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Dynamics of a Delayed Eco-Epidemic Model with Disease in the Prey

Madhusudhan Reddy K. and Lakshmi Narayan K. and Chandu G. and Naganjaneyulu V. and Triveni V. S. and Jana
Reddy S.

ABSTRACT: This paper presents the mathematical analysis of a delayed eco-epidemic model that incorporates
the effect of disease within the prey population. The stability of the model, both with and without delay,
is analyzed. The Hopf bifurcation of the model is discussed by considering the time delay as a bifurcation
parameter. Moreover, a behavioral change is observed in the system as it moves from a stable to an unstable
state when the delay parameter crosses the threshold value, leading to a Hopf bifurcation from co-existence
state. In addition, the stochastic stability of the model at the co-existence state is investigated. To demonstrate
the validity of the theoretical analysis, some numerical simulations are presented.
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1. Introduction

Since the introduction of Lotka-Volterra model, many experts have looked into how prey and preda-
tor species interact with each other. The interaction between the susceptible, infected, and recovered
populations is also becoming an interesting area of study after the ground-breaking work of Kermack and
McKindrick [1]. An important part of eco-epidemiology study is looking at how diseases change over
time in ecological systems. It was Anderson and May [2], who first talked about studies that combined
these two systems.Chattopadhyay and Arino [3] were the first to introduce the term eco-epidemiology
for these kinds of models.In the past few decades, many scientists and researchers have looked into the
relationships between prey and predators using a wide range of biological factors [6,8,14]. In epidemi-
ology, various mathematical models have been developed with the help of different forms of incidence
rates [12,15]. We develop a mathematical model to investigate the interactions and population dynamics
within a prey-predator system, where some of the preys have a spreading disease. The stability behavior
of the model at the equilibrium states is investigated, and the analytical outcomes are substantiated by
numerical simulations.

2. Mathematical Model

In this model, the prey population is categorized into two compartments: the susceptible prey pop-
ulation density at time ¢ is shown by z() , the infected prey population density at time ¢ is shown by
y(t). The predator population density at time ¢ is shown by z(%).

Model Assumptions:
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(i) The susceptible prey population grows logistically with intrinsic growth rate r > 0.

(ii) According to a transmission rate 5 > 0 the susceptible prey population gets sick when it comes into
touch with the infected prey. Only prey animals get the sickness, and it’s not passed down through

genes.

(iii) Assuming that u; >

0 and pe > 0, we can say that the predator has an advantage over the

susceptible prey and an advantage over the infected prey.

(iv) 071 shows the diseased death rate of infected prey, while § shows the normal death rate of predators
when they don’t have any prey.

(v) When prey populations are turned into predator populations, the constant o € (0,1) shows how

much they change. It

seems likely that a predator’s reproduction will not happen right away after

it has eaten its food, but will be delayed by the time it takes for the predator to get pregnant [5,9].

Based on the above assumptions, the model equations are given by

dx
dt
dy
dt
dz

dt

:r:rf@f,ulxz
1+y
Bry
=4 7 2.1
1y+1+y Hayz (2.1)

= b0z + ozt —7)z(t —7) + apey(t — 7)z(t — 1)

where 7 > 0 is the amount of time needed for the gestation of the predator.

3. Stability Analysis

The system (2.1) exhibits four equilibrium states as follows:

(i) Fully-washed state: Ey = (0,0,0)

(ii) Infected prey washed

(iii) Predator washed state: F5 = <

)
apy H1

51 T
ﬁv 5—7“’()) ,(B>1)

state: By = <52 0 r)

(iv) Co-existence state: Ey = (x*,y*, 2*), where

The co-existence state F, exists if

= poaa(p101 + rog) + 18192 + (1 — ) peds
pra(p1y + rpz)
« B2 —a(u1dy +rus)
a(mby +rps)
o _ (i +ruz) + (1 — B)u2ds
B 102

z

a(pidy +rupg)

5% <p<r.

The Jacobian matrix of system (2.1) at the equilibrium state is given by

J:

By . o0 .
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3.1. Stability of co-existence state

The local stability of the coexistence state is analysed using the Jacobian matrix of the system (2.1),
which is given by

By* . pa”

- il (3% -—— —mz”
L+y* (L+y)
J* = By 5 P . (3.2)
T4 01+ — —p2y
Ty (1+y)
04;1,12*67)‘7— OLMQZ*ei)\T 7(52 4 05(,“4155* 4 ,Ltgy*) 67)\7'

The characteristic equation of (3.2) is given by
A+ a A+ aod +ag + [biAZ + oA+ bs] e =0 (3.3)
where
_ By B
L+ys (1+yY)

ar 5tz + 61+ 02 -7

_ . B(o1+02)y*  B(paz* — 1+ dg)a”
as = 0102 + (61 + d2)(p1 2™ — 1) + e ESRE

Bdibay™  Boa(p1z* —r)a”
L+y (1+y7)?

as = (/le* — T)(51(52 +

by = —a(mz™ + p2y™)

af(pz” + pey*)a”  af(pr” + pay”)y”

b =
? (1+y*)? 1+y*

+ a(pma™ + poy™) 2" — a(mz™ —r+01) (™ + p2y™)

by = 2Bz = (" + payT)at | aBpn(pay™ — 272)ar | abluaya” — Siat (et + pay”)ly”
(1+y*)? (1+y*)? L4y

+apddox* 2 + aps (2t — )y 2t + adi(r — 8127 (px + pay®)
For 7 = 0, equation (3.3) becomes
3 + (CL1 + bl)/\2 + (ag + bg))\ + (a3 + bg) =0 (34)

It can be easily verified that (a1 +b1)(az2 +b2) — (a3 +bs) > 0. We can say that the system (2.1) is locally
asymptotically stable at the co-existence state Ey = (z*, y*, 2*) using the Routh-Hurwitz criterion.

3.2. Hopf Bifurcation Analysis

For 7 > 0, assume that equation (3.3) has a complex root of the form iw(w > 0). Substituting this
complex root into equation (3.3) and separating real and imaginary parts, we obtain

bow coswT — (b3 — byw?) sinwr = w® — asw (3.5)
(bs — b1w2) coswT + bow sinwt = a;w? — as .
Elimination of the delay parameter 7 from (3.4) gives
W+ Pt + Po? + P3=0 (3.6)

Where
P1 = 012 — 2(12 — b12
Py, = (a22 — 2aias3 + 2b1bg — b22)2

P3 = CL32 — b32
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It can be easily verified that P, = (a12 — 2a9 — b12) > 0 and P3 = (a32 — b32) < 0. Therefore,
according to the theorem’s criteria, there must be a singular positive wg that satisfies equation (3.6). In
other words, equation (3.3) has a pair of purely imaginary roots of the form +iwy.

From (3.5), we get

T = y {arccos l(GWOQ — as) (bs = biwo?) + (wo® — aawo) bawo

wo (bg — b1W02)2 + bQQWOQ

—|—2jﬂ'} j=0,1,2,... (3.7)

For 7 = 0, E, is stable. Hence by Butler’s lemma, E4 remains stable for 7 < 75. We have to show that
dRe(X)
>0
dr X =iwq
This proves that for every 7 > 7, there exists at least one eigenvalue with a positive real part. In
addition, the necessary periodic solution is obtained when the requirements for Hopf bifurcation [13] are
satisfied. Now differentiating (3.3) w.r.t. 7 we get,

A
[3A2 F 2+ az + (2bA + ba)e ™ — (AT + bod + bg)m*”] S0 = (A + bod + by)Ae N

dr
AN 3N + 202 +a WA+b T
dr B (b])\2 + bo\ + bg))\e*“ (bl)\Q + b\ + bg))\ A

Substituting A = iwg we get

(%)

A\ !
A =iwq - Re (d’l‘)

2a1 [cos(on) (b3 — b]U}OQ) + sin(on)bgwo} — 2b,2w02 4 2b1b3 — by
- (P2 4+ Q%)wo
(3w02 — ag) [cos(on)bgwo — sin(woT) (bg — bleZ)}
(P2 + Q)

—3wo? 4 2iaqwo + a9 2ibjwy + by T
A =iwg N ’in(fbleZ + ’ibng + bg)e*” Z‘CL)()(fblchZ + ibQOJO + bg) iwo

dRe(X)

T

We have

A =iwq

Together with (3.5), it follows that

d\\ 1
Re <d7‘)

_ 3(,004 -2 (2&2 — a12 + b12) (.do2 + (a22 + 2b1b3 — b22)

N P2+ (2
where
P = sin(w,T) (b3 — blwg) — cos(woT)bawo
Q = cos(w,T) (b3 - blwg) + sin(weT)baw,
Clearly
dfzeT(A) . > 0if (2a2 —ai +b7) < 3 (a3 + 2b1b3 — b3)

Based on above analysis and the results of Hale [4], the following conclusion is reached:

Theorem 3.1 If (2a2 — af +b3) < 3 (a3 + 2b1bs — b3) then the equilibrium state Ey of system (2.1)
is unstable for T > 19 and is asymptotically stable for 0 < 7 < 79 and system (2.1) go through Hopf
bifurcation at E4 when T = g
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3.3. Stochastic behaviour of the system at co-existence state

This section examines the dynamical behaviour of the stochastic version of system (2.1) at co-existence
state. We agree that the random changes are of the white noise variety [13] and they are added to
the susceptible prey, infected prey and predator individuals to integrate the effects of environmental
fluctuations into the model (2.1). Then the system (2.1) takes the following form:

d

ch =rr— % — xz + oy (x — x*)dE}

dy By

P —01y + m — poyz + ooy — y*)dE} (3.8)
dz

i —02z + a2 + apyz + o3(z — z%)dED

where & = &;(t), i = 1,2, 3 are conventional Wiener processes that are independent of each other, and
01,092,03 are constants that are referred to as the forces of ecological vacillations.

The stochastic differential system (3.8) can be cantered at E4 with the change of variables, given by
Uy =T — Tk, U = Y — Yk, U3 = 2 — 2%

The linearized stochastic DEs at the state E4 are given by

du(t) = f (u(t)) dt + g (u(t)) dé (t) (3.9)
Where
u (t) = (ua(t), ua(t), ua(t)”
f(u(t)) =J"
o1y 0 0 (3.10)
glu)=1 0 oous 0
0 0 o3us

Let W (t,u) be a continuously differentiable function defined on [0, +o00) x R?. The differential operator
L for a function W (¢, u) is given by

_ W tu) o OW ) L T OW (L)
LW(t ) = =2+ (W) =5+ 3T |g" (u) —F5 59 (u) .
W (OW W OWN PW(hw) _ (PW N -
ou B Ouy ) 8u2’ 8U3 s u2 - 8uJaul y L) = 1,4,

where T denotes transposition.

It can be easily verified that, the co-existence state of model (3.8) is stable if and only if the trivial
solution of (3.9) is stable. As established in the work of Afanas’ev et al. [11], the subsequent theorem is
valid.

Theorem 3.2 Suppose there exists a function W (t,u) € C1? ([O,—Foo) X RQ,R+) that satisfies the fol-
lowing inequalities:
Kilul” <W (t,u) < Kalul’, LW (t,u) < —Kzl|u|’ (3.12)

where Ky, Ko, K3 and p are all positive constants.
Then the trivial solution of (3.9) is exponentially p— stable for t > 0.

Then, the trivial solution of (3.9) is asymptotically mean square stable.

Theorem 3.3 Assume that O’% < 2 <u12* + By r), O’% <2 (51 — (630)2) , 0’% < 269 hold.
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Proof: Consider the Lyapunov function as

3 [wiu? + wou3 + wauj) (3.13)

Where w1, ws,ws are non-negative constants to be chosen later. With p = 2, it is easy to verify that
inequalities (3.13) are true.

LW (u) =w; [(7“ - Py - M12*> up — (ﬂxm - ﬂlx*u3] U1

Ly 1+y)
* T
+ wa By —up + | =02 + 672 uz — pi2y uz | uz (3.14)
lL+y (1+y*)
. " 1 O*W (t,u
+ w3 (12 uy + apgzus — dous) us + 5Tr [gT(u>61L(2)g(u)]

1
== [wlu% + wgug + wgug]

O?W (t,u)
)| = 5

1
: T
with §Tr {g (u) 502
Bx* _ by
z W1 = -
(1+y*) I+y

_ * By* 1, 2 pz* 1, 2 1, 2
LW (u) = {(ulz +1+y* r 501 | Wit 01 (1+y*)2 502 | W2t P 503 | Wsu3

Based on Theorem 3.2, the proof is completed. O

Choose

wy, p1r*wy = aprz*ws & prytws = apezws, then

4. Numerical Simulations

The section deals with some numerical simulations for supporting the analytical results.

Example 4.1 For the parameter values r = 1.5,8 = 0.8,0; = 0.964,60 = 047, pu3 = 0.102, po =
0.068, o = 0.25. We can ascertain from (3.7) whenever the time delay (7) goes past the threshold value
70 = 0.23, E4 reports loss in stability and a family comprising periodic solutions bifurcate from Ey (Figure
1 - Figure 3). However, E4 is asymptotically stable for 0 <1 < 19

| I *(:; b
— ) |
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20
0

450 500 v 0o X0

Figure 1: (a) Trajectories and (b) Phase portraits of the system (2.1) at E4 when 7 = 0.2 < 79 = 0.23
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Figure 2: (a) Trajectories and (b) Phase portraits of the system (2.1) at E4 when 7 = 79 = 0.23
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Figure 3: (a) Trajectories and (b) Phase portraits of the system (2.1) at F4 when 7 = 0.29 > 79 = 0.23

5. Conclusion

This paper looked in some detail at effect of delay [7,10] on eco-epidemic model with disease in
the prey population. The co-existence state F4 of the system (2.1) is locally asymptotically stable if
(T2 + p161)

1)
the co—e2xistence state E4 is made clear. Moreover, a behavioral change is observed in the system as
it moves from a stable to an unstable state when the delay parameter crosses the threshold value 7,
leading to a Hopf bifurcation from FE,. Further, the stochastic system remains globally asymptotically
stable provided that the intensities of the white noise stay below specific threshold values. To conclude,
numerical simulations were arrived at as a way of validating analytical results.

< f < «. Employing Lyapunov functional technique, the global stability pertaining to
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