi(ξi)z

ξi
i }dξ1....dξr

[On using eqn 2.2]

=
(−1)2r

(2πω)r

∫
L1

...

∫
Lr

1

Γσ + υξΓ1− σ + υξΓρ− µξΓ1− ρ+ µξ

ψ(ξ1, ..., ξr){Πr
i=1ϕi(ξi)z

ξi
i }dξ1....dξr

which in the light of eqn 1.1 provides right hand side of 3.1.Similarly, the result 3.2 can be established.

Again we have to prove equation 3.3, consider left hand side of 3.3 after using 1.1 to obtain

=
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(2πω)r

∫
L1
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ψ(ξ1, ..., ξr)
Γ(1− σξ)Γ(2− ρ− µξ)
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i }dξ1....dξr
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(2πω)r
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...

∫
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ψ(ξ1, ..., ξr)Γ(1− σξ)(1− ρ− µξ){Πr
i=1ϕi(ξi)z
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i }dξ1....dξr

[On using eqn 2.1]

=
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(2πω)r

∫
L1

...

∫
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ψ(ξ1, ..., ξr)Γ(1− σξ){Πr
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Γ(υξ)
{Πr
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ξi
i }dξ1....dξr

Which in the light of eqn 1.1 provides right hand side of eqn 3.3.Similarly, the result can be established.
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4. Particular Cases

Putting r = 2, in Identities 3.1, 3.2,3.3 also the new results may be realized to the H-function of two
variables:

(a) H0,n:m1+2,n1;m2,n2

p,q:p1+1,q1+2;p2,q2
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1
j )1,p1 ;(c

2
j ,γ

2
j )1,p2

(bj ;β1
j ,β

2
j )1,q :(1,σ)(d

1
j ,δ
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]
(4.1)
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1
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2
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2
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2
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2
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1
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1
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2
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2
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]
(4.3)

(d) H0,n:m1+2,n1+2;m2,n2

p,q:p1+2,q1+2;p2,q2

[
...
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1
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2
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1
j )1,p1 ;(c

2
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2
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(bj ,β1
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2
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1
j )1,q1 ;(d

2
j ,δ

2
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]

= (−1)2rH0,n:m1+2,n1+2;m2,n2

p,q:p1+2,q1+2;p2,q2

[
...

z1

zr |
(aj ,α

1
j ,α

2
j )1,p:(σ,υ)(σ,µ)(c

1
j ,γ

1
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2
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2
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(bj ,β1
j ,β

2
j )1,q :(σ,υ)(σ,µ),(d

1
j ,δ

1
j )1,q1 ;(d

2
j ,δ

2
j )1,q2

]
(4.4)

Again, putting n = p = q = 0, r = 1 in Identities 3.1, 3.2, 3.3, 3.4 also ; the new results may be realized
to the H-function of one variable

(e) Hm1+2,n1

p1+1,q1+2

[
z|(aj ,αj)1,p,(1−ρ,µ)

(1,σ),(2−ρ,µ),(bj ,βj)1,q,(ρ,µ)

]
= (1− ρ)Hm1+1,n1

p1,q1+1

[
z|(aj ,αj)1,p

(1,σ),(bj ,βj)1,q

]
−Hm1+1,n1+1

p1+1,q1+2

[
z|(0,µ),(aj ,αj)1,p

(1,σ),(bj ,βj)1,q,(1,µ)

]
(4.5)

(f) Hm1+1,n1+1
p1+1,q1+2

[
z|(1−ρ,µ),(aj ,αj)1,p

(1,σ),(bj ,βj)1,q,(ρ,µ)

]
= (1− ρ)Hm1+1,n1

p1,q1+1

[
z|(aj ,αj)1,p

(1,σ),(bj ,βj)1,q

]
−Hm1+1,n1+1

p1+1,q1+2

[
z|(0,µ),(aj ,αj)1,p

(1,σ),(bj ,βj)1,q,(1,µ)

]
(4.6)

(g) Hm1,n1

p1+2,q1+2

[
z|(aj ,αj)1,p,(σ+r,υ)(ρ+r,µ)

(bj ,βj)1,q,(ρ+r,υ)(ρ+r,µ)

]
= (−12r)Hm1,n1

p1+2,q1+2

[
z|(aj ,αj)1,p,(σ,υ)(ρ,µ)

(bj ,βj)1,q,(ρ,µ)(ρ,µ)

]
(4.7)

(h) Hm1+2,n1+2
p1+2,q1+2

[
z|(σ+r,υ)(ρ+r,µ),(aj ,αj)1,p

(ρ+r,υ)(ρ+r,µ),(bj ,βj)1,q

]
= (−12r)Hm1,n1

p1+2,q1+2

[
z|(σ,υ)(ρ,µ),(aj ,αj)1,p

(ρ,µ)(ρ,µ),(bj ,βj)1,q

]
(4.8)
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5. Conclusion

The Multivariable H-function, presented in this paper, is quite basic in nature. Therefore, on spe-
cializing the parameters of this function, we may obtain various other special functions such as Fox’s
H-function, Meijer’s G-function, Wright’s generalized Bessel function, Wright’s generalized hypergeomet-
ric function, Mac-Robert’s E-function, generalized hypergeometric function, Bessel function of first kind,
modified Bessel function, Whittaker function, exponential function, binomial function etc. as its special
cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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