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Solutions to the Matrix Yang-Baxter Equation

Askar Ali M'* and Himadri Mukherjee?

ABSTRACT: This article explores various classes of solutions to the Yang-Baxter type matrix equation,
AXA = XAX, over the field K = C or R, by means of the spectral properties of the solution space. We
first prove several global constraints on any solution X, including a spectral inclusion o(X) C o(A) U {0}
and A-invariance of ker X. Specializing to the key case where A is a single Jordan block, we completely
characterised solutions for the case where A is equivalent to a Jordan block. We extend our findings to
encompass the general scenario of multiple Jordan blocks under specific conditions. Additionally, novel tools
from commutative algebra, such as the Grobner basis, were also applied to arrive at solutions. We construct
pencils of solutions that generate new families from known ones under clear algebraic conditions. Together,
these results supply a toolbox for analyzing AXA = XAX beyond diagonalizable A, clarifying how spectral
data and Jordan structure govern the solution set.

Keywords: Yang-Baxter equation, matrix equation, Jordan canonical form, Jordan block, matrix
pencils.
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1. Introduction

The Yang-Baxter equation, in its various forms, has a long and fascinating history spanning various
subjects and fields of science. It was first introduced, in a general form, in the physics of statistical
mechanics among the works of Baxter [3]. Baxter introduced the equations in the context of the so-
called eight-vertex model. It was named the “star triangle” equation, acknowledging that the equation
was also known in the electrical engineering community since 1899 as the “star-triangle” transformation
[22]. In the context of electrical engineering, under certain conditions, one can show that it is equivalent
to arranging three registers or three coils in the shape of “Y” or the shape of a A.
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Later, in the context of quantum mechanics, Prof. Yang reintroduced the equation in the context of
the spin model of quantum mechanics [Chapter 2, [21]]. The physical approach to this equation is to
consider a vector space (finite or infinite) V, together with an operator R on V@V, and a set of operators
Ri2, Ri3, Ro3 on the vector space V ® V ® V, where R;; is the operator defined as R ® Iy, where R acts
on the ¢ and jth entries and the remaining component is acted on by the identity operator of V. The
Yang-Baxter equation for this R matrix is then written as,

RiaRo3R12 = Rag3RiaRa3.

The Yang-Baxter equation also arises in several mathematical areas, one of the earliest ones being in the
context of the braid groups. These relations are realized as a relation of order of composition between
different braid generators [1]. In the context of quantization of Lie groups, Drinfeld [14,19] introduced
the study of solving the Yang-Baxter equation as stated above in the category of sets where the R is a
set-theoretic map from the set X x X to itself and R;;s as maps on X x X x X are defined as R acting on
the components ¢ and j and as identity on the remaining component. In the field of topological quantum
computing, the YBE finds its way as the following equation. For R, a linear operator on V @ V,

ReNI®R)(R®I)=I®R)(RI)(I®R).

In this area, a quantum gate is used to entangle the states satisfy the braiding condition, thus solving
the above equation. In the area of quantum information theory, the matrix R is assumed to be a unitary
matrix, thus giving a quantum gate [15,16,7]. This equation is notoriously difficult to solve owing to the
large number of equations involved. There are complete unitary solutions only till the dimension of V'
is six. So naturally, recent efforts have been to generalize the equation to make it more approachable to
several ways of solving it. Once we generalize the matrix equation, we obtain,

YXY = XYX,

where X = R® I and Y = I ® R relates this equation back to the original quest.
In this paper, we have considered the following equation, for a given A € M,,(K), where K = R or C.

AXA = XAX. (1.1)

In the remaining portion of the paper, this equation will be called as the Yang-Baxter equation (YBE).
There have been several interesting and impactful articles published by many authors related to the YB
matrix equation. A number of interesting works have come up since the question posed by Drinfeld in
[14], namely the works in the YBE in set-theoretic set up [4] exploring the equation and solutions in
the category of Sets. The complexity of having n? non-linear equation in n? variable to solve makes it
challenging to find a set of complete solutions for an arbitrary coefficient matrix. This compelled many
researchers to find solutions by restricting the coefficient matrix A to a class of tractable or nice sets of
matrices, especially having algebraic properties like diagonalizability or commutativity with the solution
matrix.

The solution sets when the coefficient matrix is diagonalizable have been studied in detail in [10,6,17,5,29].
The article [23], discusses all commuting solutions for A in Jordan canonical form, and corresponding
to each Jordan block, the authors in loc. cit. described solutions in Toeplitz forms. Several other
papers also found commuting solutions in various cases, namely in [11,26,25,9]. Contrasting with the
commuting solutions the authors of [28] have studied non-commuting solutions when A satisfies A* = A,
by exploring various possibilities for its minimal polynomials. Irrespective of its simple appearance, when
the coefficient matrix is nilpotent poses additional challenges to solving it. In [13], the authors have
found all commuting solutions for A being a nilpotent matrix. Later, one of the same authors, along
with others, gave an equivalent system for finding commuting solutions to the YBE, when A is nilpotent
and of index 3 [27]. Recently, authors in [2] generalized the YBE to a system of Yang-Baxter matrix
equations as AXA = XBX and BXB = XAX, and studied for various classes of solutions.
Non-linearity of the questions paves way for geometric (or commutative algebraic) techniques such as
manifold theory or algebraic techniques like Grobner basis to be applied to get further insight into the
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space of solutions. A new horizon has been given for the discussion of the solution to the YBE in [12],
by following the path-connected subsets of the solution. Also, the authors explain techniques to generate
infinitely many solutions from existing solutions using generalized inverse. Recently, Saijie Chen et al.
have found solutions to YBE for matrices with non-singular Jordan blocks, using generalized inverse in
[8]. In [20], the author has demonstrated a manifold structure for the solution set of matrix YBE when
the coefficient matrix has rank 1.

The assumptions on coefficient matrices naturally restrict the applicability of the techniques developed
in these papers to a much larger class owing to exploiting the properties of the special class to solve the
equation. As a result, we have taken a spectral theory approach to break the equation into sub-classes
that have a given number of Jordan blocks in A. This way, we hope to arrive at a general technique to
solve the equation completely. In this paper, we have completely solved the case of A having one Jordan
blocks; we also have a large class of solutions when A has any number of Jordan blocks. Together with
these, we have also obtained a number of very interesting general results that hold for any coefficient
matrix A. An understanding of the solution in the linear algebra setting will definitely give important
insight into the solution of YBE in general.

In our paper, the results are organized in a manner that there are global results, i.e., results without
any assumption on the coefficient matrix, or the type of solutions and special results that come with
assumptions on the coefficient matrix. Before every result, we have mentioned whether it is a global or
a local result to facilitate the reader. There are a few minor overlaps in the results, especially with the
newest articles, but each time we have presented a new way of looking at it or have extended the results.
Which is why we have not removed those results from our paper, but have mentioned whenever such
overlaps occurred.

2. Preliminaries
Let us recall the following notations, which are used throughout the discussion.

o Let K be a field. For a coefficient matrix A € M, (K), the set of all solutions to the Yang-Baxter
equation AXA = XAX is denoted by Soly :={X € M,(K)|[AXA=XAX}.

e For a matrix M € M, (K), o(M) denotes the spectrum of M.

e For a matrix M € M, (K), and A € o(M), Ex(M) (or simply FE)) represent the eigenspace of M
corresponding to A\, and Py(M) (or Py) represents the generalized eigenspace of M corresponding
to A.

e Let V be a vector space, then we say A € M,,(K) preserves V, if A(V) C V.
e For a M € M, (K), minys represents the minimal polynomial of M.

o KJA] represent the polynomial ring on A € M, (K), over K.

Theorem 2.1 ([24]) Given matrices A € C"*™ and B € C™*™, the Sylvester equation AX + XB =C
has a unique solution X € C"*™ for any C € C"*™  if and only if A and —B do not share any eigenvalue.

Lemma 2.2 For any g € GL,(K), gSolag™" = Solyag-1.

Proof: Let B = gAg~"', and = € gSolsg~'. Then z = gXg~!, for some X € Soly. Now for y =
BxB = gAg 'zgAg~*, that is g lyg = A(g 'zg)A = AXA = XAX = g lwgAg~'zg = g~ '2Bxg that
is, y = x Bx. which implies BxB = zBx O

As an immediate consequence of the above Lemma 2.2, without loss of generality, we can assume A to
be in the Jordan-canonical form.

Corollary 2.2.1 Let X € Soly , then for any g € Ga = {g € GL,(K)/gAg~! = A}, gXg~! is a
solution to the YBE, AXA=XAX.
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Proof: Let X € Soly. For a g € G4, we have gSol4g~ ' = Solgag—1 = Sola. O
A, 0 ... 0
0 A, ... 0
Proposition 2.3 Let the coefficient matric A = | , where A;’s are square matrices,
0 0 A,
Xy 0 0
0 X 0
then X = ’ € Sola, where X; € Sola,.
o 0 ... X,

Through the above Lemmas and Proposition, it make ample sense to study the solution set to (1.1),
when the coefficient matrix is a Jordan block. Whenever we have solutions to Jordan blocks, Proposition
2.3 guarantees solutions to an arbitrary coefficient matrix A, having multiple Jordan blocks. This way,
we are more closer to solving the open problem of finding solutions to YBE, for an arbitrary coeflicient
matrix A.

3. Coefficient Matrix Being Single Jordan Block

In this section, we characterize the solution X to (1.1) through the spectral properties, particularly when
A is a Jordan block. Though, many results are global in nature.

Lemma 3.1 Let X € Sola for the YBE with coefficient matriz A, and \ be an eigenvalue of A with

eigenvector v, then either X\ is an eigenvalue of X or AXv = 0.

Proof: We have, Av = Av, thus XAv = AXv or AXAv = MAXwv. By utilizing the YBE, we get
XAXv = MXwv. Thus, if AXv # 0, then X is an eigenvalue of X. Further, by the symmetry of the
YBE, we can see, if A\ is an eigenvalue of X with eigenvector v, then either A is an eigenvalue of A or
XAv =0. O
Theorem 3.2 Let coefficient matriz A be invertible and, X € Sola. Then the following are true.

(a) 0(X) C o(A) U {0}

(b) A preserves the kernel of X.

Proof:

(a) From the above Lemma 3.1, we know that if A is an eigenvalue of X, then either it is an eigenvalue
of A or XAv = 0, where v is an arbitrary eigenvector of X, with respect to A. Now, since A is
invertible, we get Av # 0. Thus, X Av = 0, implies Av is an eigenvector of X with eigenvalue 0.

(b) Let v € Ker(X), we have

Xv=0

— AXv=0
= XAXv=0
= AXAv=0
= XAv=0

= Av € Ker(X).

This gives, A(Ker(X)) C Ker(X). Since A is invertible, we get dim(A(Ker(X))) = dim(Ker(X)),
gives, A(Ker(X)) = Ker(X).
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Theorem 3.3 Let the coefficient matriz A be invertible, and if ¥ X € 0(A), dim(Ey) =1.
(a) If Ker(X) = Ej, then A ¢ 0(X).
(b) If X(Ey) # 0, then o(A) C o(X).
(c) If A ¢ 0(X), then X(Py) =0.

Proof:

(a)

If possible, let us assume A € o(X). Let w be an eigenvector for A, thus we have Xw = \w.
Now since A € o(A), let us choose an eigenvector for it, say v, we have Av = Av. Since we have
Ey = Ker(X) we obtain Xv = 0. We also have XAXw = AXAw, or AXAw = AX Aw, using
the YBE. Which gives us X Aw € E), now since the eigenspace is one dimensional (generated by
v as a basis), we have X Aw = pv for some p (could also be zero). This gives us X2AXw = 0
or X(XAX)w = 0. Or XAX(Aw) = 0, which gives us AXA%w = 0, thus XA?w = 0 (as A is
invertible). So we have A%w € ker(X). Now since ker(X) = E) we have A%w = [v for some | € K.
So we have:

A%w = (lv = 1/\)Av

Aw = (I/A\)v
w= (I/N\)A v (3-1)
w= I/ *)v

Thus w € E) but then Xw = 0 = Aw giving us w = 0 a contradiction.

By the Lemma 3.1, if X(E)) # 0, then A € o(X). If this is true for all A € o(A4), then we have
o(A) Co(X).

Since A ¢ o(X), we know that X annihilates the eigenspace of A so E\ C Ker(X). Let {v1,...,v.}
be the canonical basis for the generalized eigen space Py, such that Avy = Avy, and Av; = v;_1+Av;,
for i =2,...,r. Then we have, Xv; = 0. Now, X Avy = Xv1 + AXwvs, or AX Avy, = AAXwvs. Then
by YBE, XAXvy = AMAXwvy. This gives, if AXvg # 0, then A € ¢(X), which is not true. Hence
Xwvy = 0. Continuing this process, by induction we get Xv; = 0, for ¢ = 1,2,...,r. Which implies
XP, =0.

a

Corollary 3.3.1 Let A be an invertible coefficient matriz for the YBE, and for a A € o(A), the Jordan
block corresponding to A, Jx has size strictly greater than 1 and has geometric multiplicity 1, then for any
X € Sola, such that A ¢ o(X), Ker(X) # Ej.

Proof: If, for a A € 0(A), A ¢ o(X), with dim(E)) = 1, then, by Theorem 3.3, we have X annihilate
any cyclic subspace of generalized eigenspace of A, corresponding to A. Let P be the maximum cyclic
subspace of such generalized eigenspace. Then, Py C Ker(X). Since, dim(Py) is same as Jordan block
corresponding to A, which is strictly greater than one, and F has dimension one, we have Ker(X) # E\.

O

Lemma 3.4 Let A be an invertible coefficient matriz, and X € Sola is also invertible, then A ~ X. In
particular, they have the same Jordan form.

Proof: The result follows from the fact,

AXA=XAX <— X 'AX =AXA"!
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Lemma 3.5 If the coefficient matrixz A is a Jordan block, with eigenvalue X\, such that A # 0, and if a
solution of the YB equation X is not the zero matriz, then o(X) = {\}.

Proof: We have o(X) C 0(A)U{0}, and 0(A) = {A}. Also, we have A(Ker(X)) C Ker(X), by Theorem
3.2. So, Ker(X) is an invariant subspace of A. i.e., Ker(X) = E) or K", as A is the only eigenvalue
of A, Py = K™. Now, if Ker(X) = K™, then X = 0. If Ker(X) = E,, then by Theorem 3.3, we have
A ¢ o(X); which gives o(X) C {0}. i.e., X =0. As a result, if X # 0, then o(X) = {A}. O

Lemma 3.6 AXA = XAX if and only if AXA™ = X"AX for alln € N. Similarly, AXA = XAX if
and only if A" XA =XAX", VneN.

Proof:
AXA=XAX
= AXA?>=XAXA=X%AX.

Then by induction, we have, V n € N, AXA™ = X"AX. Conversely, if AXA™ = X"AX, is true for
any n € N, then in particular, it is true for n = 1. ie., AXA = XAX. Similar way, we can prove,
AXA=XAX <— A"XA=XAX" VneN O

Lemma 3.7 If XAX = AX A, and X and A commute, then (I — et A=X)XA =0, for any t € R.

Proof: If XAX = AXA, then as a consequence of above lemma, we have X Ae!X = e X A for any
teR.
Which gives
XA X =M XAX
XAXeX =X AX
AX Ae™™ =M AX A
= Ae" X A

This gives XA = e!A=X) X A implies (I — e/ A~X))X A = 0. a
Lemma 3.8 Let X € Soly, be a commuting solution, such that A — X is invertible, then AX = 0.

Proof: If X is a commuting solution in Sol4, then we have, 42X = AX?. By taking ¥ = AX, we
have, AY — Y X = 0. By Sylvester’s Theorem 2.1, Y = 0 if and only if, c(A) No(X) =0, ie., A— X is
invertible. O

Theorem 3.9 Let ¢pa(x) be the characteristic polynomial of A (respectively, ¢px(x) be the characteristic
polynomial of X ). Then the following is true,
(a) XApa(X)=0
(b) pa(X)AX =0
Proof: Let
palx) =ap+arx+ -+ apz™.

Then we have,
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XApa(X) =apXA+ a1 XAX +aa XAX? + - +a, XAX"
= ao XA+ a1 AXA+ asA’2XA+ - +a,A"X A
= (aol + a1 A+ azA* + -+ a,A") XA
=¢a(A)XA=0

Similarly, we have ¢4 (X)AX = 0. O

Corollary 3.9.1 If A" =0, then XAX™ = X™AX =0, for every m > n.

Lemma 3.10 Let A, X be two square matrices of the same dimension. ¢4(X) is invertible if and only
if o(A)No(X)=0.

Proof: Let ¢p4(X) = (X—=X1I)...(X—=X,I). Then ¢4(X) is invertible if and only if for any 4, \; ¢ o(X).
|
Theorem 3.11 Let AXA=XAX, if c(A)No(X) =0, then either

(a) A=0 and X is invertible
or

(b) A is invertible and X = 0.

Proof: Aso(A)No(X) =0, only atmost one of o(A), o0(X) can contain 0. If none of them contains 0, then
both A, X are invertible and hence X ~ A, which implies 0(A) = o(X), which is not possible. Therefore,
one must contain 0. If 0 € o(A), then 0 ¢ o(X) and X is invertible. Also, since o(A4) No(X) = 0, we
have min 4, minx are co-prime. As a result, ¢4(X) is invertible. Then

XApa(X)=04(X)AX =0= XA=0.
Since X is invertible, A must be 0. Similarly, if 0 € (X)), then X = 0 and A is invertible. O

Theorem 3.12 If A is a Jordan block, with eigenvalue X\, then for the YBE, AXA = XAX, the following
are true.

(a) If X # 0 and det(X) # 0 then X ~ A.
(b) If X\ # 0 and det(X) =0 then X = 0.

(¢c) If A =0, then the YBE does not have any invertible solution X.

Proof: The first case follows from Lemma 3.4. Now, by Lemma 3.5, if A is invertible and X # 0, the
o(X) = {A}, i.e X is invertible. Thus, if X is singular, X must be 0 matrix. Let A = 0, and assume if
possible, X is invertible. Then, o(A) No(X) = (. Thus, by Theorem 3.11, A must be 0, which is not
true. Hence, X must be singular in this case. O
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3.1. Some Special Solutions

Example 3.12.1 When A is a 2x2 Jordan block, with eigenvalue A, for some X # 0, non-trivial solution
X has one of the following form:

A1 A+ Aa a A—a a
<O A)’( )2 )\—)\\/6>OT< )2 )\—I-)\\/@) where a € K

Proof: Let X = (xl xZ), then for A = A\lo + B
xr3 T4

o Al 1 X2 Al
B ANxq + Axs Az + 23 + M2z + Aay
o )\21‘3 Ax3 + )\21‘4

XAX — 1 X2 A1 r1 X2
T \xz 14/ \O AN) \z3 14

_ /\x% + x123 + Ax3T9  AX1To + X1T4 + AT4Xo
A\v123 + 23 + Ax3ry  ATom3 + waT3 + 13

(3.2)

Upon equating and solving, we have, 3 = 0 or —A\2. Now if 23 = 0, as a consequence from above
equations, we get x1 = 4 = 0 or A. But, x1,x4 = 0 is not possible, since by Theorem 3.12, when \ # 0,
non-trivial solution X is similar to A, hence trace of A and X must be equal, which is 2)\. As a result,
we have x1,z4 = A, also which leads to x5 = 1.

Now, if 3 = —A2, then we have 1,24 = A + Ay/T2. But again, since A and X are similar, their trace
must be equal. As a result, z; should be conjugate of x4, and x5 has a free choice.

Note that, when the dimension of the coefficient matrix increases, there will be more free variable as a
in this case, which hardly follows any pattern w.r.t the dimension. O

Example 3.12.2 Let A be the Jordan block of size 2, with eigenvalue A = 0, we have the following.
o 0 1 Tr1 T2 0 1 - 0 z3
axa=(5 o) (0 2) 0 0)=( %)
XAX = r1 X2 0 1 xrr X2 _ $15263 X1T4
T3 X4 0 0 T3 X4 T3 T4T3

This gives x3 = 0,z124 = 0 and x2 has free choice over K.

Hence, Soly = {(g ?;) | a,b,a € K, ab= O}.

(3.3)

3.2. Some General Solutions for the Nilpotent Block

Example 3.12.3 Let A be the 3 x 3 Jordan block with eigenvalue 0, and the variable matriz be X =
a b ¢

d e f|. Upon equating AXA = XAX, we have the following polynomials, whose zeros give Sol 4.
g h 1
fi=ad+bg fo=ae+bh—d fys=af+bi—c¢
fi=d>+eq fs=de+eh—g fo=df +ei—h (3.4)
fr=gd+hg fs=ge+h*  fo=gf+hi

Let us find a Gréobner basis for the ideal (f1, f2,..., fo) in the ring Cla,b,c,d, e, f, g, h,i], with respect to
the lexicographic order for a > b > --- > i. On simplifying from the Grobner basis, we get g,h,d,e =0
and af 4+ bi = 0, and other variables have free choice. Hence,

SOZA =

o O Q
oo

c
fllaf+bi=0
1
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Example 3.12.4 For the coefficient matriz A being a Jordan block of size n with eigenvalue 0, one can
generalize the solutions in Example 3.12.3, to the following solutions class. But note that, for n > 3, this
does not give the whole set of solutions.

0 a1 as .. Ap—2 «

0 0 0 . Z?:_I?) CLin,l bl

0 0 0 ... 0 b
X =

0 0 0 ... 0 br_o

0O 0 0 ... 0 0

We can directly verify the above matriz belongs Sol .

Theorem 3.13 [Theorem 3.2.4.2, [18]] Let A € M, (K) be in its Jordan-canonical form, then for a
matriz, M € M, (K), AM = MA implies M € K[A].

Theorem 3.14 Let A be the Jordan block of size n + 1, n > 3, with eigenvalue 0. Any commuting
solution to the YBE, with the coefficient matriz A, have the form,

01 0 O a f 00 ... a p
00 1 0 0 « 0 0 ... 0 «
0 0 0 1 0 O 0O 0 ... 00
x=\- - - R where o, B € K
0 0 0 O 0 1 0O 0 ... 00
0 0 0 O 0 O 0O 0 ... 00

Proof: If X is a commuting solution to the YB equation, then by Theorem 3.13, X must be a polynomial
in A. Let, X = agl + a1A+ ... + a1 A"t + a, A" (note A"*1 =0 ). Then,

AXA = Alagl + a1 A+ -+ ap, 1 A" +a,A")A
= a0A2 + a1A3 + it a0 A"

n
= E a;_pA"
i=2

3.5
XAX = (ao] + a1 A+ -+ a, A" A(ap] + ar A+ -+ + a, A™) o
= (n—100 + an—2a1 + -+ + agan—1)A" + -+ + (a1ao + agar) A* + ag A
- Y
i=1 j+k=i—1
Upon equating, we get
ap =0, 2apa1 = ag
a1 = 2a0a —|—a2, — a1 =0o0r1
1 2a0 + ay, ( 1 ) (3.6)

as = azag + asay + aras + agas, (= as =0)
az = aqao + aza; + a3 + ajaz + apay, (= az = 0)
Continuing this way, we obtain, in general,
(p—2 = Ap_1G0 + Ap—201 + ... + @1Gp—2 + apap—1,( = ap—2 =0)

and a,_1,a, has free choice over K. Hence X has a general form as stated above when a; = 1, and
a1 = 0 respectively. O



10 ASKAR AND HIMADRI

4. Pencils of Solutions

Let A,B € M,(K). The degree one matrix pencil is defined as A + AB, where X is indeterminate. In
this section, we describe a few pencils of solutions, which essentially generate more solution classes from
the known solutions.

Lemma 4.1 Let X € Solga, then for a matrix M with MA=0= AM, for anya € K, X4+aM € Sola.

Proof: We have A(X + aM)A = AXA+aAMA=AXA
(X +aM)A(X + aM) = XAX + aXAM + aMAX + o> MAM = X AX

Note that in this case, M itself forms a solution. O

Lemma 4.2 Let X € Sola, for any o, € K, aX + M € Sola, if MA=0= AM and AXA=0.

Proof: If X € Soly, then for a # 0,1, aX is a solution if AXA =0 [12]. Then the rest follows directly
from the above Lemma 4.1. O

When A is non-singular, M A = 0 = AM demands M to be 0. This discussion is interesting when A is

010
singular. Let A be a singular matrix in its Jordan form. Say A = <{)1 f) where J; = [0 0 1],
2 000
00 o 00
A1 00 0 00
Jy = for some A # 0 € K. Then we can see that M has the form |0 0 0 0 0|, where
0 A
00 0 00
00 0 00

0 1

a € K. When J; is Jordan block of 0, that is Jo, = <O 0

), M have the following form. M =

0 a1 0 ag
0 0 0 O
0 0 O O |, where a; € K. We can observe that when there is a Jordan block of non-zero
0 as 0 a4

00 0 0 O
eigenvalue, the corresponding rows and columns in M are annihilated. Also, corresponding blocks in M
are solutions to respective YBEs J; X J; = X J; X.

(el en i e an}

Theorem 4.3 Let Xo, X1 € Sola, for any AM(# 0) € K, Xo+ AX7 € Sola if and only if AX1A=0=
XlAXl and XoAXl + XlAXO =0.

Proof: (:>) We have XoAXO = AXoA,XlAXl = AXlA Which implies A(XO + /\Xl)A = AX()A +
)\AXlA = A)(()z47 as AXlA =0. AISO, we have (X() + )\Xl)A(XO + AXl) = X()AX().
(<) For any A\(# 0) € K, if X + AX; is a solution, then,

A(Xo + AX1)A = AXgA + MAX, A

= (Xo 4+ AX1)A(Xo + AX1) (4.1)
= XoAXo + AX0AX; + AX1AX) + N2 X AX.
Then AAX1A = MXoAX: + AX1AXy + A2X1AX,. Since it’s true for every J, it’s true for A = 1 also,

which gives XoAX; + X1 AXy = 0. This implies AMAX; A = 0 = A\2X; AX; which is true for any A, gives
AX1A=0=XAX;. O
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Example 4.3.1 When A is the 3 x 3 Jordan block, with eigenvalue zero, in Example 3.12.3 of special

a b c
solutions, we have seen that X must have the form {0 0 f |, such that af +bi = 0. Then, by taking
0 0 4
a; bj Cj
X;j=10 0 f;j| €Sola, for j=0,1, we can easily verify the condition for Xo + AX1 € Sols. Note
0 0 i

that AX;A =0. Now,
0 0 ayifo+aofi + biig+ boiy

X1AXg+ XoAX:1 =10 0 0 =0, if )\(Chfo + agf1 + biip + b0i1) =0. This
0 0 0

agrees with the general form of solution when

ag + )\al bo —+ )\bl Co =+ )\Cl
0 0 fot+Afi ] € Sola.
0 0 10 + i1

5. Conclusion

We analyzed the matrix equation AX A = X AX by combining spectral theory with elementary algebraic
geometry. Globally, we established structural restrictions on solutions X (spectral inclusion and A-
invariance of ker X') and showed that simultaneous invertibility forces A and X to be similar. Focusing
on the central case of a single Jordan block, we obtained a sharp dichotomy for A # 0: either X =0
or X is similar to A. In the nilpotent regime (A = 0), we proved there are no invertible solutions and
described rich commuting families (with explicit canonical forms) together with concrete low-dimensional
classifications, supported by Grobner-basis computations in 3 x 3. We also demonstrated how block-
diagonal coefficient matrices inherit solutions from their Jordan constituents and introduced solution
pencils that systematically produce new families when certain mixed terms vanish. These contributions
move the program toward a general classification beyond diagonalizable A and indicate several directions
for further work: (i) extending the single-block classification to complete multi-block interaction rules
(including coupling constraints across blocks), (ii) developing Grobner-based algorithms that scale to
higher indices and sizes to map the geometry (dimension, components) of solution varieties, and (iii)
exploring related quadratic equations such as ®4(X)X = 0 and ®4(X)X = Px(A)A within the same
framework. We expect the spectral/Jordan approach and pencil constructions to be equally useful for
neighboring matrix identities arising in algebra, integrable systems, and quantum information.
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