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On Ideal Lacunary Statistical Convergence of Order α in Seminormed Space

Ekrem SAVAŞ

abstract: In this paper, the concept of ideal lacunary statistical convergence of order α, where 0 < α < 1
with respect to seminorm q has been introduced by following very important results of [4,5] and several results
associated with this set has also been proven.
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1. Introduction

Fast [5] and Schoenberg [29] introduced the concept of statistical convergence and related it with
summability methods. it was further investigated and studies by Friday [7], Salat [13] and many others
in sequence spaces, where the idea was to generalize the usual notion of convergence

Definition 1.1 We say that a sequence ξ = (ξk) statistically converges to γ, when, for every positive
number ϵ > 0,

lim
m

1
m |{k ≤ m : |ξk − γ| ≥ ϵ}| = 0.

On a related note, I-convergence, which serves as a broader framework for statistical convergence,
was initially proposed by Kostyrko et al. in their work [9]. This concept is rooted in the notion of an
ideal I associated with a subset of the natural numbers. Kostyrko et al. delved into the concept of I
-convergence. After this work, several researchers have helped to enhance the work on ideal convergence
in different directions( see, [4,11,12,16,17,18,19,23,24,26,30]) and others. It should be note that the
statistical convergence of order α was defined in [1,2].

A lacunary sequence is an increasing integer sequence θ = {vr}r∈N∪{0} such that v0 = 0 and ϕr =
vr − vr−1 → ∞, as r → ∞. We define the intervals Ir = (vr−1, vr],(see, [6]).
In [8], lacunary statistically convergent was defined as: If for any ε > 0,

lim
r→∞

1

ϕr
|{k ∈ Ir : |ξk − γ| ≥ ϵ}| = 0,

we say that the sequence {ξk} is lacunary statistically convergent to γ ( or, Sθ-convergent to γ ). For the
detail on this convergence, the reader may consult the papers [10,14,20,21,22,25,27,28].

In what follows, the sequence ξ = {ξk} will denote a sequence of real numbers.

2. Main Results

Consider a nonempty set X. A family of subsets I ⊂ P (X) is termed an ideal on X provided that it
meets the following conditions:
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Definition 2.1 ( [9]). Consider a nonempty set X. A family of subsets I ⊂ ℘(X) is termed an ideal on
X if it satisfies the following conditions:
(a) X1, X2 ∈ I imply X1 ∪X2 ∈ I,
(b) X1 ∈ I, X2 ⊂ X1 imply X2 ∈ I.

Further I is called to be admissible if for each x ∈ X, {x} ∈ I and it is said to be non-trivial if I ̸= ϕ
and X /∈ I.

Definition 2.2 ( [9]). A family F ⊂ 2X of subsets of a nonempty set X is deemed a filter in X if it
satisfies the following conditions:
(a) The empty set ϕ does not belong to F ,
(b) X1, X2 ∈ F imply X1 ∩X2 ∈ F ,
(c) X1 ∈ F , X1 ⊂ X2 imply X2 ∈ F .

If I is a proper non-trivial ideal in Y , then the family of sets F(I) = {A ⊂ Y : ∃ B ∈ I : A = Y \B}
constitutes a filter in Y . This filter is commonly referred to as the filter associated with the ideal I.

Throughout the paper we present I as a proper admissible ideal.
We now present our main definitions.

Definition 2.3 We call that a sequence ξ = (ξk) is Iq-statistically convergent of order α to γ, (0 < α ≤
1), if for each ε > 0 and τ > 0,

{m ∈ N :
1

mα
|{k ≤ m : q(ξk − γ) ≥ ϵ}| ≥ τ} ∈ I,

By Sα
q (I), we shall present the set consisting of all Iq-statistically convergent sequences of order α.

Remark 2.1 Suppose I = Ifin, then Iq- statistical convergence of order α reduces to statistical
convergence of order α with respect to seminorm q. For α = 1 and an arbitrary ideal I, it reduces
to Iq- statistical convergence. For θ = 1 and I = Ifin, it is mainly statistical convergence with
respect to seminorm q.

Example 2.1 Let us consider the sequence {σm}m∈N where σm = 1 for m = 1 to 10 and σm = m−10 for
all m ≥ 10, and consider I = Id ( the ideal of density zero sets of N ) and let D = {12, 22, 32, 42, 52, .....}.

Define ξ = {ξk}k∈N by

ξk =
{ k for m− [

√
σα
m] + 1 ≤ k ≤ m,m /∈ D

k for m− σm + 1 ≤ k ≤ m,m ∈ D
0 otherwise.

Then for every ϵ > 0 (0 < ϵ < 1) since

1

σα
m

|{k ∈ Jm : q(ξk − 0) ≥ ϵ}| = [
√
σα
m]

σα
m

→ 0

as m → ∞ and m /∈ D, where Jm = [m− σm + 1,m], so for every δ > 0,{
m ∈ N :

1

σα
m

|{k ∈ Jm : q(ξk − 0) ≥ ϵ}| ≥ τ

}
⊂ D ∪ {1, 2, ..., n1} . . . . . . (1)

for some n1 ∈ N. Suppose τ > 0 is considered. Take that lim
m

m− σm

mα
= 0, and so we can pick n2 ∈ N

such that m−σm

mα < τ
2 for all m ≥ n2. Note for the above ε > 0,

1

mα
|{k ≤ m : q(ξk − 0) ≥ ϵ}| = 1

mα
|{k ≤ m− σm : q(ξk − 0) ≥ ϵ}|+ 1

mα
|{k ∈ Jm : q(ξk − 0) ≥ ϵ}|

≤ m− σm

mα
+

1

mα
|{k ∈ Jm : q(ξk − 0) ≥ ϵ}|

≤ τ

2
+

1

σm
α
|{k ∈ Jm : q(ξk − 0) ≥ ϵ}|
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for all m ≥ n2. Further{
m ∈ N :

1

mα
| {k ≤ m : q(ξk − 0) ≥ ϵ} | ≥ δ

}
⊂

{
m ∈ N :

1

σm
α
|{k ∈ Jm : q(ξk − 0) ≥ ϵ}| ≥ τ

2

}
∪ {1, 2, 3, ...,m2} ⊂ D ∪ {1, 2, . . . , n}

from (1) where n = max{n1, n2}. It is easy to see that ξ = {ξk}k∈N is I- statistically convergent of order
α to 0 in seminormed space but ξ is not statistically convergent of order α to 0 in seminormed space.

Definition 2.4 Suppose (X, q) is a seminormed space with the seminorm q. Let θ be a lacunary sequence.
We call that the sequence ξ = {ξk} is Iq-lacunary statistically convergent of order α to γ or Sθ

q (Iα)-
convergent to γ, if for each ϵ > 0 and τ > 0,

{r ∈ N :
1

ϕα
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ}| ≥ τ} ∈ I.

By Sθ
q (Iα), we present the set consisting of all Iq- lacunary statistically convergent sequences of order

α.

Remark 2.2 For α = 1, the definition coincides with Iq-lacunary statistical convergence. Further
it must be noted in this context that lacunary statistical convergence of order α with respect to
seminorm q has not been studied till now. Obviously lacunary statistical convergence of order α
with respect to seminorm q is a special case of Iq-lacunary statistical convergence of order α with
respect to seminorm q, when we take I = Ifin. So properties of lacunary statistical convergence of or-
der α with respect to seminorm q can be easily obtained from our results with obvious modifications.

Theorem 2.1 Suppose (X, q) is a seminormed space with the seminorm q. Let 0 < α ≤ β ≤ 1. Then
Sq(Iα) ⊂ Sq(Iβ) and the inclusion is strict for at least those α, β for which there is a k ∈ N such that
α < 1

k < β and when I = Ifin.

Proof: Let 0 < α ≤ β ≤ 1. Then

|k ≤ m : q(ξk − ξ) ≥ ϵ}|
mβ

≤ |{k ≤ m : q(ξk − γ) ≥ ϵ}|
mα

and so for any δ > 0,

{m ∈ N :
|{k ≤ m : q(ξk − γ) ≥ ϵ}|

mβ
≥ τ} ⊂ {m ∈ N :

|{{k ≤ m : q(ξk − γ) ≥ ϵ}|
mα

≥ τ}.

It is obvious that Sq(Iα) ⊂ Sq(Iβ). To show that the inclusion is strict for α, β which is mentioned
above, let us define the sequence ξ = {ξk} as

xk = 1, if k = jn

xk = 0, if k ̸= jn, j ∈ N.

So Sq(I)β − lim ξk = 0, that is ξ ∈ Sq(Iβ) but ξ /∈ Sq(Iα) where I = Ifin.
2

Corollary 2.1 Being Iq- statistically convergent of order α to γ (for 0 < α ≤ 1) implies Iq- l statistical
convergence to γ that is Sq(Iα) ⊂ Sq(I).
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The proof of the next theorem is analogous.

Theorem 2.2 Let 0 < α ≤ β ≤ 1. Then
(i) S(θ,q)(Iα) ⊂ Sθ

(θ,q)(I
β).

(ii) Specifically Sθ
q (Iα) ⊂ Sθ

q (I)
the inclusion becomes strict if there exists a natural number k ∈ N such that α < 1

k < β and when I = Ifin.

The proofs of the following theorems follow from standard techniques and are thus omitted.

Theorem 2.3 Suppose (X, q) is a seminormed space with the seminorm q. Let α ∈ (0, 1] and θ = (vr)
be a lacunary sequence. Suppose that Sθ

q (Iα)− lim ξk = γ1, S
θ
q (Iα)− lim yk = γ2 and c ∈ R, then

i) Sθ
q (Iα)− lim cξk = cγ1,

ii) Sθ
q (Iα)− lim (ξk + yk) = γ1 + γ2,

Theorem 2.4 Suppose (X, q) is a seminormed space with the seminorm q. Let α ∈ (0, 1] and θ = (vr) be
a lacunary sequence. Then, the limit of any sequence that is Sθ

q (Iα)−convergent is uniquely determined.

Theorem 2.5 Suppose (X, q) is a seminormed space with the seminorm q. Let α ∈ (0, 1] and θ = (vr)
be a lacunary sequence. Let ξ = (ξk) , y = (yk) and z = (zk) be real sequences such that ξk ≤ yk ≤ zk. If
Sθ
q (Iα)− lim ξk = γ = Sθ

q (Iα)− lim zk then Sθ
q (Iα)− lim yk = γ.

Definition 2.5 Suppose (X, q) is a seminormed space with the seminorm q. Let θ = (vr) be a lacunary
sequence and let p be a positive real number. If for every ϵ > 0

{r ∈ N :
1

ϕα
r

∑
k∈Ir

q(ξk − γ)p ≥ ϵ} ∈ I,

we say that ξ = (ξn) is Nθ
q (Iα)p-convergent to γ

It is denoted by ξk → L(Nθ
q (Iα)p) and the class of such sequences will be denoted by simply Nθ

q (Iα)p.

Theorem 2.6 Let α and β be fixed real numbers such that 0 < α ≤ β ≤ 1, then Nθ
q (Iβ)p ⊆ Nθ

q (Iα)p
and the inclusion is strict.

The proof follows adapting the proof of the theorem 2.2.

Corollary 2.2 Let 0 < α ≤ 1 be a positive real number. Then Nθ
q (Iα)p ⊆ Nθ

q (I)p for each α ∈ (0, 1].

Theorem 2.7 Let θ = (vr) and ϑ = (sr) be two lacunary sequences such that Ir ⊂ Jr for all r ∈ N and
let α and β be positive real numbers such that 0 < α ≤ β ≤ 1,

(i) If

lim
r→∞

inf
ϕα
r

ℓβr
> 0 (8)

then Nϑ
q (Iβ)p ⊆ Nθ

q (Iα)p,

(ii) If

lim
n→∞

ℓr

ϕβ
r

= 1 (9)

and x ∈ l∞, then Nθ
q (Iα)p ⊆ Nϑ

q (Iβ)p.
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Proof: (i) Omitted.

(ii) Let ξ ∈ Nθ
q (Iα)p and suppose that (9) holds. Since ξ = (ξk) ∈ ℓ∞ then there exists some M > 0

such that q(ξk − γ) ≤ M for all k. Now, since Ir ⊆ Jr and ϕr ≤ ℓr, for all r ∈ N we may write

1

ℓβr

∑
k∈Jr

q(ξk − γ)p =
1

ℓβr

∑
k∈Jr−Ir

q(ξk − γ)p +
1

ℓβr

∑
k∈Ir

q(ξk − γ)p

≤
(
ℓr − ϕr

ℓβr

)
Mp +

1

ℓβr

∑
k∈Ir

q(ξk − γ)p

≤
(
ℓr − ϕβ

r

ϕβ
r

)
Mp +

1

ϕβ
r

∑
k∈Ir

q(ξk − γ)p

≤
(
ℓr

ϕβ
r

− 1

)
Mp +

1

ϕα
r

∑
k∈Ir

q(ξk − γ)p

for all r ∈ N. So we have{
r ∈ N :

1

ℓαr

∑
k∈Jr

q(ξk − γ)p ≥ τ

}
⊆

{
r ∈ N :

1

ϕβ
r

∑
k∈Ir

q(ξk − γ)p ≥ τ

}
∈ I.

Hence Nϑ
q (Iα)p ⊆ Nθ

q (Iβ)p. Which proves the result.
2

Corollary 2.3 Let θ = (vr) and ϑ = (sr) be two lacunary sequences such that Ir ⊂ Jr for all r ∈ N. If
(8) holds then,
(a) Nϑ

q (Iα)p ⊆ Nθ
q (Iα)p for each 0 < α ≤ 1,

(b) Nϑ
q (I)p ⊆ Nθ

q (Iα)p for each 0 < α ≤ 1,

(c) Nϑ
q (I)p ⊆ Nθ

q (I)p.
If (8) holds then, (a) l∞ ∩Nθ

q (Iα)p ⊆ Nϑ
q (Iα)p for each 0 < α ≤ 1,

(b) l∞ ∩Nθ
q (Iα)p ⊆ Nϑ

q (I)p for each 0 < α ≤ 1,

(c) l∞ ∩Nθ
q (I)p ⊆ Nϑ

q (I)p.

Theorem 2.8 Let θ = (vr) and ϑ = (sr) be two lacunary sequences such that Ir ⊂ Jr for all r ∈ N and
let α and β be positive real numbers such that 0 < α ≤ β ≤ 1, and 0 < p < ∞. Then

(i) Let (8) holds, if a sequence is Nϑ
q (Iβ)p−summable to γ, then it is Sθ

q (Iα)− statistically convergent
to γ,

(ii) Let (9) holds and ξ = (ξk) be a bounded sequence, if a sequence is Sθ
q (Iα)−statistically convergent

to γ then it is Nϑ
q (Iβ)p− summable to ξ.

Proof:
For any sequence ξ = (ξk), and ϵ > 0 we have∑

k∈Ir

q(ξk − ξ)p =
∑

k∈Ir,q(ξk−γ)≥ϵ

q(ξk − γ)p +
∑

k∈Ir,q(ξk−γ)<ϵ

q(ξk − γ)p

≥
∑

k∈Ir,q(ξk−γ)≥ϵ

q(ξk − γ)p ≥ |{k ∈ Ir : q(ξk − γ) ≥ ϵ}|εp

and so
1

ϕβ
r

∑
k∈Ir

q(ξk − γ)p ≥ 1

ϕβ
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ}|εp ≥ ϕα
r

ℓβr

1

ϕα
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ}|εp.

Using (8) we obtain that Sθ
q (Iα)− lim ξk = γ. whenever Nϑ

q (Iβ)p − lim ξk = γ,



6 Ekrem SAVAŞ

Which proves the result.

(ii) Suppose that Sθ
q (Iα) − lim ξk = γ and ξ = (ξk) ∈ ℓ∞. Then there exists some M > 0 such that

q(ξk − γ) ≤ M for all k, then for every ε > 0 we may write

1

ℓβr

∑
k∈Jr

q(ξk − γ)p =
1

ℓβr

∑
k∈Jr−Ir

q(ξk − γ)p +
1

ℓβ4

∑
k∈Ir

q(ξk − γ)p

≤
(
ℓr − ϕr

ℓβr

)
Mp +

1

ℓβr

∑
k∈Ir

q(ξk − γ)p

≤
(
ℓr − ϕβ

r

ℓβr

)
Mp +

1

ℓβr

∑
k∈In

q(ξk − γ)p

=

(
ℓr

ϕβ
r

− 1

)
Mp +

1

hβ
r

∑
k∈Ir

q(ξk−γ)≥ε

q(ξk − γ)p +
1

ϕβ
r

∑
k∈Ir

q(ξk−γ)<ε

q(ξk − γ)p

≤
(
ℓr

ϕβ
r

− 1

)
Mp +

Mp

ϕα
r

|{k ∈ In : q(ξk − γ) ≥ ε}|+ ℓr

ϕβ
r

εp

for all r ∈ N.
Using (9) we obtain that Nϑ

q (Iβ)p − lim ξk = γ, whenever Sθ
q (Iα)− lim ξk = γ. 2

Corollary 2.4 Let α and β be fixed real numbers such that 0 < α ≤ β ≤ 1 and 0 < p < ∞ and let
θ = (vr) and ϑ = (sr) be two lacunary sequences such that Ir ⊂ Jr for all r ∈ N.If (8) holds then,

(i) If a sequence is Nϑ
q (Iα)p−summable to γ, then it is Sθ

q (Iα)−statistically convergent to γ,

(ii) If a sequence is Nϑ
q (I)p−summable to γ, then it is Sθ

q (Iα)−statistically convergent to γ,

(iii) If a sequence is Nϑ
q (I)p−summable to γ, then it is Sθ

q (I)−statistically convergent to γ.
If (9) holds and let α ∈ (0, 1] then,

(i) If a bounded sequence x = (xk) is Sθ
q (Iα)−statistically convergent to γ then it is Nϑ

q (Iα)p−
summable to γ,

(ii) If a bounded sequence x = (xk) is Sθ
q (Iα)− statistically convergent to γ then it is Nϑ

q (I)p−
summable to γ,

(iii) If a sequence is Sθ
q (I)−statistically convergent to ξ then it is Nϑ

q (I)p−summable to γ.

Theorem 2.9 Suppose (X, q) is a seminormed space with the seminorm q and let a sequence ξ = (ξk)
where ξk ∈ X. If g is a continuous function on X then it preserves Iq-lacunary statistically convergent
of order α in X

Proof: For any sequence ξk, Iα
q- lacunary statistically convergent to γ. Since g is continuous then for

each ε1 > 0 the exists ε2 > 0 such that if ξ ∈ B(γ, ε1), then g(ξ) ∈ B(g(γ), ε2). Also we write

C(ε1, τ) = {r ∈ N :
1

ϕα
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ1}| < τ} ∈ F (I).

Now
{k ∈ Ir : q(ξk − γ) ≥ ϵ1} ⊇ {k ∈ Ir : q(ξk − γ) ≥ ϵ2},

so

1

ϕα
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ1}| ≥
1

ϕα
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ2}|,

for τ > 0
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{r ∈ N :
1

ϕα
r

|{k ∈ Ir : q(ξk − γ) ≥ ϵ1}| < τ} ⊇ {r ∈ N :
1

ϕα
r

|{k ∈ Ir : q(g(ξk)− g(γ)) ≥ ϵ2}| < τ} ∈ F (I).

Since C(ε1, τ) ∈ F (I). 2
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