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Operational Methods with Applications in Fractional Calculus
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ABSTRACT: In this study, after introducing some properties of the Laplace and Stieltjes transforms, we
consider certain fractional differential equations, evaluation of new integrals and sums of special functions,
singular integro-differential equation where the fractional derivative is in the Caputo-Fabrizio sense. Some
constructive examples are also provided.
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1. Introduction and Notations

In the previously published articles, some properties of the integral transforms in solving fractional
equations and boundary value problems, and other applications of integral transforms such as solving
integral equations and computing new integrals were shown [1-4, 6]. In this article, the author intends
to present new properties of integral transforms such as Laplace and Stieltjes transforms, and to propose
and ultimately solve new problems with the help of a new fractional derivative that has been recently
in 2015, defined and is more efficient than previous fractional derivatives, called the Caputo-Fabrizio
fractional derivative. This work provides a concise exposition of the basic ideas of the theory of integral
transforms and special functions and its applications to fractional calculus. Methods in which techniques
are used in applications are illustrated and some non-trivial examples are included.

Definition 1.1. Let us assume that the function ¢(t) is of exponential order, then the Laplace transform
of ¢(t) is as follows [5,7,10]

+oo
L{B(t); s} = B(s) = / oo g (t)dt,

provided that the above integral is convergent.
Definition 1.2. The inverse Laplace transform of the function ®(s) may be expressed explicitly as a
contour integral by considering parameter s as a complex variable.

ct+ioo
L@ (s): 1} = 1/ B (5)ds,

2 —i0o

the above complex integration along vertical line Re(s) = ¢ in the complex s-plane, is known as Fourier-
Mellin or Bromwich integral[5,7,10].

Note. In the aobve complex integral ®(s) is o(s~*) with k > 1, this means that [s*®(s)| < M, whenever
|s| is sufficiently large and M is a real constant, then the above integral is convergent. It is worth
mentioning that the complex inversion formula for the Laplace transform can often be evaluated quite
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2 A. AGHILI

readily through use of the theory of residues.
Let us illustrate the Laplace transform technique on some singular integral equations.
Example 1.1. Solve the following singular integral equation with erfc(.) as kernel

o0 f e)\Zt \[
erfe(——= dé = —erfe(AVt).
| enselspwtente = Soerpeavi
Solution. We begin by taking the Laplace transform of both sides of the above integral equation, which
leads to

£

+oo 1
£ erpelgS s s = U5 -

1
Va5 =22
after simplifying, we obtain

S
e = a5

taking the inverse Laplace transform, leads to
¥ (t) = cosh(At).
The obtained solution satisfies the integral equation, thus we get

+o0 5 e/\2t
/0 erfc(z—\/i)cosh()\f)df = Terfc()\\/g),

in special case t = i we have

oo e A
/ erfc(€) cosh(A§)dg = Terfc(§).
0

In the above integral equation erf(.) and er fc(.) stand for the error function and complementary error
functions respectively, for more detail see [6]. The above example illustrate the basic procedure used in
the method of Laplace transform.

Example 1.2. Evaluate ¢(t) = L7 [¢—], with 0 < o, 8 < 1.
Solution. We first evaluate £='[e~%5"] and £~ '[s~?], then by convolution theorem we find

o(t) = {L7 e " [}« {L s~ ]},

thus we have
L7 s} o
s = ,
L'(B)

and

1 [t
— / e~ tr—acos(ma) sin(ar sin(wa)dr,
™ Jo

+oo —ira
E—l[e—as“] — / e—trIm[e—a(re )}dT _
0

1
i

from where we arrive at

o(t) = /Ot (t}(&ﬁ))ﬁl[i /OJFOO e~ ¢rmacos(m) gin (ar sin(wa)dr]de.

Theorem 1.1. Let us assume that L{$(t); s} = ®(s) then the following identity holds

+oo
L. L{p(a(e” —1));5} = m/o u%‘“@(g)du, a,b > 0.
b

2 ﬁ{/o (%)”Jw a&(t—ﬁ))qﬁ(f)dﬁzsb%cb(sﬂ).

S
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s o[ (L eV 900 = Sl - 2

Proof. Part 1.
By using the definition of the Laplace transform, right-hand side can be written as follows

1 “+o0 1 +oo . +oo .
- - Te ¥ — b U —(¥)¢€
TG, ey ) W oo

changing the order of integration and after simplifying we obtain

1 +oo too +oo ( )
- (1+ )u b —
R.H.S aF(i+1)/o qs(g)[/o ub du)dé = ab/ e -,

on the other hand, on the left-hand side after making a change of variable a(e? — 1) = w, it takes the
following form

+oo s +oo
L{p(a(e’ —1));s} = /0 e mA+3)? M(;S(w)dw = i/0 uﬂw)dw =R.H.S

Part 2.
Left-hand side can be written as follows

L.H.S—/O+OO e*st/ —; VY Jau (20/a(t — €))o(

changing the order of integration leads to

Y Aa(63)
L.H.S—/O ol

at this stage making a change of variable ¢t — £ = w, we arrive at

“+o0

e (t — )" Jau (2¢/a(t — €))dt)de,

B (9 Y R o dwlde —
L.H.s_/0 (ag)v[/o Tow(2+/(@€)w)duw]de = .

+oo +oo w
= [ e ey ey e duld,
0 0 ag
after evaluation of the inner integral, we obtain

e e L™ v 1 a
L.H.S :/O OO [ 6 = /O eEENP(E)dg = (s + ),

Part 3. The same as Part 2.
To illustrate the Laplace transform method for a function, let us take the Laplace transform of the
functioni)(t) defined as follows.

Example 1.3. Let us assume that ¢(t) = f+oo ber(2y/tsinh 5)dS then we have

L)) = L Kol,),

where ber(.) and Ky(.) are kelvin function and Macdonald function of order zero respectively[5,8,9].
Solution.

+oo +oo
L{Y(t);s} :/0 e*St[/o ber(2+/tsinh 3)dg]dt
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changing the order of integration we get

sinh 3
s

+00 Foo
£{¢(t);s}:/0 [ ber(2 (sinhb’)t)dt]dﬁz/o écos( )dg,

at this point, making a change of variable sinh 8 = w in the above integral, after simplifying we have

1 [T w 1 1
L{p(t);s} = S C(l)sJ(ri2 dw = gKo(§)7

in the last step we used the fact that £{ber(2v/at); s} = 1 cos(2) and K(t) = f0+oo fﬁ%dw.
Example 1.4. Let us show that the following relation holds

t

LTHR0) 1} =00 = o

where

—+oo
@(s):/ e VT2 g,
0
Solution. By using Bromwich integral we get

c+100 —+o00
o0 =5 [ e“[/o ¢ oVEREN e g

2 c—ioco

changing the order of integration, we have

“+o0 1 c+ioco a —
B(t) :/ [%/ et=VeE 2a§+b2)sds]d§,
0

c—i00

the value of the inner integral is 6(t — /&2 — 2a€ + b?), therefore we obtain
“+o0
o0 = [ 8- V20 + P
0

at this point, making a change of variable u = t — \/£2 — 2a€ + b2 in the above integral and after
simplifying and in view of the elementary properties of the Dirac-delta function, we get finally

o(t) = T wi) ! t>b>a.

oo V/(t—u)2+ a2 — b2 V2 + a2 =2’

Remark. The generalized function such as impulse function or Dirac-delta function 6(¢) belongs to space
of locally integrable functions i.e, ﬁlloc, is a very useful concept in a wide variety of physical problems
involving the ideas of point sources or impulsive forces. We have the following useful properties of the
impulse function or Dirac-delta function §(¢) as follows

1 to(t) =0,
2 8(t) = —%5@)7
3. M) = (—1)”(%6(1?).

L %sgn(t) — 25(8).
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6. M) = %{1 +6(6))-

In the above relations sgn(t) stands for the signum function and ¢(t) is a monotonic function for which

o(a) = 0.

Example 1.5. By using complex inversion formula, let us show that

+oo _Sm
e T leg)a 1 = Io(aV )

Soluion. In view of the Bromwich integral, left-hand side can be written as follows

c+100 —+o00
L.HS = L/ e 5 Ip(a€)d€]ds

2im > — 300 A \/

changing the order of integration leads to

“+o00 ct+ioo
_ g 1 / ts —sy/E2—N2
L.H.S = A mlo(aﬁ)[% e \ ds|dg,
or
1 [efiee Y
i [ VI s

um

o0 5
L.H.S:/A \/ﬁfo( €)

but the value of the inner integral is §(t — \/£2 — A2), therefore we have

—i00

+oo

§ BBV

at this stage, making a change of variable t — \/£2 — A2 = w, after simplifying we arrive at

LHS/ (t—w +>\2 \/m)\/%é(w)dwzlo(a\/m).

Example 1.6. Let us solve the folowing singular integral equation with trigonometric kernel

+oo
% /0 cos(2y/E8)b(€)de = i‘/fj_;(zx/ﬁ), A 0.

Solution. Let us assume that £{¢(t);s} = ®(s), then by taking the Laplace transform of the above
integral equation, we get [5]

from which we deduce that
B(s) = e,

at this stage, using the above complex inversion formula we obtain

1 c+ioco 1 c+ioco
o(t) = —/ etfeMds = — N3 ds = §(t — \).

21 S ioo 27 Je—ioo

The obtained solution satisfies the above integral equation, therefore we get the following relation

+oo
\/171_7/0 cos(21/1€)5(¢ — N)d§ = \/% cos(2V ) = ‘\‘/5(]_%(2\/%).
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6
Definition 1.3. Fractional integral of the contiuous function ¢(t) of order « is defined as follows[11]

+oo
T = iy [ (- 9"0(0de, 0<asi.

Definition 1.4. The Laplace transform of fractional integral of order « of the given function ¢(t)

defined as follows[11]

£l o)) = 22
Definition 1.5. Let us assume that the function ¢(¢) is of class C!, then the fractional derivative of

order « of the function ¢(¢) in the Caputo-Fabrizio sense is defined as follows

1 b /
DS Fo(t) = — / S (€)de, 20, 0<a<l.

t); s} = ®(s), then the Laplace

provided that the above integral is convergent. Let us assume that L{¢(t)

transform of the fractional operator Dg ;% with 0 < o < 1 is defined by

L DC Fag _ M >0,
DFFoltys) = ST

’

we have also
lim Dﬁf%(t) =¢(t).

Corollary 1.1. Let us assume that ¢(t) = f1 1= e . d¢, ¥(0) =0, then we have

S s+1
).

LT p(t)ssh = (S

Proof. By definition of the Laplace transform, we have

T [l
L{p(t); s} = / e [/O < aglas,

changing the order of integration leads to
s+1
)

11[/0+oo e (1 - —tfdsdg/

el = [ g

s+ 1
+1 In( . ).

thus we get
LL{DG p(t); s} =
Definition 1.6. Let us assume that the function ¢(t) is of exponential order, then the Stieltjes transform

of ¢(t) is as follows[5,7,10]

+oo
LIL[p(t)];u]; 8] = S[p(1); 5] = D(s) = /O o0

provided that the above integral is convergent. In fact, the second itrate of the Laplace transform is the
Stieltjes transform.
Definition 1.7. The inverse Stieltjes transform of the transformed function ®(s) is defined as below|[5,7]

§710(s); 1] = ~ T lim B(re™)].
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Lemma 1.1. Let us consider the following Stieltjes-type singular integral equation

t+ s

/+m¢“%ﬁ:x@nga,
0

then the above Stieltjes-type singular integral equation has the following formal solution

Proof. The above singular integral equation can be written in terms of the Stieltjes transform as follows

S{(t); s} = VaYs (V).

by using the inverse Stieltjes transform we have
1 . .
U(t) = STHVEY (VR 1) = ~Tm{Viemmy (VieT )},
T

at this point, let us recall the well known identity for the Bessel function of the second kind ( Newmann
function Y, (.) )as below|[8,9]

thus we get

after simplifying we arrive at

by setting the obtained solution in the above integral equation, we get

S = Y (VA),

™ t+s

1 /+°° V3L (V)

0
in the above integral, making a change of variable t = ¢2 and change of parameter s = 72, after simplifying
we arrive at

2 [t V3ETL(E)
g/

Bessel functions, of which there are several varieties, occur in so many areas of applications in applied
mathematics, mathematical physics and engineering that they are considered to be the most important
special functions beyond the elementary ones studies in calculus. In the sequel, we give some properties
of the Bessel functions.
Lemma 1.2. The following integral representation for the modified Bessel function of the second kind
holds

+oo 1

—EEH ge = leéKo(

o VEETD) 2

Proof. The left-hand side can be written as follows

t2

=)

+oo

#e%(ﬁﬂ)df - /+Oo B S
0 VEE+T) 0 /(§+%)2,%

e*(&%)Q*%dﬁ,
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by making a change of variable £ + % = % cosh 7 in the above integral we arrive at

+oo t2 2 t2 t2 +oo t2 t2 oo t2
L.H.S = / e~ T cosh (T)-‘r’TdT —eT / 6_§(C05h(2T)+1)dT —eF / e~ F cosh(QT)dT S
0 0 0

2

in the last step we make a change of variable 27 = w and using well-known integral representation for
the modified Bessel function of the second kind of order zero, Ko(t) = f+°° eteosh®) gy,
Lemma 1.3. We have the following identity

+oo 2
— leg / 6_% COSh(w)dw — EG%KO(Z)
0 2 8

1 [t L
5/ e~ de = K,(2).
0

Proof. Let us start with the following integral representation for the modified Bessel function of the
second kind of order zero,

+o0 d
Ko(2v/ab) = / o~(art ) 4T
0

2x

by taking derivative of the above relation with respect to a, after simplifying we have

—{Ko (2Vab)} \le 2vVab) = _7/ e~ dy,

400
= 1\/5/ e~ (@t gy
2 a Jo

by choosing a = b = 1 after simplifying we arrive at

L [T —aed)
Ki(2) = 3/, e =) dz.

or,

Lemma 1.4. The following integral relation involving the Bessel functions of the first and the second

kinds holds i ( \[) ( \/)
> Vil (2aVE) T (2bVE)dt
/0 m(t+ s) = /sJo(2a/5)Jo(2bV/s).

Proof. Let us first evaluate 8_1[\/§J0(2a\/§)J0(2b\/§); t], thus we have

S7/5Jo(2av/5) Jo(2b07/3); t] = —Ipn[ lim Ve Jo(2aVte) Jo(2bVte)],

vV—TT

after simplifying we obtain
STV Jo(2a/5) Jo(2bV/5); 1] = %Im[i\/iJO(Qai\/f)Jo(2bi\/i)] = %Im [iVtIo(2aV/t) In(2bV'1)),
finally

Vs Jo(2ay/5)Jo (2b/5); ] =

The following corollary is an immediate consequence of the above example .

Corollary 1.2.
OO VIR_ Io(2a5/t)dt
= = /sIE_Jo(2 .
A (i 1) Vi1 Jo(2a,/s)

We conclude that many other infinite integrals involving the Bessel functions of this type can be evaluated
in this manner by applying the above example and corollary considered here.

Vo (2av/t)Io(20V/)
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One of the principal uses of the Laplace transform is in the solution of certain fractional differential
equations. We will briefly illustrate some of the examples of such problems where the Laplace transform
is an effective tool.

Lemma 1.5. Let us consider the following fractional differential equation with given initial condition

1 CF—

9 Ot 2¢() 0t2¢() ¢(0)=U0-

then the above fractional differential equation has a solution ¢(t) = ugH(t).
Proof. By taking the Laplace transform of the above initial value problem term-wise and using initial
condition, we get

58(s)
BT = Ve - L

from where after simplifying, we obtain

V(s = sv/s = /s) s

taking the inverse Laplace transform leads to

o(t) = uoH(t)

Example 1.7. Let us solve the following fractional differential equation, where fractional derivative is
in the Caputo-Fabrizio sense

1 pe F,1
5 Do Po(t) = Kii(t), ¢(0)=uo=0
in the above equation K1 (t) = \/5€ ~t, stands for the modified Bessel function or Macdonald function

of order £35 L
Solution. By taking the Laplace transform of the above fractional differential equation and using initial

condition, we arrive at
s®(s) —ug _ sP(s) T

s+1 s+1 \2(s+1)

from which we deduce that

T s+1 [ 1 " 1
ﬂ's\/s—&—l_ﬂ\/s—l—l svs+1
at this stage, taking the inverse Laplace transform yields

7t\/>
\/7

D(s) = ]

o(t) = —=1 +erf(Vt)]

I
f
it is easy to verify that ¢(0) =

1.1. Weyl Fractional Integral and Derivative with Applications

Let us define the Weyl fractional integral and derivative as follows[11]

L W)= o) = s [ -0 s

2 W)= o) = oD [ e g aeds
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with n—-1<a<n.
Lemma 1.6. Let us assume that F{¢(z); w} = ®(w) then we have

FW () wh = (—iw)” " @(w) =

Proof. We have the following chain of relations

x

+oo
Fwgeswyu = —= [ el [ @ toedeis -

— 00

.= F(la)/+oo m/m yetetwr dr)de,

at this stage making a change of variable x — £ = n in the inner integral, yields

+oo +oo
POV o) = s [ o= [ et anag ~

(a

— LL e etwé > a=1iwn
e [ ot [ e
or
+o00 a
]-'{W;a¢7($)§w} = ﬁ\/%/_ eiwg(b(g)df[(FEw;a] = (—iw) " “®(w).

In the sequel we evaluate Weyl fractional integral of some elementary functions
Example 1.8. The following relations hold

L FWH (2 — N wh = FIW Y (z — \);w} =
2. F{W %sgn(z);w} = \/z(—iw)_(a+1).

3. F{W,“H(x);w} = (—zw)a\/i[é(w) +—]
)iw} = (—iw) "5

4. F{WVTAi(—— f)

Solution.
Part 1. We have H'(z — A\) = 6(z — A\) thus we get F[d(z — A);w] = \/%ei“”\, in view of the above
Example 1.8. we arrive at

eiw)\
F{W.%%(x — N);w} = —jw)
Part 2. By definition of the signum function, sgn(z) we have F[sgn(x \F d \/% —iw) ™1, upon

using Example 1.8., we arrive at

FW;sgn(a);w) = \/z (i)~ (D,

Part 3. Let us recall the elementary identity H(z) = [l + sgn(z)], from which we deduce that
FlH(z);w] = /5 [6(w) + (—iwr) ™!, thus we get

FIW M) w) = <—iw>aﬁ 5w) + —-1].

Tw

i

Part 4. By using the fact that ]:[Ai(%s)); w] = e"5, and using Example 1.8., we arrive at

FIW[%Ai(—=);w} = (—iw) %e 3.

f)
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2. Main Results

Solution For Fractional Singular Integro-Differential Equation (FSIE) With Trigonometric Kernel.
Before concluding this work, we choose to address further results which presumably provide an important
confirmation of the usefulness of the operational methods that we have discussed so far.

Theorem 2.1. Let us consider the following fractional singular integral equation, where fractional
derivative is in the Caputo-Fabrizio sense

1 1 +oo
§D§f2¢ \F/ cos(2\/tE)(€)dE,  B(0) =1

the above fractional singular integral equation has the following formal solution,

VACEES Vit £ V3t
/ )d{“—T—e SIH(T)

Proof. By taking the Laplace transform of the above FSIE term wise and using initial condition we
obtain

s@(s)—1 1 1
a1 T \/E(I)(s) (2.1)

in the above relation(2.1.) let us replace s by 1 to obtain

1p(ly —
% — V3(s) (2.2)
from (2.2.) we get
@(%) = s+ (s + 1)/50(s) (2.3
by setting (2.3.) in (2.1.) we obtain
) =1 Lo (o4 1)vE0(s)), (2.4)

s+1 Vs
from (2.4.) we obtain ®(s) as follows

B oL L1
Vs 4s+1) s 824541

taking the inverse Laplace transform of the above relation term-wise, we get the final solution to FSIE

as follows
t) = %/0 Me% sin(g)df - \/Z —e3 sin(@)

The Laplace transform is used in a variety of applications, in fact the most common usage of the Laplace
transform is in the evaluation of certain infinite sums involving the special functions.
Lemma 2.1. The following identity holds true

+oo
k
t) = k= 1D aktaton fo(an/t + =..
¥(t) kz:l( 1) e fel 5 \/%)]
L[ et asin(Vr) + Vireos(vi) + VT
2 Jo  a?+r 1+ cos/r
Proof. By taking the Laplace transform of the left hand side and in view of the table of the Laplace
transforms, we have

+oo -1 —k\[

L{(t);s} = TV(s) = Z(—l)k_lﬁ{Docﬁ [e“k+“2terfc(a\/+ —)];s} = Z f

2 ’ a+f> Veat v
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or

1
(a++/3)(1+evs)’

at this point, since s = 0 is a branch point of the transformed function ¥(s), in view of the Titchmarsh
inversion theorem we have[5]

L{y(t); s} = W(s) =

+o0 )
P(t) = 7/0 eftrIm{limﬁﬁwf\IJ(TeﬂB)}dr,

from which we deduce that

1
(a+ \/re*iﬁ)(l + 6\/7"67“3)

+oo
/ e‘”Im{lim/@_}ﬂ_ , Hdr = ..
0

1
T

P(t) =

1 /+°° L 1
== e m ,

7 Jo @+ i)+ V)
finally, we may easily obtain the following result

LR e asin(/R) 4 VReos(V) £,
2 Jo a2+ 1+ cos /T '

|dr,

b(t) =

Let us consider the special case a = 0, we get the following result

too +oo —tr
_ 1 k 1 e rcos(\/r) + /1 1
=S (1) 'DfFerfe(—) = —— dr = ——=.
1/1() ;( ) 0,t eTfC(2ﬁ) o7 0 r 1+COS(\/77“) r 2\/7?
Lemma 2.2. The following identity holds
+oo
[ RO gy o1y a5 i),
0

Proof. Let us consider the following singular integral equation of Stieltjes-type

[0 = any(ava o 0v5)
0 t+ S

after solving the above integral equation, we show that ¥(t) = Jo(av/t)Jo(bv/t), by using inversion formula
for the Stieltjes transform we get

b(t) = %Im[ 210 (aVte—B) Ko (bV/te—8)] = %zm{fo(m\/i)f(o(ib\/i)},

lim
B—m—
at this stage let us recall some identites for the Bessel functions

Io(iz) = Jo=),  Ko(2) = 5-Hy(iz) = 5 {Jo(iz) +i¥o(i2)},
from which we deduce that
9 .
() = ~Im{Jo(av)[Jo(~bVE) + z‘%(—bﬁ)l%} = Jo(avt)Im{i[Jo(=bVt) + iYo(-0V1)]} = ..
= Jo(aVt) Jo(—bV't) = Jo(aVt) Jo(bV1),

in the special case a = b, we have the following identity

[ B = st Ktavs),
0 t"‘ S
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An immediate consequence of the above lemma is given as follows,
Corollary 2.1. The following identity holds true

0 651, (2VF) .
2 STV 2 dE = 252 Ky (2V/1s).
/0 §+s £ = 268 Ky (2V15)
Proof. By following the same procedure as previous lemma.
Lemma 2.3. Let us consider the following singular integral equation with trigonometric kernel

[ IR g s
0

NS

then the above integral equation has the following formal solution in terms of the Caputo fractional
derivative of half order,

6(t) = DEH{~ cos(5)}-

Proof. Taking the Laplace transform of the above singular integral equation, we arrive at

TSRV poo oy 1 g1 s
E{/O — s =50 = ae

at this point, changing s — % yields

after simplifying we get
1
S S
AVs 52+ (5)?
taking the inverse Laplace transform and in view of the convolution theorem, we obtain
£

sin($)dg = D [ eos(S,

d(s)

1 [t 1
¢(t)zx/0 o

the obtained solution satisfies the integral equation, thus we have

1

/+oo sin(2v/7€) Dy i* [ cos( )]’
0 V7E
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