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Squeeze Film Behaviour Between Two Spheres: An Analysis Considering Pressure
Dependent Viscosity and Couple-Stress Fluid Lubrication
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ABSTRACT: This paper aims to examine the collective influence of pressure-dependent viscosity in particular
piezo viscous dependency (PDV) and couple stress fluid lubrication in a sphere-to-sphere configuration. Rec-
ognizing the limitations of the classical Reynolds equation, which neglects microstructural effects and assumes
constant viscosity, this study derives a modified Reynolds equation incorporating both pressure-dependent
viscosity and couple stress lubrication. The analysis yields a closed-form expressions for key bearing charac-
teristics, including pressure, load-carrying capacity, and squeeze time. The findings indicate that increasing
the values of radius ratio, couple stress, and piezo-viscous parameter leads to an increase in pressure and
load-carrying capacity, and also results in a longer effective squeezing time. The escalating demand for high-
precision and high-load-carrying capacity in modern machinery necessitates a deeper understanding of these
factors to optimize system performance and prevent premature failure.
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1. Introduction

Squeeze film lubrication is vital in numerous mechanical systems involving relative normal motion be-
tween surfaces, including biomechanical devices, joints, and bearings. Precise modelling of such systems is
essential to figure out load capacity, layer thickness, and general stability of these systems. The dynamics
of squeezing films are essential in numerous technical applications, such as braking systems lubricating
systems, and biomechanics, especially when it comes to synovial joints [1] and [2]. Wu et.al. [3] focused
at how squeeze film lubrication works between the slipper and swashplate of an axial piston pump. Key
parameters like leakage flow, film thickness of slipper lubricant, pressure distribution of sealing land, and
load carrying capacity are evaluated to assess the slipper oil film’s performance. Conventional Newto-
nian fluid models often fall short in accurately predicting the performance of lubricants, especially when
dealing with complex fluids like polymer-thickened oils or synovial fluids that exhibit non-Newtonian
characteristics. To address these shortcomings, modeling of non-Newtonian lubricants like couple stress
fluids has become essential. Stokes [4] first introduced the couple stress theory, which accounts for the mi-
crostructure of lubricants—particularly important in thin films or when using additives or polymer-based
lubricants. Lin [5,6,7,8,9] and others [10,11,12,13,14] have significantly contributed to the understanding
of lubrication problems by extending couple stress theory. Specifically, Lin investigated the rheological
effects of couple stress in various bearing configurations: finite journal bearings [5] and [6], hemispherical
bearings (relevant to synovial joints) [7], rotor bearings [8], and long partial journal bearings [9]. The
studies [5] and [6] have consistently demonstrated that couple stresses have a notable impact on the
dynamic and static lubrication characteristics of the bearings. Due to its comparative mathematical
tractability, the couple stress fluid model has gained wide acceptance in lubrication research considering
various geometries. Ramaniah . [10] investigated between finite plates, while Ramanaiah and Sarkar [11]
explored thrust bearings. Bujurke and Jayaraman [12] focused on applications relevant to synovial joints,
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and Sinha and Singh considered cavitation effects in rolling contact bearings. Further contributions in-
clude Bujurke and Naduvinamani’s [14] work on lightly loaded cylinders in combined rolling, sliding,
and normal motion, and Ramaniah’s [15] analysis of slider bearings. The presence of couple stresses in
these models leads to enhancement of load-carrying capacity and an extension of the system’s response
time. Following the incorporation of couple stress effects, subsequent research [16,17,18,19,20,21] has
broadened the scope to include additional factors such as magneto-hydrodynamic effects, slip velocity,
pressure-dependent viscosity, surface roughness, and porosity, across various geometric configurations.
For instance, Rajashekar and Kashinath [16] investigated the combined influence of surface roughness
and magnetohydrodynamics in a configuration consisting of a sphere and a porous plane surface, whereas
Naduvinamani et al.[17] between porous circular stepped plates while Salma and Hanumagowda [18]
between porous curved annular plates. Additionally, Salma. et al., [19] examined surface roughness with
couple stress fluid and magnetohydrodynamics on porous curved annular plates. These studies found that
the combined influence of these factors generally increases pressure, load, and squeezing time whereas
introducing porosity can decrease bearing characteristics but potentially improve bearing life. Vinutha
et al. [20] and [21] further explored the effects of adding slip velocity, noting improvements in bear-
ing characteristics. Traditional squeeze film analyses often relied on the assumption of constant-viscosity
Newtonian fluids. However, it’s now well-recognized that lubricant viscosity varies with pressure, particu-
larly in the high-pressure conditions found in heavily loaded contacts. Overlooking this pressure-viscosity
dependence can lead to inaccurate predictions of film thickness and performance degradation in practical
systems. Pioneering work by Barus [22] explored the viscosity of fluids under varying pressures, and
Gould [23] further advanced the understanding of pressure-dependent viscosity. More recently, numerous
studies [24,25,26,27,28,29,30,31] have investigated combined effect of couplestress and pressure-dependent
viscosity variations. Lin [24] examined the combined effect in wide parallel-plate configurations, while
Hanumagowda et al., [25] studied the combined effect between circular stepped plates [25] and porous
circular stepped plates [26]. Singh [27] focused on circular plates, and Vasanth et al. investigated porous
circular plates [28] and porous annular plates [29]. These studies generally found that the combined
effect couple stresses and pressure-dependent viscosity significantly increases pressure and load of the
system. Dass et al.,[30] explored the combined effect with slip velocity on finite journal bearings, consid-
ering slip on the journal, bearing, or both, and found that high piezo-viscosity and slip velocity enhance
pressure and load. They also observed that the frictional parameter decreases with slip on the bearing.
Byeon et al., [31] added MHD to the combination and analyzed the effect between rough flat and curved
circular plates. Additionally, Suresha et al. [32] also incorporated MHD into the combination and found
an enhancement in pressure and load. Sphere-to-sphere configurations are indeed relevant in various
applications where curvilinear contact governs hydrodynamic behavior, including robotic grippers, joint
mechanics, contact lenses, capillary bridge forces, microfluidics, precision instrument bearings, ball bear-
ings, and gear contacts. Unlike simplified geometries like flat or cylindrical interfaces, spherical contacts
offer a more realistic representation of many practical systems. Existing research, such as the work by
Lin et al. [33], indicates that non-Newtonian couple stresses significantly influence squeeze film charac-
teristics between two spheres, particularly at lower film heights and with larger couple-stress parameters
and radius ratios. Recently Anjum et al. [34] have demonstrated that MHD effects can further enhance
pressure generation and load-carrying capacity in these configurations due to stronger electromagnetic
damping effects. Acknowledging the limited existing research on sphere-to-sphere configurations, this
article introduces a novel approach to address this gap by investigating squeeze film couple stress lubri-
cation between two spheres, explicitly considering pressure-dependent viscosity. This is motivated by the
understanding that the interplay between pressure-dependent viscosity and couple stresses is crucial for
optimizing system performance and preventing premature failure.

2. Mathematical Model of the Problem

The system under consideration is comprised of two spheres, S; and Sy, with respective radii R;

and R, where R;, Ro > x, as depicted in Figure 1. Sphere S; approaches S; with a squeeze velocity
h

v = 3 where h represents the time-dependent gap between the spheres. The intervening space

between S; and S is filled with a couple stress lubricant. A cylindrical coordinate system (r,0,y) is
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employed for analysis, with the origin positioned at the midpoint of the minimum film thickness, A.,.
The upper and lower film thicknesses are denoted as ho and hqp, respectively, such that the total film
thickness, given by Hamrock [35], is

h = hy + ha,

where
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The relevant boundary conditions for velocity components are:

1. At the upper surface y = ho
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2. At the lower surface y = —h;
82
u=0, v=0, 22—y (6.i)



LAksHMI R.;, HANUMAGOWDA B. N., SIDDHARAM PATIL

ﬂah/at

S:2

S

Figure 1: Effect of the velocity slip parameter hy and rotational parameter Ry on velocity f'(n)

Solving equation (3) using the boundary conditions (6.1) and (6.ii), we get

2 hi—h
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Substituting equation (7) in (5) and integrating we get
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Pressure-dependent viscosity variation is given by
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Using the following non dimensional quantities
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Applying perturbation method
Put p* = p§ + Gp} in equation (12) and equating the coefficients of G and G, we get
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The pressure boundary conditions are
a *
87;70’* =0 at r* =0 (15)
p*=0 at r* =1 (16)
Integrating equation (13) and (14) using the pressure boundary conditions, we obtain
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Hence the pressure distribution in the bearing is given by
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The load carrying capacity is given by
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Ro
W = 277/ prdr (20)
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Hence the load in non-dimensional form is
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The squeeze film time is given by
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3. Result and Discussion

The paper examines the combined effects of couple stress and piezo-viscous dependency from a the-
oretical standpoint on a sphere-to-sphere geometrical configuration. Employing Stokes micro-continuum
theory and incorporating Baru’s formula for piezo-viscous dependency, squeeze film characteristics have
been analysed. The couple stress parameter £* varies from 0 to 0.4, the piezo-viscous parameter is taking
values 0.0 and 0.4 and initial film radius parameter is taking a fixed value 8 = 0.4 throughout the study.
The graphs show a comparison between piezo-viscous (solid line, G = 0.04) and iso-viscous cases (dotted
line, G = 0.0).

Pressure

Fig.2 illustrates the effect of radius ratio parameter on fluid film pressure p* against radial coordinate
r*. The analysis considers a couple stress fluid, maintaining a constant film thickness h} . The results
indicate that the presence of pressure-dependent viscosity leads to a higher fluid film pressure due to
increased resistance to the flow. Furthermore, an increase in the radius ratio parameter also leads to an
enhanced fluid film pressure. This can be stemmed as larger radius ratio indicates larger area of contact
and a thinner fluid film, resulting in increased resistance to flow and consequently, an increased pressure
within the lubricating film. This proposes that both pressure-dependent viscosity and the geometric
configuration significantly affect the pressure distribution within the squeeze film. Fig. 3 exemplifies the
impact of couple stress parameter {* on the fluid film pressure profile p* against radial coordinate r* with
a radius ratio o = 2. The results indicate that including pressure-dependent viscosity and increasing the
couple stress parameter leads to a significant increment in fluid film pressure. Physically, this indicates
that the microstructure of the fluid, represented by the couple stress parameter [*, provides additional
resistance to flow, leading to higher pressures within the film. This effect is further intensified by the
piezo-viscous dependency, as the resistance of fluid to flow increases further with increasing pressure.

Fig. 4 illustrates the plot of fluid film pressure p* against 7*, by varying minimum film thickness h},,
by considering piezo-viscosity dependency (G = 0.04) and iso-viscous dependency (G = 0.0) in a couple
stress fluid (I* = 0.3). The results indicate that increasing the minimum film thickness leads to a decrease
in fluid film pressure. This is because a larger film thickness provides a wider channel for the fluid to
flow through, which reduces resistance to flow resulting in a lower pressure within the lubricating film.
The effect is further enhanced by the pressure-dependent viscosity and couple stress within the fluid due
to the lower pressure gradients.
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Figure 2: Relationship between dimensionless pressure p* and radial co-ordinate r* comparing piezo-
viscous and iso-viscous cases, and by varying radius ratio a.
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Figure 3: Relationship between dimensionless pressure p* and radial co-ordinate r* comparing piezo-

viscous and iso-viscous cases, and by couple stress parameter [*.
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Figure 4: Relationship between dimensionless pressure p* and radial co-ordinate r* comparing piezo-
viscous and iso-viscous cases, and by varying minimum film thickness.

Load Carrying Capacity

The relationship between the dimensionless load-carrying capacity W* and film thickness A}, in the
presence of a couple stress fluid [* is depicted in Fig. 5. A comparative analysis is performed, contrasting
the scenarios with and without pressure-dependent viscosity by varying radius ratio. It is observed that
the load-carrying capacity increases with an increasing radius ratio parameter. Furthermore, this effect is
amplified when pressure-dependent viscosity and couple stress fluid is considered. This can be attributed
as increasing radius ratio increases contact area as well as volume of the fluid leading to an increase in
load bearing capacity which in turn increases pressure and hence viscosity. This viscosity offers resistance
to fluid flow. Moreover, couple stress also offers resistance to fluid flow thus enabling the film to have a
larger load bearing capability.

1.5

0 I'=0.3, B=0.04

Figure 5: Relationship between dimensionless load W* and minimum film thickness h}, by comparing
piezo-viscous and iso-viscous cases, and by varying radius ratio parameter.



SQUEEZE FILM BEHAVIOUR BETWEEN TWO SPHERES 9

0‘0 L L 1 1 1 1 L 1
0.6 0.8 1.0 1.2 14 ., 1.6 1.8 2.0 2.2 24

Figure 6: Relationship between dimensionless load W* and minimum film thickness h;, by comparing
piezo-viscous and iso-viscous cases, and by varying couple stress parameter.
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Figure 7: Relationship between squeezing time 7™ and squeeze film height h’; by comparing piezo-viscous
and iso-viscous cases, and by varying radius ratio parameter.
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Figure 8: Relationship between squeezing time T and squeeze film height h’; by comparing piezo-viscous
and iso-viscous cases and by varying couple stress parameter.

In Fig. 6 non-dimensional load W* is plotted against film thickness A}, by varying [* and considering
piezo—viscous and iso-viscous cases, keeping radius ratio a = 2 fixed. The findings show that an increase
in the couple stress parameter enhances the load-carrying capacity of the squeeze film. The underlying
reason is that a larger couple stress parameter implies stronger resistance to micro rotational motions in
the fluid, effectively increasing the fluid’s apparent viscosity thereby improves the film’s ability to sustain
higher loads. Moreover, in the presence of pressure-dependent viscosity, the increase in load results in
elevated pressure, which further boosts the viscosity exponentially—intensifying the role of couple stress
and indicating a synergistic effect between the two phenomena.Fig.7 illustrates the variation of squeezing
time with respect to the squeeze film thickness h}, considering scenarios with and without pressure-
dependent viscosity and varying the radius ratio. The results indicate that squeezing time increases with
an increasing radius ratio parameter. Physically, a larger radius ratio provides a greater surface area for
the fluid to resist being squeezed out, thus prolonging the squeezing time. Moreover, at smaller gaps,
the pressure increases significantly, leading to a substantial rise in viscosity when PDV is considered.
Therefore, a higher squeezing time is observed in the presence of PDV, particularly at lower squeeze film
thicknesses. Fig. 8 illustrates the relationship between squeezing time and squeeze film thickness h} as
the couple stress parameter is varied. The data reveals that squeezing time increases with an increasing
couple stress parameter. Furthermore, the longest squeezing times are observed when pressure-dependent
viscosity is considered, and these maximum squeezing times occur at lower squeeze film thicknesses. This
can be attributed to the observation that as the film thickness decreases, the pressure within the film
increases, causing the viscosity to rise exponentially. The increase in viscosity intensifies the influence
of couple stress, which provides enhanced resistance to flow caused by internal micro-rotations and fluid
interactions. This, in turn, leads to a notably extended squeezing time, particularly when the film
thickness is small.

4. Conclusion

This research has examined how based on Baru’s theory pressure-dependent viscosity, Stokes theory,
couple stress effects, and the radius ratio influence the squeeze film behaviour between spherical surfaces.
These effects are viewed through the key parameters G (PDV), I* (couple stress) and « (radius ratio).
By incorporating these parameters, the model provides a more precise depiction of lubricant performance
under higher pressure conditions.

e The inclusion of couple stress—stemming from the fluid’s internal microstructure—contributes to
increased pressure load-bearing capacityand extends the squeeze film’s response time.
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e Increasing radius ratio significantly impacts the fluid film’s volume and contact area, and thereby
increases the film’s capacity to increase the pressure and load bearing capability.

e Additionally, accounting for pressure-dependent viscosity, where viscosity rises sharply with pres-
sure, enhances the efficacy of squeeze film characteristics.

Overall, the interaction between couple stress and pressure-dependent viscosity leads to more efficient
squeeze film characteristics between two spheres, and is significant because it allows for the design of
lubrication systems that can withstand higher loads and maintain a more stable film thickness under
demanding conditions, particularly where precision and durability are essential—such as in advanced
machinery and biomechanical applications like synovial joint modelling.
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