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Conformal Ricci Soliton in (ε)-Kenmotsu Manifolds

Arun Kumar Kembalalupalya Hanumanthegowda, Pradeep Kumar Kuntinamadu Thimmappa

abstract: The present study examines a semi-symmetric (ε)-Kenmotsu manifold with M-projective curva-
ture tensor, admitting conformal Ricci soliton, pseudo projective curvature tensor method. We have discovered
that the (ε)-Kenmotsu manifold admitting conformal Ricci soliton is a quadratic equation that is M-projective
Ricci symmetric. We have proved that a M -projective and pseudo projective semi symmetric (ε)-Kenmotsu
manifold admitting conformal Ricci soliton is ϱ-Einstein manifold.

Keywords: (ε)-Kenmotsu manifold, conformal Ricci soliton, pseudo projective curvature tensor, M -
projective curvature tensor.
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1. Introduction

Hamilton first suggested the concept of Ricci Soliton in the middle of the 1980s. In addition to being
self-similar solutions of Hamilton’s Ricci flow, Ricci solitons are inherent extensions of Einstein metrices.
Hamilton, R. S. [7]. It frequently appears as the boundaries of singularity dilations in the Ricci flow.
Numerous geometers have studied the Ricci soliton in contact manifolds ( [10], [5]). The equation for the
Ricci soliton is provided by

£B + 2S + 2λg = 0, (1.1)

where S is the Ricci tensor, g is the Riemannian metric, B is a vector field, λ is a scalar, and £B is the
Lie derivative.

Fischer [8] presented a novel idea in 2005 termed conformal Ricci flow, This variation of the conven-
tional Ricci flow equation takes the place of the unit volume limitations with a scalar curvature constraint.
Because conformal geometry constrains the scalar curvature and because the resulting formulas are the
vector field sum of a Ricci flow equation and a conformal flow equation, they are known as the ”conformal
Ricci flow equations”. These new formulas are provided by

∂g

∂t
+ 2(S +

g

n
) = −pg, (1.2)

R(g) = −1.

where p is a non-dynamical scalar field and R(g) is the manifold’s scalar curvature.
This conformal Ricci flow equation is guaranteed by the idea of conformal Ricci soliton, which was

first presented by A. Bhattacharyya and N. Basu [4].

£Bg + 2S = [2λ− (p+
2

n
)]g. (1.3)

2020 Mathematics Subject Classification: 53C15, 53C25, 53C44, 53D15.
Submitted November 12, 2025. Published February 26, 2026

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.80092


2 Arun Kumar Kembalalupalya Hanumanthegowda, Pradeep Kumar Kuntinamadu Thimmappa

In this work, we have demonstrated W ∗(ζ,B).S = 0 is a quadratic equation. We study (ε)-Kenmotsu
manifold admitting conformal Ricci soliton and R(ζ,B).W ∗ = 0 is ϱ-Einstein manifold, where W ∗ is
M -projective curvature tensor. We have discovered that R(ζ,B).P̃ = 0 is an ϱ-Einstein manifold, where
P̃ is pseudo projective curvature tensor.

2. Preliminaries

A smooth manifold (M, g) of n-dimension is a (ε)-almost contact metric manifold if

ϖ2B = −B + ϱ(B)ζ, (2.1)

ϱ(ζ) = 1, (2.2)

g(ζ, ζ) = ε, (2.3)

ϱ(B) = εg(B, ζ), (2.4)

g(ϖB,ϖD) = g(B,D)− εϱ(B)ϱ(D), (2.5)

for each and every vector field B, D on M , where ε is either 1 or -1 according to whether ζ is a space or
time like vector field, and rank that ϖ is (n− 1). If

dϱ(B,D) = g(B,ϖD), (2.6)

for every B,D ∈ TM , Next, we state that M(ϖ, ζ, ϱ, g, ε) is an almost contact metric manifold. In
addition, we have

ϱ ◦ϖ = 0, ϖζ = 0. (2.7)

If a manifold with a ε-contact metric satisfies

(∇Bϖ)D = −g(B,ϖD)ζ − εϱ(D)ϖB, (2.8)

here ∇ indicates the Riemannian connection of g, The manifold M is then known as a (ε)-Kenmotsu
manifold. [6]. If and only if

∇Bζ = ε(B − ϱ(B)ζ). (2.9)

a (ε)-almost contact metric manifold is a (ε)-Kenmotsu. Furthermore, w.r.t. the LC-connection on a
(ε)-Kenmotsu manifold M , the following connections satisfy [6]

(∇Bϱ)D = g(B,D)− εϱ(B)ϱ(D), (2.10)

R(B,D)ζ = ϱ(B)D − ϱ(D)B, (2.11)

R(ζ,B)D = ϱ(D)B − εg(B,D)ζ, (2.12)

ϱ(R(B,D)F ) = ε[g(B,F )ϱ(D)− g(D,F )ϱ(B)], (2.13)

S(B, ζ) = −(n− 1)ϱ(B), (2.14)

Qζ = −ε(n− 1)ζ, (2.15)

where g(QB,D) = S(B,D).
It yields to

S(ϖB,ϖD) = S(B,D) + ε(n− 1)ϱ(B)ϱ(D). (2.16)
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3. (ε)-Kenmotsu manifold admitting cr soliton W ∗(ζ,B).S = 0

R. S. Mishra and G. P. Pokhariyal [9] described on the Riemannian manifold M -projective curvature
tensor W ∗ as

W ∗(B,D)F = R(B,D)F − 1

2(n− 1)
[S(D,F )B − S(B,F )D

+g(D,F )QB − g(B,F )QD]. (3.1)

From (3.1), we’ve obtained

W ∗(ζ,B)D = R(ζ,B)D − 1

2(n− 1)
[S(B,D)ζ − S(ζ,D)B

+g(B,D)Qζ − g(ζ,D)QB]. (3.2)

Using (2.12), (2.14) and (2.15) in (3.2), we have

W ∗(ζ,B)D = ϱ(D)B − εg(B,D)ζ

− 1

2(n− 1)
[S(B,D)ζ + (n− 1)ϱ(D)B (3.3)

− ε(n− 1)g(B,D)ζ − 1

ε
ϱ(D)QB],

similarly, we have

W ∗(ζ,B)F = ϱ(F )B − εg(B,F )ζ

− 1

2(n− 1)
[S(B,F )ζ + (n− 1)ϱ(F )B (3.4)

− ε(n− 1)g(B,F )ζ − 1

ε
ϱ(F )QB].

We believe that a tensor-derivative of S by W ∗(ζ,B) is zero i.e., W ∗(ζ,B).S=0. Then the (ε)-Kenmotsu
manifold M admitting cr soliton is M -projective Ricci symmetric. It provides

S(W ∗(ζ,B)D,F ) + S(D,W ∗(ζ,B)F ) = 0. (3.5)

Using (3.3) and (3.4) in (3.5), we have

S(ϱ(D)B − εg(B,D)ζ − 1

2(n− 1)
[S(B,D)ζ + (n− 1)ϱ(D)B

−ε(n− 1)g(B,D)ζ − 1

ε
ϱ(D)QB], F )

+S(D, ϱ(F )B − εg(B,F )ζ − 1

2(n− 1)
[S(B,F )ζ + (n− 1)ϱ(F )B (3.6)

−ε(n− 1)g(B,F )ζ − 1

ε
ϱ(F )QB]) = 0.

Put F = ζ and using (2.14) in (3.6), we’ve obtained

S(B,D) +
ε

2
(n− 1)g(B,D) +

1

2ε(n− 1)
S(D,QB) = 0, (3.7)

which implies

S(B,D) = −a1S(QB,D)− b1g(B,D), (3.8)

where a1 = 1
2ε(n−1) and b1 = ε

2 (n− 1) which implies

QB = −a1Q
2B − b1B (3.9)
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i.e.,

a1Q
2 +Q+ b1 = 0.

As a result, we might conclude that if W ∗(ζ,B).S = 0 then the Ricci-operator Q satisfied with the
quadratic equation.

4. (ε)-Kenmotsu manifold admitting cr soliton R(ζ,B).W ∗ = 0

Put F = ζ in (3.1), we’ve got

W ∗(B,D)ζ = R(B,D)ζ − 1

2(n− 1)
[S(D, ζ)B − S(B, ζ)D

+g(D, ζ)QB − g(B, ζ)QD], (4.1)

using (2.11), (2.14) and (2.15) in (4.1), we get

W ∗(B,D)ζ = α[ϱ(B)D − ϱ(D)B], (4.2)

where α = 1
2 (1− ε).

The aforementioned equation can be expressed as

g(W ∗(B,D)ζ, F ) = α[ϱ(B)g(D,F )− ϱ(D)g(B,F )], (4.3)

this implies

ϱ(W ∗(B,D)F ) = εα[ϱ(D)g(B,F )− ϱ(B)g(D,F )]. (4.4)

Now suppose an (ε)-Kenmotsu manifold did admit cr soliton is M -projective semi symmetric i.e.,
R(ζ,B).W ∗ = 0 satisfies, that suggests

R(ζ,B)(W ∗(D,F )L)−W ∗(R(ζ,B)D,F )L

−W ∗(D,R(ζ,B)F )L−W ∗(D,F )R(ζ,B)L. (4.5)

Using (2.12) in (4.5) and taking L = ζ, then we are able to write

ϱ(W ∗(D,F )ζ)B − εg(B,W ∗(D,F )ζ)ζ

−ϱ(D)W ∗(B,F )ζ + εg(B,D)W ∗(ζ, F )ζ

−ϱ(F )W ∗(D,B)ζ + εg(B,F )W ∗(D, ζ)ζ (4.6)

−W ∗(D,F )B + ϱ(B)W ∗(D,F )ζ = 0,

which implies

−εαϱ(D)g(B,F )ζ + εαϱ(D)g(B,D)ζ

−ϱ(D)W ∗(B,F )ζ + εg(B,D)W ∗(ζ, F )ζ

−ϱ(F )W ∗(D,B)ζ + εg(B,F )W ∗(D, ζ)ζ (4.7)

−W ∗(D,F )B + ϱ(B)W ∗(D,F )ζ = 0.

Using ζ as an inner product in (4.7) and taking (4.2), we’ve got

α[(2ε2 − 1)ϱ(F )g(B,D)− (2ε2 − 1)ϱ(D)g(B,F )]

−1

ε
ϱ(W ∗(D,F )B) = 0. (4.8)



Conformal Ricci Soliton in (ε)-Kenmotsu Manifolds 5

Putting F = ζ in (4.8), we’ve got

α[(2ε2 − 1)g(B,D)− (2ε2 − 1)

ε
ϱ(B)ϱ(D)]

−1

ε
ϱ(W ∗(D, ζ)B) = 0. (4.9)

From (3.1), we’ve got

ϱ(W ∗(D, ζ)B) = ε2g(B,D)− 1

ε
ϱ(B)ϱ(D)

− 1

2(n− 1)
[−2(n− 1)

ε
ϱ(B)ϱ(D) (4.10)

− εS(B,D) + ε2(n− 1)g(B,D)].

Using (4.10) in (4.9), we’ve got

α[(2ε2 − 1)g(B,D)− (2ε2 − 1)

ε
ϱ(B)ϱ(D)]− εg(B,D)− 1

ε2
ϱ(B)ϱ(D)

+
1

2(n− 1)
[−2(n− 1)

ε2
ϱ(B)ϱ(D)− S(B,D) + ε(n− 1)g(B,D)] = 0. (4.11)

On simplification, we have

S(B,D) = 2(n− 1)[α(2ε2 − 1)− ε

2
]g(B,D)

+2(n− 1)[
−α(2ε2 − 1)

ε
]ϱ(B)ϱ(D), (4.12)

this can be expressed as

S(B,D) = a2g(B,D) + b2ϱ(B)ϱ(D), (4.13)

where

a2 = 2(n− 1)[α(2ε2 − 1)− ε

2
],

and

b2 = 2(n− 1)[
−α(2ε2 − 1)

ε
].

Hence following theorem can be derived from the preceding considerations:

Theorem 4.1 If (ε)-Kenmotsu manifold admitting cr soliton with M -projective semi-symmetric
R(ζ,B).W ∗ = 0, then manifold is called a ϱ-Einstein manifold.

5. (ε)-Kenmotsu manifold admitting cr soliton R(ζ,B).P̃ = 0

In a (ε)-Kenmotsu manifold, Pseudo-projective curvature tensor P̃ is described by

P̃ (B,D)F = aR(B,D)F + b[S(D,F )B − S(B,F )D]

− r

n
(

a

n− 1
+ b)[g(D,F )B − g(B,F )D], (5.1)

put F = ζ and using (2.4), (2.11), (2.14) in (5.1)

P̃ (B,D)ζ = [−a− (n− 1)b− r

εn
(

a

n− 1
+ b)][ϱ(D)B − ϱ(B)D]. (5.2)
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The aforementioned equation can be written as

P̃ (B,D)ζ = γ[ϱ(D)B − ϱ(B)D], (5.3)

where γ = [−a− (n− 1)b− r
εn (

a
n−1 + b)],

that implies

g(P̃ (B,D)ζ, F ) = γ[ϱ(D)g(B,F )− ϱ(B)g(D,F )], (5.4)

then (5.4) becomes

ϱ(P̃ (B,D)F ) =
γ

ε
[ϱ(B)g(D,F )− ϱ(D)g(B,F )]. (5.5)

Considering that now (ε)-Kenmotsu manifold admits cr soliton and is the pseudo projective semi sym-
metric i.e., R(ζ,B).P̃ = 0 holds in M , it denotes

R(ζ,B)(P̃ (D,F )L)− P̃ (R(ζ,B)D,F )L

−P̃ (D,R(ζ,B)F )L− P̃ (D,F )R(ζ,B)L = 0. (5.6)

Taking (2.12) in (5.6) and using L = ζ, we’ve obtained

ϱ(P̃ (D,F )ζ)B − εg(B, P̃ (D,F )ζ)ζ − P̃ (ϱ(D)B − εg(B,D)ζ, F )ζ

−P̃ (D, ϱ(F )B − εg(B,F )ζ)ζ − P̃ (D,F )[ϱ(ζ)B − εg(B, ζ)ζ] = 0, (5.7)

using (5.4), above equation becomes

εγ[−ϱ(F )g(B,D)ζ + ϱ(D)g(B,F )ζ]− ϱ(D)P̃ (B,F )ζ

+εg(B,D)P̃ (ζ, F )ζ − ϱ(F )P̃ (D,B)ζ + εg(B,F )P̃ (D, ζ)ζ (5.8)

−P̃ (D,F )B + ϱ(B)P̃ (D,F )ζ = 0.

Using ζ as an inner product in (5.8), we’ve obtained

εγ[−εϱ(F )g(B,D)ζ + εϱ(D)g(B,F )ζ]− 1

ε
ϱ(D)ϱ(P̃ (B,F )ζ)

+g(B,D)ϱ(P̃ (ζ, F )ζ)− 1

ε
ϱ(F )ϱ(P̃ (D,B)ζ) + g(B,F )ϱ(P̃ (D, ζ)ζ) (5.9)

−1

ε
ϱ(P̃ (D,F )B) +

1

ε
ϱ(B)ϱ(P̃ (D,F )ζ) = 0,

using (5.3) in (5.9), we’ve obtained

γ[(ε2 − 1

ε2
+ 1)ϱ(F )g(B,D)− (ε2 − 1

ε2
+ 1)ϱ(D)g(B,F )]

+
1

ε
ϱ(P̃ (D,F )B) = 0. (5.10)

Put F = ζ in (5.10) and (2.4), we’ve obtained

γ[(ε2 − 1

ε2
+ 1)g(B,D)− 1

ε
(ε2 − 1

ε2
+ 1)ϱ(B)ϱ(D)]

+
1

ε
ϱ(P̃ (D, ζ)B) = 0. (5.11)

From (5.1), we’ve obtained

1

ε
ϱ(P̃ (D, ζ)B) = a[ε2g(D,B)− 1

ε
ϱ(B)ϱ(D)]

+ b[−1

ε
(n− 1)ϱ(B)ϱ(D)− εS(D,B)]

− r

n
(

a

n− 1
+ b)[

1

ε2
ϱ(B)ϱ(D)− εg(D,B)]. (5.12)
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Using (5.12) in (5.11) and simplifying, we’ve obtained

S(B,D) =
1

bε
[γ(ε2 − 1

ε2
+ 1) + aε2 +

εr

n
(

a

n− 1
+ b)]g(B,D) (5.13)

− 1

bε2
[γ(ε2 − 1

ε2
+ 1) + a+ b(n− 1) +

r

εn
(

a

n− 1
+ b)]ϱ(B)ϱ(D).

The aforementioned equation can be written as

S(B,D) = a3g(B,D) + b3ϱ(B)ϱ(D), (5.14)

where

a3 =
1

bε
[γ(ε2 − 1

ε2
+ 1) + aε2 +

εr

n
(

a

n− 1
+ b)],

and

b3 = − 1

bε2
[γ(ε2 − 1

ε2
+ 1) + a+ b(n− 1) +

r

εn
(

a

n− 1
+ b)].

The following theorem can be derived from the preceding considerations:

Theorem 5.1 A (ε)-Kenmotsu manifold M is ϱ-Einstein manifold if it admits cr soliton and is pseudo
projective semi symmetric R(ζ,B).P̃ = 0.
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