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Eta Quotients of Level 32 and Weight 1: Classification and Applications

Abdelmonaim Bouchikhi, Anouar Gaha and Soufiane Mezroui

ABSTRACT: We find all the eta quotients in the spaces M1 (Fg (32), <g)) with d = —4, —8 of modular forms,

and we determine their Fourier coefficients, where (g) is the Legendre-Jacobi-Kronecker symbol in the group

of Dirichlet characters modulo 32 with values in the rational field Q.
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1. Introduction

Let N, Ny, Z, and C denote the sets of positive integers, nonnegative integers, integers, and complex
numbers, respectively. Let N € N, k € Z, and let x be a Dirichlet character whose modulus divides V.
We define the congruence subgroup I'g(N) of level N by

FO(N)—{(Z Z>|a,b,c,d6Z, ad—bc=1,¢c=0 (modN)}.

Let My (To(N), x) denote the space of modular forms of weight & and character x on the congruence
subgroup T'g(IN). The subspaces of Eisenstein series and cusp forms are denoted by Ey(To(NN),x) and
Sk(To(N), x), respectively. It is well-known that

My (To(N), x) = Ex(To(N), x) @ Sk(To(N), x)- (1.1)

For instance, (see [7, p. 83]).
The Dedekind eta function 7(z) is a holomorphic function on the upper half-plane

H={z € C|Im(z) > 0},
defined by
,'7(2) — e-rm'z/12 H (1 _ 627rz'nz) )
n=1

A product of the form

f2) =11 n"2), (1.2)

1<§|N

where rs € Z, not all zero, is called an eta quotient.
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Let x and ¢ be Dirichlet characters. For n € N, we define the generalized divisor sum o, ,)(n) by

o) = Y x(m)(n/m). (1.3)

1<m|n

If n ¢ N, we set oy y)(n) = 0.
Let xo denote the trivial character, i.e., xo(m) = 1 for all m € Z. In particular, we observe that
T (xo,x0) (1) coincides with the classical divisor-counting function

oo(n) = Y 1.
1<m|n
We now define two Dirichlet characters modulo 32 by

am=(2). wm=(2). me.

where (4) denotes the Legendre-Jacobi-Kronecker symbol considered as a Dirichlet character modulo 32
with values in the field of rational numbers. These are precisely nontrivial Dirichlet characters modulo
32.
The cusps of I'g(N) can be represented by rational numbers ¢, where a € Z, ¢ € N, ¢ | N, and
ged(a, c) = 1; (see [6, p. 320]).
For the group T'y(32), a complete set of representatives of the cusps can be chosen as
1 1 1 1 1 1 3 3
— =, =, =, =, =, = = 1.4
327 16’ 47 022 1 408 (14)
Let f(z) be an eta quotient as defined in (1.2). A formula for the order v,,.(f) of f at the cusp %
(see [6, p. 320]) is given by

N Z ged(8,¢)?rs

Vase(f) = W (1.5)

1<8|N

It follows from the dimension formulae [7, Section 6.3] that the only nontrivial modular form spaces
of level 32 with trivial cuspidal subspaces are
Mi(To(32),x1) and  M;(T0(32), x2)-
Moreover, we have that
dim (M (To(32), x2)) = dim(E1(T9(32), x2)) = 4. .

In this paper, we find all the eta quotients in M;(I'9(32), x1) and M;(I'0(32), x2), and we determine their
Fourier coeflicients.

2. Preliminary results

Throughout the remainder of this paper we use the notation ¢ = ¢(z) = €>™* with z € H. We define

the Eisenstein series Fy, 1, (), Ey, xo(¢) and Ey, ., (q) by

1 o n 1 n
Eyixo (q) = 1 + Z O—(lexo)(n)q » Exaxo (q) = 9 + Z O—(X27X0)(n)q )
n=1 n=1

Ey,xo (q) = Z 0(X27X1)(n)qn'
n=1

In view of (2.1) for N = 32, we define an eta quotient f(z) by

f(z) = 0" (2)n" (22)n"™ (42)n"® (82)n"° (162)n"** (322). (2.1)
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Theorem 2.1 Let f(z) € Mi(To(32), x1) be an eta quotient given by (2.1), and let f(z) = Y " ;ang"
be its Fourier series expansion. Then

f(Z) = blEXhXo (Q) + bQEXhXO (q2) + b3EX17Xo (q4) + b4EX17X0 (qg)
for unique scalars by, ba, bs, by € C, and the Fourier coefficients a,, are given by

an = blaXhXo (n) + b2OX17X0 (n/Q) + b3UX1,X0 (’I’L/4) + b40X17X0 (TL/S) fOT n>1,

1
ag = i(bl +b2 +b3 +b4)

Proof: It follows from (1.6) and [7, Theorem 5.9] that the set of Eisenstein series
{Bxix0(@): Bxiixo (@), Exixo (), Exiixo(@®)}
is a basis for M7(T'y(32), x1). Thus,
F(2) = 1By 3o (@) + 02Ey, 30 (4°) + 03By xo (6") + 04 By xo (6°)

for some unique scalars by, bo, b3, by € C, from which the assertion follows by equating the coefficients of
q" on both sides. O

Similarly to Theorem 2.1, we prove the following theorem.

Theorem 2.2 Let f(z) € Mi(T0(32), x2) be an eta quotient given by (2.1), and let f(z) = Y " anq"
be its Fourier series expansion. Then

f(z) = blEX%Xo (q) + b2EX27Xo (q2) + b3EX2,Xo (q4) + b4EX27X1 (q)
for unique scalars by, bs,b3,by € C, and the Fourier coefficients a,, are given by
An = b10yy 20 (1) + D205 1o (1/2) + 30y, v (/1) + baoy, 1 (0) for n > 1,

1
ag = 1(51 + bg + bs3).

We use the following lemma to determine if certain eta quotients are modular forms. See [3, Theorem
5.7, p. 99], [4, Corollary 2.3, p. 37], [2, p. 174], and [5].

Lemma 2.3 Let f(z) be an eta quotient given by (2.1), and let k = %Zl<5\NT5 and s = J[; 556"
Suppose that the following conditions are satisfied: B a

(i) Zlga\N(S 15 = 0(mod 24),

(it) Xi<sin & rs =0(mod 24),
(iii) Zlgaw m > 0 for each positive divisor d of N,
(iv) k is an integer.

Then f(z) € M(To(N), x), where the character x is given by

wm = (512,

We take N = 32 and k£ = 1 in Lemma 2.3 to obtain the following theorem.
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Theorem 2.4 Let f(z) be an eta quotient given by (2.1), which satisfies the conditions (i)-(iv) in Lemma
2.3 with

r1+r2+rat+rs+ 116+ 132 =2 (2.2)
Then f(z) € M1(T'0(32), x), where the character x is determined by

M1 FO 32,X1, if’f’4+7’16+1"32£1 m0d2,
f(z) € M( (32). 1) ) B ( ) (2.3)
1(T0(32),x2), ifra+rie+r32=0 (mod2).
Proof: For N = 32, we have
s = H §T6 — 1719r23r4]rs 1 Gr1639rs2 — 9r2+2ra+3rstdrie+5raz
1<6]32
The conditions (i) and (ii) in Lemma 2.3 becomes
71+ 2ro + 4ry + 8rg + 16116 + 321350 =0 (mod 24),
32r1 + 1619 + 8ry + 4rg + 2116 + 132 =0 (mod 24).
Let
va(s) = ZT‘S ~v9(8) = ra + 21y + 3rg + 4r16 + 5rae. (2.4)
5132
Reducing (2.4) modulo 2, we obtain
va(s) =rg+rg+ 132 (mod 2). (2.5)

Let us denote:

T1+7re+r4+r8+T16+ 732 = 2,
1+ 219 + 4ry + 8rg + 16716 + 32130 =0 (mod 24), (26)
32r1 + 1679 + 8y + 4rg + 2r16 + 132 =0 (mod 24).

Reducing (2.6) modulo 2, we find:
r1 =0 (mod 2), r32 =0 (mod 2). (2.7)
Substituting (2.7) into (2.6), we get:
ro+ra+rs+re=0 (mod 2). (2.8)

From (2.8), we solve for ra:
ro =74+ rg+716 (mod 2). (2.9)

Substituting (2.9) into (2.5), we have:

va(s) = (ra+rs +716) +7s + 732 (mod 2), (2.10)
vo(s) =ry+2rg+ 116+ 732 (mod 2). (2.11)

Hence:
1/2(8) =14+ 716 + 732 (mod 2). (2.12)

The character associated to f(z) is given by
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_ova(s)
m

Since s is a power of 2, say s = 2"2(*) we have x(m) = ), which depends only on the parity of

va(s). If 15(s) =1 (mod 2), then x(m) = (Z2) = x1(m). If v2(s) = 0 (mod 2), then x(m)(s) = (=) =
Xx2(m). To confirm this, we compute:

xa(31) = (gf) "

These match the given definitions of x; and x2, and the result follows. O

3. Main results
Theorem 3.1 Let f(z) be an eta quotient given by (2.1). Then we have f(z) € M1(T¢(32),x1) if and
only if

r1 + 2T2 + 41"4 + 87’4 + 87’8 + 167"16 + 327‘32 =
3211 + 1679 + 8ry + 4rg + 2116 + 132 =

(mod 24),
(mod 24),
1 1 1111
0< 4 el
Svyelf)<dfore=5 55T YT
T1+Te+ T4+ 18+ 116+ 132 = 2,

ra+7ri6+rs2=1 (mod 2).

0
0

Proof: Let f(z) € M;(T'0(32),x1) be an eta quotient given by (2.1). By (1.6) we have
dim(M;(T'0(32), x1)) = 4. We define the eta quotients f1(z), f2(2), f3(2), fa(z) b

R

7) = S
fs(Z):n( )g )( )§3277Z()126z)

o) =

By Lemma 2.3, we have fi(2), fa(2), f3(2), fa(z) € M1(I'9(32),x1). One can easily see that the set
{f1(2), f2(2), f3(2), fa(2)} is linearly independent, and so it is a basis for M;(I'o(32), x1). Appealing to
(1.4) and (1.5), we have

vie() e [T 1/2 [1/4 [ 1/8 [ 1/16 | 1/32
2 0] 2 | L |0 0 0
fa 0] 2 100 2 0
I 0] 2 100 0 2
I 1] 3]0 o0 0 0

Thus, for any by, b, b3, by € C we have

V1/¢(b1f1 + b2 f2 + b3 fs + by fs) € Np.
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As f(z) can be expressed as a linear combination of f1(2), fa(2), f3(z), and f4(z), we have

Ul/c(f) € NO)

from which the second and first assertions follow, respectively. The third assertion follows from [4,
Corollary 2.3] and the fifth assertion follows from (2.3). The converse follows from Theorem 2. O

Theorem 3.2 Let f(z) be an eta quotient given by (2.1). Then we have f(z) € My(T'0(32),x2) if and
only if
r1 4+ 2r9 + 4rg + 8rg + 16716 + 32r30 =0 (mod 24),
32ry 4 16rg 4+ 8ry + 4rg + 2r16 + 132 =0 (mod 24),
0 <wvy/e(f) <4 forc=1,2,4,8,16,32,
r1+re+ra+rs+ 116+ 32 =2,
ra+716+7r32=0 (mod 2).

Proof: Let f(z) € M;(T'0(32),x2) be an eta quotient given by (2.1). By (1.6) we have
dim(M;(T'0(32), x2)) = 4. We define the eta quotients f1(z), f2(2), f3(z) and f4(z) by

n(4r)*°
M = S arymEn
ho(z) = n(47)°n(167)°
n(27)%n(87)4n(327)
fs(z) = n(47)°n(327)* ’
n(27)2n(87)%n(167)
n(87)"
Jie) = Lanaiens
By Lemma 2.3, we have fi1(z), f2(z) € My (T

0(32), x2)-
One can easily see that the set {f1(z), f2(2), f3(2), fa(2)} is a basis for M;(T'0(32), x2). By (1.4) and

(1.5), we have

vie() e |1 1/2 [ 1/4[1/8 [ 1/16 | 1/32
1 0] 0| 2 | 0 0 0
a 0] 0 | L | O 2 0
I 0] 0 | L | o0 0 2
I 0] 0 | 2 | 0 0 0

Then, vy/c(b1f1 + bafa + bsfs + bafs) € No for any by, bz, 03,04 € C. As f(z) can be expressed as a
linear combination of f1(2), f2(2), f3(2) and f4(z), we have vy /.(f) € No, from which the second and first
assertions follow, respectively. The third assertion follows from [4, Corollary 2.3] and the fifth assertion
follows from (2.3). The converse follows from Theorem 2. O

There are 14 eta quotients in Mj(T'0(32),x1) and 15 eta quotients in M;(To(32), x2). We found
all the eta quotients with Sagemath using Theorems 3.1 and 3.2. We then determined their Fourier
coefficients using Theorems 2.1 and 2.2. All these eta quotients and their Fourier coefficients are listed
in the appendices (Table 1 and 2).

4. Applications and remarks

Theorem 4.1 Let f(z) € M1(T'0(32), x1) with the Fourier series representation

f(z) = Z ang".
n=0

Then
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1. For allm > 0, we have ai6m4+5 =0 (mod oy, y, (16m+5)) and = a1gm413 =0 (mod oy, y, (16m+

5)).

2. For all m > 0, we have ai6m+7 = Q@16m+15 = 0 (mod oy, , (16m +7)).

Proof: Suppose n = 5,7 (mod 8). Then

Also, for all positive divisors d of n, we have

i (2)- (E)- ()G -(F) e

By pairing x1(d) and x1(n/d) for all d | n, we obtain

> xa(d) =o.

d|n

The assertion now follows from (1.4), (1.3), and Theorem 2. O

Theorem 4.2 Let f(z) € M1(T¢(32), x2) with the Fourier series representation

f(z) = Z anq".
n=0
Then for all m > 0, we have a12m+7 = G12m+11 = 0.

Proof: Suppose n = 3 (mod 4). Arguing as in the proof of Theorem 4.1, we obtain

> xe(d) =0. (4.1)
d|n
The assertion now follows from (4.1), (1.3), and Theorem 2.2. O

The following corollary follows immediately from Theorem 4.1 and 4.2.

Corollary 4.3 If an eta quotient f(z) given by (2.1) is a modular form of weight 1 with the Fourier
series representation f(z) = ZZOZO anq", then for all m > 0 we have
0 (mod oy, y, (16m+15)), ifn=16m+5, r4+rig+rs2=0 (mod 2);
a, =40 (mod gy, .y, (16m+75)), ifn=16m+7, r4+rig+rs2=0 (mod 2);
0, fn=12m+5, r3+rig+r2=1 (mod 2).
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5. Appendices

Table 1: Eta quotients in M;(T'(32), x1) and their Fourier coefficients

No. r ro 14 718 7116 732 (b1,b2,b3,b4)

1 -2 3 3 -2 0 0 (2,0,0,0)
2 -2 5 -2 -2 5 -2 (2,-2,20)
3 -2 5 -2 0 -1 2 (0,1,-1,0)
4 -2 7 =3 0 0 0 (2,-4,4,0)
5 0 -2 3 3 -2 0 (0,2,0,0)
6 0 -2 5 -3 2 0 (1,-1,0,0)
7 0 0 -2 3 3 -2 (0,0,2,0)
8 0 0 -2 5 -3 2 (0,1,-1,0)
9 0 0 0 -3 7 -2 (1,-1,0,0)
10 0 2 -3 5 -2 0 (0,-24,0)
11 0 2 -1 -1 2 0 (1,-1,0,0)
12 2 -3 5 -2 0 0 (—24,0,0)
13 2 -1 0 -2 5 -2 (-2220)
4 2 -1 0 0 -1 2 (0,1,-1,0)
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Table 2: Eta quotients in M;(T'9(32), x2) and their Fourier coefficients

No. r 1o 14 13 116 132 (b1,b2,b3,b4)

1 0 -4 10 -4 0 0 (0,4,0,0)

2 0 -2 5 -4 5 -2 (0,2,-24)
3.0 -2 5 -2 -1 2 (0,1,1,-2)
4 0 0 -4 10 -4 0 (0,0,4,0)

5 0 0 -2 4 0 0 (1,0,-21)
6 0 0 0 -4 10 -4 (0,0,0,4)

7 0 0 0 -2 4 0 (0,1,-1,0)
8 0 0 0 0 -2 4 (0,01,-1)
9 0 0 4 -2 0 0 (0,0,—4,8)
10 0 2 -1 -2 5 -2 (0,-2,24)
11 0 2 -1 0 -1 2 (0,1,-32)
12 0 4 -2 0 0 0 (0,—4,80)
13 2 -1 -2 5 -2 0 (-208,-2)
4 2 -1 0 -1 2 0 (1,-201)
5 4 -2 0 0 0 0 (—4,4,8-4)
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