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Generalized Integral Transforms of Incomplete R-Functions

Priti Purohit and Ravi Gupta

ABSTRACT: Advanced integral transformations utilizing the incomplete R-functions, a category about gen-
eralized special functions, are examined in this study. We thoroughly prove image formulae of the incomplete
R-functions using two new integral transforms: the general integral transform and the generalized Bessel-
Maitland integral transform. A few existing integral transformations for the range of special functions are
assessed using these relations. Our results lay the groundwork for more research into incomplete R-functions
and their usefulness in intricate numerical and analytical frameworks.

Keywords: Mellin-Barnes type integral, Rathie’s R-function, incomplete R-functions, integral trans-
forms.
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1. Introduction

Initially we consider the additional popular incomplete gamma functions (7, x) and I'(7, z), that are
given in the following manner:

(7, z) = / t™tetdt (R(T) > 0,2 > 0), (1.1)
0
and
I(r,z) = / t™te7tdt (z > 0;R(r) > 0 when = = 0). (1.2)

On setting = = 0 into relation (1.2), it simplifies to the widely acknowledged gamma function. Further-
more, definitions (1.1) and (1.2) naturally lead to the afterwards decomposition formula:

y(r,2) + T(1,2) =T(7), (R(r) > 0). (1.3)

Numerous researchers are currently working on a range of impacts for incomplete, such as applications
of incomplete I and I-functions in analysis of the family of fractional integral and differential equations
[4,5,7], and fractional calculus images that include incomplete and other extended functions [8,20,21]. The
writers of [12,6] recently looked at applications of the incomplete I-function on the impact for Lambert’s
law, while the authors of [13,14,24] investigated incomplete Yang Y-function class extension through its
incomplete functions.

In accordance with recent work of Gupta and Purohit [10], a family of incomplete R-functions that
correlate to Rathie’s R-function concerning the incomplete gamma functions, they’re described as follows:

a, B m,n (w1, 4y, 2), (ug, 4a), - - - 7(uP7‘uP)
€, 0

a,B_m,n
e, 6 Tp,q (2) Tpoa |# (01,%91),- - a(t’qamq)

1 S, T
= — g(i’)é 2% ds, (1.4)
2mi Jp (a+ Bs)stos
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wherein . .
’7(1 — Uy —ills,x) H F(Uj + EUJ'S) H F(l — U —iljs)
=1 j=2
g(s,z) = - J — , (1.5)
H F(l —b; — Qijs) H F(Uj +5Jj8)
j=m+1 j=n+1
and
Oz,ﬁl-\m,n(z): a, Brm, n (ul,ﬂ1,$),(u2,u2),~“ 7(upaup)
£0 7P €07 P4 (Ulvszjl),"' ,(Uq,%q)
1 G(s, z) _
E— I e Rt A A | 1.
211 Jp (a+ Bs)stos = (16)
wherever . .
F(l — Uy —Llls,x) H F(Uj + mjs) H F(l — Uy —iljs)
G(s,z) = - = = . (1.7)
H F(l —b; — m]8> H I‘(uj +L[JS>
Jj=m+1 Jj=n-+1

The integrers p,q,m and n are such that 0 < m < ¢,0 < n < p, and z cannot be equal to zero.
Additionally, the numbers 4;(j = 1,---,p) and U;(j = 1,--- ,q) are positive, whereas the numbers
u;(j=1,---,p)and v;(j = 1,--- ,¢q) are complex, see [15,16,17]. In this situation, the variables «, 3, ¢,
and J are chosen to ensure that the right-side integral of (1.8) exists. With the same presumptions and
requirements as the R-function in [26], the incomplete R-functions exist for every > 0.

For details on the fundamental characteristics of incomplete R-functions, such as formulas for deriva-
tive, decomposition, reduction, integral representations, and fractional calculus, one can refer to [10].
[22] also discusses applications to model the effects of environmental contamination on species.

The following decomposition formula is easily obtained from the explanations for lower and upper
incomplete R-functions:

S () + DT () = SR R).
The widely known R-function, which is the include that shows up on the right, was first created by
Rathie [26] (see also, [25]) to look into more problems pertaining to evaluating statistical hypotheses.
The following is the manner in which it is defined:

a, B m, n _ a,pB m, n
e,éprq (Z)_ e,éprq

2 (u17u1)7"' a(up>up)
(017m1)7 e a(UQamq)

1 g(s) -
—_— s 1.
s ( )6 55 2 ds, ( 8)

wherein .
F(Uj + ijs) H F(l —Uu; — ﬂjs)
=1 (1.9)

g(s) =

7 .
F(l —b; — ijs) H I‘(uj +5st)

1 j=n+1

3
+

Jj=
To study current work on integral formulations of the R-function, one may specifically utilize [9]. Notably,

fora =1 and =0 (or e =0 and § = 0) (see, also [28]), the incomplete R-functions give rise for a set
of H-functions that are incomplete, which are characterized in the ordered manner as follows:

1,0 _m,n _ o, B _m,n o m, n (u1,ﬂ1,x),(u2,ﬂ2),~- a(upvup)
e sTa ()= 000" (2) = Wy lz | (01,91),--- , (vg,D,)
1
= g(s,z)z"° ds, (1.10)
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and

m, n Q, m, n m, n u,il,x,u,Ll 7"'au7u
O (e) = T ) = T H (1, ). (82, ), - (3t 3

q P, q (U1,m1),"' 7(011’%‘1)
1
= 2Tm/c G(s,z) 2% ds, (L11)

where (1.5) defines g(s,z) and (1.7) defines G(s,z). Moreover, these functions are closely connected to
Fox’s H-function.

Integral transformations are effective tools for simplifying difficult mathematical problems, making it
possible to analyze and solve equations in a variety of fields. They promote improvements in research
and engineering by bridging the gaps between time, space, and frequency, see [18,27]. In order to
comprehend the present investigation, we now define the basic concepts and information on generalized
integral transforms.

Definition 1.1 ([11]) For z > 0, ¢(p) # 0, and o(p) positive real functions, let f(z) be an intgrable
function. The following formula therefore yields the generalized integral transform of f(z):

TGk =ol0) [ oW e (1.12)
When f(z) = z”, in particular, we obtain
T(p+1
T{, 0} = %, p>0. (1.13)

For other modern applications of the aforementioned general integral transform, see [1]. Table 1 illustrates
the connections between the basic integral transform and general integral transforms currently used in
the Laplace transform class; see [11] and references thierin.

Definition 1.2 ([3]) Suppose 7, u,v,n, p € C, such that
R() > 0,R(p) > 0,R(n) > 0,RN(v) > —1,RN(p) >0

and k € (0,1) UN, subsequently the generalized Bessel-Maitland integral transform of f(z) is given
by:
TG0} =0} = [ (02 T(02) (), (1.14)
0

where the generalized Bessel-Maitland function J/;7(z), is outlined as under:

W _ S (M) wn(=2)"
Jii(z) = Z nIl(pn+v+1)

n=0
If we set f(z) = 2, R(p) > —1, then the generalized Bessel-Maitland integral transform of power

function is given by (see, [2,3]):

(T+p+)I(n—r(r+p+1)) 1
PP +v—p(r+p+1)) @+t

r
THyH{2 ot = (1.15)
Moreover, the connection that follows between the Laplace transform and the Generalized Bessel-Maitland
transform (see, [2,3]):
K,1
oMo {f(2)i 0} = L{f(2); 0} (1.16)
There is the subsequent connection exists between the Hankel transform and the Generalized Bessel-
Maitland transform (see, [2,3]):

H,01f(2); 0%} = p\l/i?-lu{f (1) i} (1.17)

rv_ 1
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Using two novel integral transforms, the general integral transform (1.12) and the generalized Bessel-
Maitland integral transform (1.14), we rigorously verify image formulae of the incomplete R-functions.
Several novel and little-known integral transformation formulas involving incomplete H-functions, Rathie’s
R-function, and several other special functions are evaluated using these key findings. Our findings pro-
vide a foundation for further investigation into incomplete R-functions and their use in complex analytical
and numerical contexts.

2. Main Results

The general integral transform and the generalized Bessel-Maitland integral transform of the incom-
plete R-functions are two such instances of potentially significant integral transforms that we establish
in this section. The following assumptions are used about the characters 2, w, and A within this section:

Q:Z Zm+2u—ZuJ,

j=m+1 j=n+1
p _ p
w:ZUj—Zuj+]%7 A:Z’l]j—z:il]
Jj=1 j=1 j=1 j=1

Theorem 2.1 If A >0, p >0, |arg(z)| < Qn/2,

min

_ Y;
Pli<j<m

R(=- v,

) <R

and R(p) > 0, thereafter the general integral transform for the lower incomplete R-function is as follows:

(ulaulam)7 (u2au2)7 o a(upaup)

A-1a, B, _m,n P ;
T{ e, 5’720 q [CZ (Dl,ml)f" 7(nq7mf1) ’@}

(u17u1?x)) (1 - )‘7/))7 (u25u2)a e 7(upaup)

= () {o(p)} ™ &Pt [c{ff(@)}” (01,91), -+, (vg, By)

Proof: Using (1.4), the left hand side (say L;), can be written as:

_ [ g(s, ) s

L= 7’[ Gy /L (a1 Bs)F5 (cz?)~*% ds (2.2)
_ 1 g(s,x) c”* A—ps—1
T omi /[; (o4 Bs)etos TL ) ds (2.3)

Applying the result (1.13), the eugation above now yields

1 g(s,x) ¢ P(p)L(A — ps)
Ly=— d 2.4
' 2ni e (kBT {o(p) P 2y
$(p){o(p)} / g(s,z) c*{o(p)}™
'\ — 2.
2mi r (a+ Bs)=tos (A= ps) ds, (2:5)
which upon using the definition (1.4), we arrive at the desired result (2.1). O

Theorem 2.2 If A >0, p > 0, |arg(z)| < Qn/2,

B min v;
Pi<j<m

R( v,

) <R
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and R(p) > 0, then the general integral transform for the upper incomplete R-function is as follows:

€,0 P, q

T{A ™ Bpm, n lczp

(ulvulvx)v (u27u2)7 R (uP7i’[P) ] . @}
(Ul’ml)a"' 7(U¢1amq) 7

(u17‘u17x)7 (1 - >‘v p)v (uQ’LLQ)’ T (up’u’!?)

= ¢(p){o(p)} > “Jrm ! [c{ff(@}“’ (01,%1), - , (vg,,)

(2.6)

Details of the proof of the above thm have been omitted from this section for reasons of simplicity.

The family of incomplete H-functions arises from the incomplete R-functions and can be defined by
[28], where &« = 1 and = 0 (or ¢ = 0 and § = 0). In light of the above, one can readily derive the
integral transforms of the upper incomplete H-function as follows:

Corollary 2.1 The following is the general integral transform for the upper incomplete H -function under
the conditions of Theorem 2.2:

(u17‘u13z)7(u23u2)3"' a(upaup) p}
1 (Ulaml)a‘“ 7(047qu) ’

T{z>‘_1 o [cz”

= ¢(p){o(p)}
x Iy lC{a(p)}"’ (w4, ), (1= A, 0), (2 o), -, (2, )

(Ulvml)v"' ’(UQ’mq) <2.7)

Further, the Theorem 2.2 now reduce to the following integral transformation for R-functions if we set
z=0:

Corollary 2.2 The following is the general integral transform for the Rathie’s R-function under the
conditions of Theorem 2.2:

(ulvul)v (u27ﬂ2), R (upvﬂp)
(Uhml)a Tty (Uqamq)

A—1 o, Bpm, n .
T{= o5 Ry cz” ey

= Blp)olp)}
x PR [c{gw)}ﬂ (i, 50, 0 = 2000 a2a), 20 Qi)

(01,01),---, (0g,Uy) (2.8)

Additionally, if = 0 is set in Corollary 2.1, else « =1 and 8 =0 (or ¢ = 0 and § = 0) in in Corollary
2.2, we derive the following novel finding regarding Fox’s H-function:

Corollary 2.3 The following is the general integral transform for the Fox’s H-function under the con-
ditions of Theorem 2.2:

(u17u1)7 (uZuL(Z)ﬂ T 7(up7up) p}
q (Ulaml>7"' 7(Uq7mq) ’

g o

= 6(6) (o))
< HL lc{aw)w it (L 0 ) )

(Ulvml)"" 7(Uq7m¢Z) (2.9)

Theorem 2.3 If A >0, p > 0, |arg(z)| < Qn/2,

min

;
Pi<j<m

§R(gj) <R
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and R(p) > 0, then the generalized Bessel-Maitland integral transform for the lower incomplete R-function

18 as follows:

(mAhw%@mﬂﬁw~K%A%)]p}
(Ulvml)v"' 7(011’%!1) 7

unf A=1 o, B _m,n P
THV7N{Z e, 6 Tp,qg €%

)

-
_ a, B_m+1, n+1 —p
- (77) g, 0 Ip+1, qg+2 lcp

(ulvulax)’(l_T_Avp)v(uZaﬂZ)a”' 7(up7up) ] (2 10)
(n = KT+ A),kp), (01,D1), -+, (04, D), L+ v —p(r+A),pp) | :

—

Proof: Using (1.4), the left hand side (say Ls), can be written as:

A1 g(s,z s
Ly = Hy! [ o /£ @ +(58)2+53 (cz?) ds} (2.11)
! B52) € guung ety g, (2.12)

" 211 Jp (ot Bs)ero
Using the image formula, which is the generalized Bessel-Maitland integral transform of the power func-

tion, namely
(t+p+1)I(n—k(tr+p+1)) 1

I
TH&’,Z Zp; = 9
RO = TR alr Fp D) T

we now yields

L1 [ ss@) et DE+A—p)ln—r(r+A=ps) 1 _—_
2T omi Jp (a+Bs)s  TTA+v—pulr+A—ps)) @ rs :
—_— e\l )
(T+X—ps)T(n— k(T +N) + Kkps) o ds. (2.14)

_ L/ g(s,x) ¢
21 Jp (ot )™ TODT(L+0—plr + ) + o)

which upon using the definition (1.4), we arrive at the desired result (2.10).

Theorem 2.4 If A >0, p >0, |arg(z)| < Qn/2,

min v;

and R(p) > 0, then the generalized Bessel-Maitland integral transform for the upper incomplete R-function

s as follows:

(u15u17x)7<u27u2)7”' a(up7up) p}

(017m1)7 s a(t’q:mq)

wnf  A=1 a, Bpm, n p
PHUAETT g (e

_ o, frm+1, n+1 —p
T T(y) ©° ptloat? [C@

&

L'(n
(ul,ul,x),(l—T—A,p),(ug,ﬂg),-~- 7(upaﬂp) :| (2 15)

(777H(T+A)v"£p)a(blvm1)a"' a(ug,mq)7(1+yiﬂ(7—+>‘)7ﬂp) ' '

Specializing the parameters to the values indicated yields the following results, which arise as immediate

consequences of Theorem 2.4:
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Corollary 2.4 The following is the generalized Bessel-Maitland integral transform for the upper incom-
plete H-function under the conditions of Theorem 2.4:

(ul’u1v$)7(u2vu2)"" 7(”1?71117) ‘| ?@}

THHJ] A—1 Tm n P
Wt P q [CZ (01,01), -+, (0g,0y)

—A
§ m+1, n+1

(77) p+1, g+2

(ulaulvz)7(1_7—_>‘7p>7(u2’u2)v"' 7(up’ﬂ10) :| (2 16)
(7]*H(T+/\),I€p),(01,%1),~‘- 7(UfIvQ]q)7(1+V7M(T+>‘)>HJP) . '

cp’

Corollary 2.5 The following is the generalized Bessel-Maitland integral transform for the Rathie’s R-
function under the conditions of Theorem 2.4:

nnf A—1 a, Bpm,n p (u1,ﬂ1),(u2,il2),--- 7(“’1)71'[17) .
THV’H{Z E,lst’q “ (Ul7m1)7"' a(t’qamq) 7@}

- p+1, g+2

o B pm+1, n+l
_ o, B pm+1,n —p
() =° v

(u17u1)7(1_T_Aap)v(u%uQ)"“ 7(up’ﬂ‘,0) :| (2 17)
(77*H(T+/\),/€p),(01,%1),~‘- 7(qumq)’(1+yiﬂ(7_+>‘)>ﬂp) . '

Corollary 2.6 The following is the generalized Bessel-Maitland integral transform for the Fox’s H-
function under the conditions of Theorem 2.4:

(ulaul)a (u27u2)7 s 7(upvup)

7—7‘[”7?7 A—1 H™ P 3
z/,n{z pa |F (Ul,ml)a"' 7(0(1’61](1) p}

-2
_ § m+1, n+1
- F(U) p+1, g+2

(u17‘ul)7(1777}‘ap)7(u2’u2)"" 7(up’up) (2 18)
(77*H(T+/\),/€p),(01,m1),~‘- 7(Uqamq)’(1+yiﬂ(7+>‘)>ﬂp) . '

cp’

By considering Theorems 2.1 and 2.3, similar findings using the lower incomplete H-function may also
be reached.

The work of [19,23] might be consulted for further information about integral transforms of incomplete
H and I-functions.

3. Special Cases & Concluding Remarks

The following section addresses some of the consequences of the main findings presented in the pre-
ceding section. The widely recognized integral transforms available in the literature can be obtained
by specializing the suitable functions ¢(p) and o(p) in the general integral transform, see Table 1. For
example, if we assume ¢(p) = 1 and o(p) = p in Theorems 2.1 and 2.2, the Laplace transform of the
family of incomplete R-functions yields the following results (see, [10]):

Corollary 3.1 The following are the general integral transform for the family of incomplete R-functions
under the conditions of Theorems 2.1 and 2.2:

(Ul,ul,x), (UQ,MQ), e 7(up’up)
(Ul7m1)7 o ,(Uq,mq)

(u17ﬂ17$)7 (]- - Avp)v (u27u2)7 e 7(up7up)
(017231)7 T ,(Uq,%q)

E{ZA*l ?:f’ygf’qn [cz” o)

_ =X a,B_m,n+l —p
=P €, 0 ’Yerl, q lcp
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and

A—1 a, Brm, n P
L{z N B [cz

(ul,ﬂl,x),(ug,ilg),-~- 7(up’u10) ] @}
(017%1>7"' ’(UQ’Q](I) ’

=9 (ul,ill,x),(l - )‘?p)v(u27u2)a"' a(up7up)
(017m1)7"- a(nlb%q)

—A a, Brm, n+1 —p
1—‘p+1,q lc@

provided the incomplete R-functions involved in the statement converge completely.

However, the relationship (1.16) with Theorems 2.3 and 2.4 can also be used to get the aforementioned
result.

Again, if we assume ¢(p) = 1/p and o(p) = 1/p in Theorems 2.1 and 2.2, the Sumudu transform of
the family of incomplete R-functions yields the following results:

Corollary 3.2 The following are the general integral transform for the family of incomplete R-functions
under the conditions of Theorems 2.1 and 2.2:

(ug, 4y, 2), (ug, Ua), - - -, (up, 4Up)

(Ulaml)a‘“ 7(047%11) ;p}

A—1 a, m, n
S{z s Vp, [czp

_ A—1 «a,B_m,n+l P (u1,il1,33),(1 —)\7p),(u2,ﬂ2),~-- ’(up’up)
=P , 0 7p+1,q lC@ (01,D1),- -, (0g,Dy) ’ 33
and
A—1 o, Brm, n P (ul,ﬂ1)$>7(U2,u2),"' ’(up’up) :
S{Z a,&FpﬁfI [Cz (01,531)7"' ,(Uq,mq) 7@}
_A—1 a, Bpm, n+1 P (ul,ﬂl,fﬂ)v(l - )\,p),(UQ,L[Q),"' ’(up’up)
= s Upii g [CP (01,01), -+, (0g,Dy) ’ 4

provided the incomplete R-functions involved in the statement converge completely.

Likewise by considering Table 1, the image formula for incomplete R-functions under the Elzaki, Aboodh,
Pourreza, Mohand, Sawi, Kamal, and G transforms, as well as the a-integer Laplace transform, may also
be obtained. Additionally, if we use the relation (1.17) and put 7 = £ — 2,41 = 1, and £ = 0, the main
results in Theorems 2.3 and 2.4 reduce to the Hankel transforms of the incomplete R-functions. For the
sake of simplicity, we have omitted specifics of these kinds of findings.

Finally, we note that we have performed a thorough analysis of integral transformations using the
incomplete R-functions and other related generalized special functions. For incomplete R-functions, it
has created certain image formulas using two new integral transforms: the general integral transform and
the generalized Bessel-Maitland integral transform. The universality of generalized integral transforms,
combined with the flexibility of the family of incomplete R-functions analyzed in this study, enables the
derivation of numerous image formulas under various integral transforms. These transforms establish
connections with a wide range of special functions, allowing for the systematic evaluation of integral
representations and properties across different mathematical frameworks. By leveraging this approach,
it becomes possible to unify and extend known results while also discovering new relationships among
special functions arising in applied mathematics, physics, and engineering.
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Table 1: Relationships between the general integral transform and certain integral transforms.

Specialization Integral Transforms Definition
d(p)=1,0(p)=p Laplace transform L{f(2)} = [T e 92 f(2)dz

d(p) =1/p,0(p) =1/p | Sumudu transform S{f(z)} =1 fo e v f(2)dz

é(p) = p,0(p) =1/p | Elzaki transform E{f(2)} =9 Jy" e 7 f(2)dz

6(p) = 1/po(p) = ¢ | Aboodh transform A (2 } = b e

H(p) =1,0(p) = p/ a-integer Laplace transform | L,{f(2)} = fo Pt/ f(2)dz, a€RY
6(p) = 9 o(p) = ¢* | Pourreza transform HI(2)) = o [ e f( )

d(p) = 2, 0(p) =p Mohand transform M{f(= } =p fo e f(z

¢(p) =1/p* 0(p) =1/p | Sawi transform Sa{f(2)} = 55 [ e @f )

P(p) =1,0(p) =1/p Kamal transform K{f }_ Jle v f(z

o(p) =p*0(p)=1/p G-transform G{f(2)} = p* f e~ v f(2)dz, a is integer
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