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Diverse Properties of (p,¢)-Cosine and (p, ¢)-Sine Fubini-Type Polynomials and Numbers

Haitham Qawaqneh and Waseem Ahmad Khan and Mohammad Shahzad

ABSTRACT: In this work, the (p, ¢)-Sine and (p, ¢)-Cosine Fubini-type polynomials are introduced and mul-
tifarious summation formulae and relationships for these polynomials are derived by utilizing some series
manipulation methods. Also, (p, q)-derivative operator rules and (p, q)-integral representations for the (p, q)-
Sine and (p, ¢)-Cosine Fubini-type polynomials are given. Moreover, several correlations related to the both
(p, ¢)-Bernoulli, Euler and Genocchi polynomials and the (p, ¢)-Stirling numbers of the second kind are devel-
oped.
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1. Introduction

In recent years, (p, ¢)-calculus has been studied and examined widely by many physicists and mathe-
maticians, [4,10,9] and see also the references cited therein. Also, (p,q)-special polynomials, such as
(p, q)-Euler, (p,q)-Genocchi, (p,q)-Bernoulli, (p,q)-Frobenius-Euler, have been firstly considered and
developed by Duran et al. [2,3], then many authors worked on other (p,g)-special polynomials (see
[35,34,38,42,37,36]). Khan et al. [8] introduced (p,q)-Fubini type polynomials and analyzed some of
their basic properties. Khan et al. [5] considered (p, q)-extension of Apostol type Frobenius-Eulerian
polynomials and derived diverse basic properties and identities covering derivative properties, differ-
ence equations, addition theorems, integral representations, recurrence relations, implicit and explicit
formulas. Sadjang [12] defined (p,q)-Appell type polynomials and provided some of their characteri-
zations including several algebraic properties. Sadjang et al. [11] introduced (p,q)-generalizations of
two bivariate kinds of Bernoulli numbers and polynomials and then analyzed multifarious relations and
formulae including connection formulas, recurrence formulas, (p, q)-integral representations and partial
(p, q)-differential equations.

Along this work, we make use of the following notations:

N:{132,3>”'}3 NOZNU{O}v Z:{ ,—2,—1,0,1,2,-~~}andR:(foo,oo).

The (p, g)-numbers [m], , are defined as follows

m

—q
, 0<]gl <lp/ <1

[m]p,q =

It can be rewritten that [m],, = p™ '[m]y/,, where [m],/, is the g-number in quantum calculus (¢-

calculus) defined as [m],/, = %. Hence, it is observed that (p,¢)-numbers and g-numbers are

different, namely, it cannot derive (p, ¢)-numbers just by changing ¢ by ¢/p in the definition of g-numbers.
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Again, when p = 1, the (p, ¢)-numbers reduce to the g-numbers, (see [1,13,14,15,16,17,18,19,20,21,32,33,
39,40,41,22,23,24,25,26,27,28,29,30,31]).

The (p, ¢)-extension of the derivative operator of a function g with respect to t is given by

g(pt) — g(qt)

Dp,qg(t) = Dp,q;tg(t) <p q)

(£ #0),

and (D,,49(0)) = ¢ (0), provided that g is differentiable at 0. These operator satisfy the following
properties

Dypqa(g()f(8) = F(qt) Dyp,qg(t) + g(p(£)) Dy o (1),

and

D, (g(t)> _ f(a)Dpqag(t) — 9(at) Dy, f(t)

f(t) f(qt)f(pt)

The (p, q)-factorial numbers [m], 4! and the(p, ¢)-binomial coeflicients (T)p , are provided by
[m]p.q! = [M]pg - [2]pq[l]p,q for m € N with [0], 4 =1
and |
<m> = —['m]p,q. ; (m=r).
r p,q [T]IL(I'[m - T}p,q.
The (p, ¢)-power basis is defined by
(t+a)(pt+aq) - (P"*t+ag" ) (p" M+ ag™ ) = (t@pea)"  (m21)

and also has the following expansion

r=0 b

The (p, ¢)-exponential functions, e, ,(¢) and E, ,(t), are introduced by

> pl3)gm >, g(3)gm
epq(t) = and E, ,(t) = ) (1.1)
g mZ:O [m]p,q! e mZ:O [m]p.q!
have the following relationships
ep—14-1(t) = Ep o(t) and €, 4(t)Ep o(—t) = 1, (1.2)
and hold the following properties
Dy qep,q(t) = epq(pt) and Dy g Ep o(t) = Ep(qt). (1.3)
From (1.1), it is observed that
oo 7n 0o 0o 2m+1
p Ztm m t2m 1m ( 2 )t2m+1
€p,q(it) + (1.4)
pal X:O o mz::o mlp.q! z:o 2m+1],,
By (1.4), the (p, q)-sine function and the (p, ¢)-cosine function are given (c¢f. [12]) by
St m (2m+1)t2m+1 )t2m
= sin, 4(t) and = o8y 4(t). (1.5)
Z 2m + 1p,q! pal Z mlp,q! e

m=0
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The (p, q)-Bernoulli, (p, ¢)-Euler and (p, ¢)-Genocchi polynomials are introduced as follows (see [2,3]):

zep q(t2) > z™
= B, (t:p,q) , |z < 2m, (1.6)

epq(2) —1 mz::o [m]p.q!

[2]p,q€p,q(tz) N z™

—d R = E,(t:p,q)——, |z| <m, (1.7)
o) 11— 2 Enltip g

and

7[2]“‘1261’"1 (t2) ZG tip) s, |2 <. (1.8)

ep,q(2) [ ]p7q

When ¢t = 0, the polynomials given above reduce to their corresponding numbers shown respectively by
Bin(p,q), Em(p,q) and Gy (p, q) for m € R.

The Taylor series expansions of the functions et?

sin(wz) and e'* cos(wz) are presented as given below:

Z S (¢ = e sinwz and Z C(t w)% = e'* coswz, (1.9)
m=0 m=0
where
|%] - 1% ] -
— -1 r m—2r—1, 2r+1 — -1 T m—2r,  2r 1.1
S (t, w) (-1) <2r+1)t w and Cy, (t, w) (-1) (2r>t w", (1.10)

where the symbol |.| is the greatest integer function.
In the recent studies, Sharma et al. [43,7] considered (p, ¢)-generalizations of Sy, (¢, w) and C, (¢, w):

Z Shpq(t, w) [ ] = SIN, 4(wz)e, 4(tz), (1.11)
m=0 p, q
and
oo Zm
Z Crnpq(t, w)W = COS, q(wz)ep 4(t2), (1.12)
m=0 p.q-
where
LZLJ m m—2r—1 ) ) 2r+1
g (£ 0) ( " ) P plm—2r 1) e o () (1.13)
r:O pq
and

=]
Com.p.q(t w) Z ( > pl" ) g (3 gm=2ry2r, (1.14)
r=0 p,q

For A € C, the generalized (p, q)-Stirling numbers of the second kind S, , . ()) are given by (see [11]):

(/\ep,q(t) — 1)m — i v ()\)

m! [W]nq!

m e Ny ={0,1,2,---,}. (1.15)

w=0

Taking A = 1, equation (1.15) reduces to the (p, ¢)-Stirling numbers of the second kind as follows

e tv
(”’17 ZSQMwm - (1.16)

[W}p,q
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The (p, ¢)-type Geometric polynomials of two variables are defined by (see [6]):

1 °° i
1 —y(epq(t) — 1)6%(](“) - Z Frp.q (2:9) M' (1.17)

n=0

When z = 0, Fopoy) = Fppqe(0;y) are called the (p,g)-type Geometric polynomials and
Fpp.q(0;1) =F, , . are called the (p, ¢)-type Geometric numbers.

The Fubini type polynomials of order « are defined by the following generating function [44]

TL

2a S

When z =0, aslo‘) = aS{")(o) are called the Fubini type numbers of order a.

In this work, the (p, ¢)-Sine and (p, ¢)-Cosine Fubini-type polynomials are introduced and multifarious
summation formulae and relationships for these polynomials are derived by utilizing some series manipu-
lation methods. Also, (p, q)-derivative operator rules and (p, ¢)-integral representations for the (p, ¢)-Sine
and (p, ¢)-Cosine Fubini-type polynomials are given. Moreover, several correlations related to the both
the (p, ¢)-Stirling numbers of the second kind and the (p, ¢)-Genocchi, Euler and Bernoulli polynomials
are developed.

2. Bivariate Kinds of (p, q)-Cosine and (p, ¢)-Sine Fubini Type Polynomials

In this section, we counsider the (p,q)-Cosine and (p,q)-Sine Fubini type polynomials of complex
variable and deduce some identities of these polynomials. First, we present the following definition as.

tTL

2Q
e, q(at (ity) = .F,(La (x4 1Y)pq) —-
(2 —epgq(t))?® P Epa Z P P [1]p,q!

(2.1)

On the other hand, we suppose that
ep,q(t) Epq(ity) = epq(2t)(COSy q(yt) + iSINy q(yt)). (2.2)
Thus, by (2.1) and (2.2), we have

t’n 20L

Z Fia (@ + ) 7 = ey pa ) Enality)
= m_;:Of»%tep,q(xt)(COan(yt) +1SIN, 4(yt)), (2.3)
and
S FE (@ i) o = e B o () By y(—ity)
Z ol @ epad)
»

= W%,q(wt)(COSp’q(yﬂ —1SIN, 4(yt)). (2.4)

From (2.3) and (2.4), we get

=
’B

Mg

20{
Wep’qmm()sp q(yt) =
p.q

and

(f(a)q TBWY)pgq) +]:7(w)q((93@iy)pvq)> " (2.5)

= 2 [n]p.g""

«@ e’} () z i () " i n
S TNt) = 3 <]~' e (@8 W) ~ Fiipa (2 y>pq>> S

n=0
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Definition 2.1 Let n > 0. We define two parametric kinds of (p, ¢)-Cosine Fubini type polynomials
]-'7(1%7(;) (z,y) and (p,q)-Sine Fubini type polynomials F,(Li;fz) (z,y), for non negative integer n are

defined by

(5008, 4 (yt) = Z FC) (g

(2 —epgq(t))?® P P npq [n !’
and

Le (xt)SIN, ,(yt) = Zf(s a) i

(2 —epq(t))?® e e P ]pyq!
respectively.
Note that

FlCa.0)=F@)  FS90,0)=0. (n>0).

n,p,q n,p,q’ n,p,q

From (2.5)-(2.8), we have

Fi2 g (@ iy)pg) + Fig (€ S iy)pq)

FAG@,y) = . ,
and "
Fripna (£ @ 1Y)p.q) = Frp.q (2 S iy)p.g)
S _ \D2q 4 X P,
FO) (z,y) = o 5 Ly

(2.7)

(2.8)

(2.9)

(2.10)

Remark 2.1 For x = 0 in (2.7) and (2.8), we get neW type of (p, q)-Cosine Fubini type polynomials

.E,C a)( ) and (p, ¢)-Sine Fubini type polynomials FiS P ( ) as

20’
—COS,q(yt) = Zﬂc ) (y :

(2 —epq(t))*™ b p,q!
and
2(1
—SIN (yt) = }'ff « ,
(2 —epgq(t))?® P Z P q [ ]p7q'
respectively.

It is clear that
FO(0) = F F&(0) =0, n>0.

n,p,q n,p,q° n,p,q
Now, we start some basic properties of these polynomials.

Theorem 2.1 Let n integer. Then

(3]

a n+v v «
FGpw =3 (51) omED,,,
0 pP,q

w3

v ’

and

n—1

7]
a n—+v v, (2 v o
‘F?(z,s’;;,q)(y) = E ( 2w +1 > (_l) q( 2 )y2 +1‘F( —2v—1,p,q°
p,q

v=0

Proof: By (2.11) and (2.12), we can derive the following equations

9 & tn e
FlGa)(y = COS,yq(yt) = Flo
> G = e OO0 = S S

oo [ 13]

Z ( n+v )M(_l) %) zvﬁa%m,q

n=0 v=0

(2.11)

(2.12)

(2.13)

(2.14)

v
v (21) 1)v 2v

[27}]12,11!

tn
il (2.15)
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and
Z ]_—1(1Spo; 1 z 20 SINpq(yt)
n—0 nlpg! (2= epg(t))
> [nTﬂ] n _|_ v (2 +1) ( ) tn
- (1), ~216)
nz:;) ’UZ:O < 2o+1 )p,q 207 [ n], !
Therefore, by (2.15) and (2.16), we get (2.13) and (2.14). O

Theorem 2.2 Let n integer. Then

N - . “~ (n . o
val ,p),q( ® 1Y)p,q) Z ( ) z Zy)l;,q}-nfk,p,q = Z (k:) (Zy)k]:r(L—)k,p,q(x)’ (2.17)
k=0 Py k=0 Py
and
N n ) n n ) N
Fa@eini) =3 (1) wowl A= (1) (V@FEL@. e
=0 k=0 b,q
Proof: By using (2.3) and (2.4), we obtain (2.17) and (2.18). So we omit the proof. O

Theorem 2.3 Let n integer. Then

o = n o
Fo (@,y) =Y ( . > F Corpal@,y), (2.19)
k=0 p.q
and
N n n o
]:7(31541) (2,y) = Z ( k ) ]:Ig p,an_k?;P;q(x7y)' (2.20)
k=0 p.q

Proof: Consider

n=0 =0
Now
Z]_—T(chaq s | 2 e ep.q(2t)COS, 4 (yt)
[ Ipa! (2= €pgq(t))
_((sope
(ZFJW[ )(Zc,pq r,y) [] >
k=0 Ip.q! n=0 pa!
n n tn
= 7 Cn—k,pq(T,Y) 5
z:: (z_: < k )p’q kpq P [n}lhq!
which proves (2.19). The proof of (2.20) is similar. O

Theorem 2.4 Let n > 0. Then

« . n C,a _
FAG @ +ry) = Z( ' ) FLo (@, gy, (2.21)
k=0 P.a
and .
o n S,a n—k
]-'rssp q) +ry) = Z ( & ) }',E,p_’q) (z,y)r" ", (2.22)
k=0 P.q
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Proof: By changing « with « + r in (2.7), we have

= " 20
Flo) (x4 1y = ep.q(2t)COS, ,(yt)et
,;O na ) [Mlp.q! (2= epqlt))2e ™1 ) rayt)epq

Z FCo i i’“k *
— [n]q! o [K]p.q!
=z(z( ), e oy

[1]p,q!

which complete the proof (2.21). The result (2.22) can be similarly proved.

O
Theorem 2.5 Let n integer. Then
0 a C,«x
%fé,cp’,q)(x,y) . Fa) o (0,1), (2.23)
0 o S,
gy (@) =~ 4@ 4y), (224)
and 9
a S,a
o @) = [y F20, 4 (e, y), (2.25)
0 o o
gy n @) = Inlg PO ). (2.26)
Proof: Equation (2.7) yields
" 2 s, A
]-‘(CO‘ = —e, o(xt)COS, 4 (yt) .F(C ) (px
2 P R OO} P 2 roa PR
o0 tn
FO o, y) P @) ——,
Z bip [(n —1)]pq! n:1 MlpaFn-tpa [n]p,q!
proving (2.23). Other (2.24), (2.25) and (2.26) can be similarly derived. O
Theorem 2.6 Let N € N*, the following formula holds true. Then
(03 = n « n—
G ey) =) (k) FG @y, (2.27)
k=0 p.q
and .
S, n S, n—=k
FiS 2, y) = (k) Fi&a) (2, y)am k. (2.28)
k=0 p,q
Proof: By using Definition 2.1, we can easily proof of equations (2.27) and (2.28). We omit the proof.
O
Theorem 2.7 Forn >0, we have
o = n C,a
FG e =Y (1) A (229)
r=0 p.q
and N
o n S,
FEN 0 =Y (1) A0, (230)
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Proof: Using the generating function (2.7), we have

3 & -
S FG @0y — S FGD @)
n=0 [nlpq! = [n]q!
2a
- ((2—6(25))2"> (€p.a(t) = Dep (@) COSp q(yt)
p,q
C,a tr > t"
_ Z FLC (a, (Z )
00 o 00 i
C,a
Z‘Fr(L,paq ' Z Z 7l7[),q [ } '
p, r=0 — Nip,q-
_ o n n (C Oé) (Cra tn
n=0r=0 P,q p,q !

Finally, equating the coefficients of the like powers of ¢ on both sides, we get (2.29). The proof of (2.30)
is similar. O

Theorem 2.8 Let n be integer. Then

k
« n C.B
FICatD) (g,y) = (k> ) FOD (@) (2.31)
k=0
and .
« n « S,
e =3 (1) ALA e 22)
k=0 Py
Proof: By (2.7), we get
n 9a+6
FCath) (z,y) = ep.q(xt)COS, 4 (yt)
nzo e Mlpq!  (2— ep,q(t))Q(oH'ﬁ) P P
_ (@) F(C8)( Fl@ F(CH) &
szvpvqfnpq )[ ZZ( ) ,p,q]:n kpq(x y)[} K
n=0 k=0 n=0 k=0 P,q p,q-
which proves the result (2.31). The assertion (2.32) can be proved similarly. O

3. Relationship Between (p, ¢)-Bernoulli, (p, ¢)-Euler and (p, ¢)-Genocchi Polynomials and
(p, q)-Stirling Numbers of the Second Kind

In this section, we prove some relationships for two bivariate kind of (p, ¢)-Cosine Fubini type polyno-
mials and (p, ¢)-Sine Fubini type polynomials related to (p, ¢)-Bernoulli polynomials, (p, ¢)-Euler polyno-
mials and (p, ¢)-Genocchi polynomials and (p, ¢)-Stirling numbers of the second kind. We start a following
theorem.

Theorem 3.1 Fach of the following relationships holds true:

n+41 M os ) (C,a)
(C,a) _ n+1 S _ ‘Fn-i-]—s,p,q(y)
e =3 (1) (X (1) Binalo) =B Tl
s=0 P.q k=0 P.q ] ;

and

s n+1 < S | f(i’?), (y)
Fiidu) =2 ( ) > ( L ) By kpg(n) = Bypgla)| TSR0 (3.9)
p,q = q

s=0 4 Lk=0 P, ] [0+ 1]p,q
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Proof: By using (1.6) and (2.7), we have

((2_61270;@))2a> ep,q (1) COSy 4 (yt) = ( o= eii(t))m) - q(t) — eptq(? — L (@)COS, ,(yt)

o0 S
1 S (C’ o) t"
— Z Z k Bs—k.p.q(7) | n,p,q !
t n=0 \k=0 P,q s p.q ]p’q'
58 Floa )
(6%
- {ZB&M AT Z g T
—0 p.q p.q

1y [Z( ") Z( ; )s( >] O

P:q k=0 )

IS s (C.0) £
t Z [Z( s )quSvPalI( )‘| fn qu(y) [n]%q!'

n=0 Ls=0 )

By using Cauchy product and comparing the coefficients of o ] T We arrive at the required result
(3.1). The proof of (3.2) is similar. O

Theorem 3.2 Fach of the following relationships holds true:

- kS 1 788 . w)
n S n—s
‘7:(761; q)(x y) = Z( s ) Z ( k ) Es—k,p,q(T) + Es,pq(T) ﬁ» (3.3)
s=0 P:q k=0 p,q ] p,q
and i T s
" y Fuoa(¥)
@ n S n—s,p,
Fira (@) = Z( s ) D ( K ) Eubpal®) +Eupal0)| LS (34)
s=0 2,9 k=0 P,q ] P:q

Proof: By using definitions (1.7) and (2.7), we have

<(22aa> ep,q(21)COSy 4(yt) = ((2 — ej: ( t))za) 2loa__Cpalt) + 1ep7q(xt)COSp7q(yt)

—epq(t))? epq(t) +1 2lp,q
1 [eS) n n 00 i i
D) Z Z(k) En—kp.q(T +Z‘€npq ] Z}—r(L,C;;q)(y) 1
(2]p.q =0 \k—o p,q n]p,q! ]p7q "0 [n]p,q
1 o0 n S N t’n
- 2 Z Z ( ! > Z ( Z ) Es—k.p, q )+ Z ( ) 58,p,q(33) ‘FT(LgisJ)),q(y) N
2lp.q w0 Lszo N\ ¥ Jpaizo P.q p,q [7]p,q!

Comparing the coefficients of | - mr—r, We arrive at the desired result (3.3). The proof of (3.4) is similar. O
pv

Theorem 3.3 Let n be integer. Then

n s (C,a)
(C a) TL+1 ) < S ) g B +g ‘Fn—&-]—s,p,q(y) 3.5
-2 (07) [Z b ), S @ G g L Y
and
FEea Z<n+1) S (1) Getral®) Gnale) Tilapal®) g
— pa Ly \ k), R T ] I 1T
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Proof: By (1.8) and (2.7), we have

[2lp,qt  ep,a() +
( )+ 1 [2p,qt

o e

}P#Z'

1
ep,q(2t)COSp,q(yt)

(%) ep,q(@t)COSy q(yt) = (

20(
t)COS, t
2 —ep,q(t) 2a> ep,q(xt) p,a(y )

(2 —ep,q(t))

S

; 0
~E 2 {Z( 2),. 5 ) gé’*’w(x”z( s ) gwm} fiiflm Yt

Y
s=0 P4 k=0 P,q s=0 Pyq [n+ 1]p,q!

Comparing the coefficients of 57— ] -, then we have the asserted result (3.5). The proof of (3.6) is similar.

O
Theorem 3.4 Let n be integer. Then
]:T(L,C;Z)(x+7“,y)=z<z> Z]: y)x™Ss pq(k+r,m+1), (3.7)
k=0 P4 m=0
and
n k n
« S,a m
FiE@+ry)=> > <k> FED )2 Sz pqlk +1,m + 1) (3.8)
k=0m=0 p.q
Proof: Using (1.16) and (2.7), we have
S FCD @) = e () epat) 1+ 17O, o (a1)
"0 [M]pg! (2= epq(t))
20( o0 tm
= ———5-6p,¢((N)COS, 4 (yt ¥ (epq(t) — 1)™
(2 _ epﬂ(t))ga pr(( ) ) pQ( )Tnz::o ( p(I( ) ) [m]%q!
L o k tk
= ——————e,4((r)t)COS, ,(yt) *So p.g(k,m)
(2 = epq(t))2 ™1 e kzo 220 e [k]p.q!
_Z (Cpa ;sz‘glqum)
”p,q 5—0 m=0 [k ]p,q
co n n k n
C,«x m
SX 3 (3) X A W S )
n=0 k=0 P4 m=0 pq

Comparing the coefficients of -— ]p 7, then we have the asserted result (3.7). The proof of (3.8) is similar.

O
Corollary 3.1 Let n be integer. Then
n n k
«a C,a m
f"(lg q) (.’E, y) = Z (k,) Z 'F'I(L k,zy q( )fl? SQ,p,q(kvm)a (39)
k=0 P4 m=0
and
n k n s
FE @y =Y > (k> FE0 )™ S (k,m). (3.10)
k=0m=0 P.q
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4. Conclusion

Utilizing (p, ¢)-numbers and (p, ¢)-concepts, Duran et al. [2,3] considered (p, ¢)-Genocchi polynomials
and numbers, (p, ¢)-Bernoulli polynomials and numbers and (p, ¢)-Euler polynomials and numbers and
provided many properties and formulas for these polynomials. Inspired and motivated by this consid-
eration, many authors have introduced (p, ¢)-special numbers and polynomials and have described their
several identities and properties. In this paper, using the (p, ¢)-Cosine polynomials and (p, ¢)-Sine poly-
nomials, we have introduced novel kinds of (p, ¢)-extensions of Fubini-type polynomials and have acquired
multifarious properties and identities by making use of some series manipulation methods. Furthermore,
we have computed the g-derivative operator rules for these polynomials. Moreover, we have determined
the approximate root movements of the new mentioned polynomials in a complex plane, utilizing the
Newton method and illustrating them in figures. The structure of the approximate roots will come out
in various ways, depending on the condition of the variables, and new methods and theorems related to
this topic need to be created and proven.

Not only can the ideas presented in this paper be utilized for similar polynomials, but these polyno-
mials may also have possible applications in other scientific areas besides the applications described at
the end of the paper. We would like to continue to study this line of research in the future.
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