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On Ideal Lacunary Statistical Convergence of Order « in Seminormed Space

Ekrem SAVAS

ABSTRACT: In this paper, the concept of ideal lacunary statistical convergence of order a, where 0 < a < 1
with respect to seminorm ¢ has been introduced by following very important results of [4,5] and several results
associated with this set has also been proven.
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1. Introduction

Fast [5] and Schoenberg[29] introduced the concept of statistical convergence and related it with
summability methods. it was further investigated and studies by Friday [7], Salat [13] and many others
in sequence spaces, where the idea was to generalize the usual notion of convergence

Definition 1.1 We say that a sequence & = (&) statistically converges to ~y, when, for every positive
number € > 0,

lim Lk < m g =] 2 €} = 0.

On a related note, Z-convergence, which serves as a broader framework for statistical convergence,
was initially proposed by Kostyrko et al. in their work [9]. This concept is rooted in the notion of an
ideal 7 associated with a subset of the natural numbers. Kostyrko et al. delved into the concept of 7
-convergence. After this work, several researchers have helped to enhance the work on ideal convergence
in different directions( see, [4,11,12,16,17,18,19,23,24,26,30]) and others. It should be note that the
statistical convergence of order a was defined in [1,2].

A lacunary sequence is an increasing integer sequence 6 = {v; },enufoy such that vg = 0 and ¢, =
Up — Up_1 — 00, as 1 — 00. We define the intervals I,. = (v._1,v,],(see, [6]).

In [8], lacunary statistically convergent was defined as: If for any € > 0,

1
im — CEp = > el =
Jim k€ L lg =l = € =0,

we say that the sequence {{;} is lacunary statistically convergent to v ( or, Sp-convergent to v ). For the
detail on this convergence, the reader may consult the papers [10,14,20,21,22,25,27,28].

In what follows, the sequence & = {&} will denote a sequence of real numbers.

2. Main Results

Consider a nonempty set X. A family of subsets Z C P(X) is termed an ideal on X provided that it
meets the following conditions:
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Definition 2.1 (/9]). Consider a nonempty set X. A family of subsets T C p(X) is termed an ideal on
X if it satisfies the following conditions:

(a) X1,Xo €T imply X1 UXs €T,

(b) X1e€l, X, C Xy imply X, eT.

Further 7 is called to be admissible if for each € X, {z} € Z and it is said to be non-trivial if Z # ¢
and X ¢ 7.

Definition 2.2 (/9]). A family F C 2% of subsets of a nonempty set X is deemed a filter in X if it
satisfies the following conditions:

(a) The empty set ¢ does not belong to F,

(b) X1, Xe € F imply X1 N Xy € F,

(C) X, e F, X1 C Xy z'mply Xo € F.

If 7 is a proper non-trivial ideal in Y, then the family of sets F(Z) ={ACY: 3 Be€Z: A=Y \B}
constitutes a filter in Y. This filter is commonly referred to as the filter associated with the ideal Z.

Throughout the paper we present Z as a proper admissible ideal.

We now present our main definitions.

Definition 2.3 We call that a sequence & = (&) is I,-statistically convergent of order a to 7y, (0 < a <
1), if for each € >0 and 7 > 0,

fmeN: —|{k<m:q(6n—) 2l 2T} €T,

By Sg(Z), we shall present the set consisting of all Z,-statistically convergent sequences of order a.

Remark 2.1 Suppose Z = Zy;y,, then Z,- statistical convergence of order a reduces to statistical
convergence of order o with respect to seminorm ¢g. For a = 1 and an arbitrary ideal Z, it reduces
to Z,- statistical convergence. For § = 1 and 7 = Zy;,, it is mainly statistical convergence with
respect to seminorm q.

Example 2.1 Let us consider the sequence {oy, }men where o,,, = 1 for m = 1 to 10 and o, = m—10 for
all m > 10, and consider Z = Z; ( the ideal of density zero sets of N ) and let D = {12,22 3% 42 52 ....}.
Define £ = {&x }ren by
ko form—[\/o3]+1<k<m,m¢D
fk:{k form—on,+1<k<m,meéeD
0 otherwise.

Then for every e >0 (0 < e < 1) since

L g a6 02 0= M8 g

as m — oo and m ¢ D, where J,,, = [m — o, + 1,m], so for every § > 0,

1
{mEN: U—a|{k € Jm 1 q(& —0) > €} 27’} cDuU{l,2,..,n1}...... (1)
for some n; € N. Suppose 7 > 0 is considered. Take that lim 2 —9m 0, and so we can pick no € N
m m
such that =—Zm= < Z for all m > ny. Note for the above ¢ > 0,
1 1 1
e lksm:q€ —0) 2 eff = ——[{k<m—om:q( —0) 2 e}| + —= [{k € Jm : q(& = 0) 2 €}

m— Oom 1
— + — |{k m —0) >
I (k€ T (66— 0) > €}

IA

+ k€ s (& —0) > €}

-
- 2 om®
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for all m > ngy. Further
1
{mEN:ma|{k<m:q(fk—0)>e}|>5}
1
C {mGN:MHkGJm:q(ka) > €} > ;}U{1,2,3,...,m2} c DuU{L,2,...,n}

from (1) where n = max{ni,na}. It is easy to see that & = {&x }ren is Z- statistically convergent of order
« to 0 in seminormed space but £ is not statistically convergent of order a to 0 in seminormed space.

Definition 2.4 Suppose (X, q) is a seminormed space with the seminorm q. Let 6 be a lacunary sequence.
We call that the sequence & = {&k} is Iy-lacunary statistically convergent of order o to «y or Sg(I")-
convergent to v, if for each € >0 and 7 > 0,

1
o

By Sg (Z%), we present the set consisting of all Zy- lacunary statistically convergent sequences of order

{reN: —|{kel,:q&—v) =€t =7} €T

Q.

Remark 2.2 For a = 1, the definition coincides with Z,-lacunary statistical convergence. Further
it must be noted in this context that lacunary statistical convergence of order a with respect to
seminorm ¢ has not been studied till now. Obviously lacunary statistical convergence of order «
with respect to seminorm ¢ is a special case of Z,-lacunary statistical convergence of order o with
respect to seminorm ¢, when we take I = Iy;,. So properties of lacunary statistical convergence of or-
der o with respect to seminorm ¢ can be easily obtained from our results with obvious modifications.

Theorem 2.1 Suppose (X,q) is a seminormed space with the seminorm q. Let 0 < o < 8 < 1. Then
S,(Z%) C S4(ZP) and the inclusion is strict for at least those «, 3 for which there is a k € N such that
a < % < B and when I = I,

Proof: Let 0 < a < 3 < 1. Then

[k<m:q( =& >ef| _ [{k<m:q(& —7) > ¢
mp - me

and so for any § > 0,

{k <m:q(é —7) > €}
mﬁ

H{{k <m:q(§k —7) > €}

ma

{meN:

>7}Cc{meN:

> T}
It is obvious that S,(Z%) C S,(Z”). To show that the inclusion is strict for a, 8 which is mentioned
above, let us define the sequence & = {£;} as
xr = Lif k=j4"
zp = 0,if k #£ 57,5 € N.
So S,(Z)P —lim &, = 0, that is € € S,(Z”) but £ ¢ S,(Z) where T = Ty;,,.

d

Corollary 2.1 Being Z,- statistically convergent of order o to v (for 0 < oo < 1) implies Z,- [ statistical
convergence to 7y that is Sq(Z%) C S4(Z).
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The proof of the next theorem is analogous.

Theorem 2.2 Let 0 < a < < 1. Then

(Z) 8(97(1)(1&) C S?Q,q) (IB)

(ii) Specifically S§(Z*) C S§(T)
the inclusion becomes strict if there exists a natural number k € N such that o < % < B and whenZ = Lg;y,.

The proofs of the following theorems follow from standard techniques and are thus omitted.

Theorem 2.3 Suppose (X, q) is a seminormed space with the seminorm q. Let o € (0,1] and 6 = (v,.)
be a lacunary sequence. Suppose that Sg(IO‘) —lim&, =7, Sg(l'a) —limyg =2 and ¢ € R, then

i) Sg(IO‘) — lim c&;, = e,
i) SY(Z*) —lim (& + yk) = 71 + 2,

Theorem 2.4 Suppose (X, q) is a seminormed space with the seminorm q. Let o € (0,1] and 6 = (v,) be
a lacunary sequence. Then, the limit of any sequence that is Sg (Z%)—convergent is uniquely determined.

Theorem 2.5 Suppose (X,q) is a seminormed space with the seminorm q. Let a € (0,1] and 8 = (v,)
be a lacunary sequence. Let & = (&), y = (yx) and z = (zx) be real sequences such that & < yp < zx. If
SZ(ID‘) —lim¢&, == Sg(Io‘) — lim zy, then Sg(Io‘) — limyg = 7.

Definition 2.5 Suppose (X, q) is a seminormed space with the seminorm q. Let 6 = (v,.) be a lacunary
sequence and let p be a positive real number. If for every e > 0

1
{reN: — > & -1 =€ el
T kel

we say that &€ = (&) is Ng(IO‘)p—convergent to ~y
It is denoted by & — L(N(Z*),) and the class of such sequences will be denoted by simply N¢(Z%),.

Theorem 2.6 Let o and [ be fized real numbers such that 0 < a < < 1, then Ng(IB)p - Ng(l"l)p
and the inclusion is strict.

The proof follows adapting the proof of the theorem 2.2.
Corollary 2.2 Let 0 < a <1 be a positive real number. Then Ng(Io‘)p C Ng(I)p for each o € (0,1].

Theorem 2.7 Let 0 = (v.) and 9 = (s,) be two lacunary sequences such that I, C J,. for allr € N and
let o and B be positive real numbers such that 0 < a < < 1,

(4) If
Y 2o
71520 inf E >0 (8)
then N2 (IP), C N{(I%),,
(i) If
HILH;O E =1 9)

and x € lo, then Nq‘)(Io‘)p C N(?(Iﬁ)p.
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Proof: (i) Omitted.

(i1) Let £ € NZ(Z*), and suppose that (9) holds. Since { = (£k) € £oo then there exists some M > 0
such that q(§x —v) < M for all k. Now, since I,. C J, and ¢, < £,., for all » € N we may write

6’8 Z fk_ :

I
|
M

a(€x — 1) + éiﬁ S q(ge — )

T ked, T ked.—1I, T kel,
§ <£r _B¢T)Mp+ Z gk_
b 7’ kel
ér - QSB
< ( 3 T)MHZ (& —
qj)’“ ’" kel
L, 1
< |51 Mp+*aZQ(§k*’Y)p
(b’“ T kel,

for all » € N. So we have

{TGNiéth(ﬁk'y)”ZT}g{reN:(;ﬂZ q(& — )P>T}ez,

T kel T kel,

Hence Nf (Z*), C qu (Z”),. Which proves the result.
O

Corollary 2.3 Let 6 = (v,) and ¥ = (s,) be two lacunary sequences such that I, C J, for all r € N. If
(8) holds then,
(a) N(?(I"‘)p C qu(l'a)p for each0 < a <1,

(b) NY(I), € NN(Z*), for each 0 < a <1,

() N(T), € NY(T),.

If (8) holds then, (a) loo N NQ(I‘”‘) C Nﬁ(Ia) for each 0 < a <1,

(b) ls N NY(Z*), € N2(Z), for each 0 < a <1,
(0) 1o N NU(T), € N (D).

Theorem 2.8 Let 6 = (v,) and ¥ = (s,) be two lacunary sequences such that I, C J, for all v € N and
let o and B be positive real numbers such that 0 < a < <1, and 0 < p < co. Then
(i) Let (8) holds, if a sequence is N? (Z7),—summable to ~y, then it is S8(Z*)— statistically convergent

to 7,
(1) Let (9) holds and & = (&) be a bounded sequence, if a sequence is Sg (Z%)—statistically convergent

to y then it is N(f(IB)pf summable to €.

Proof:
For any sequence £ = (&), and € > 0 we have

G -o"= D a&G-P+ D a& =)

keI, kel,,q(§x—v)>e kel,,q(r—)<e

> Yoo a@ -kl gl& —7) = e}

kel ,q(Ex—v)>e

a

7 oo \{k €l : q(& —7) > e}l

and 5o qjﬁzq@k )p>¢—|{kef a6 =) = Her 2 55

" kel,

Using (8) we obtain that Sg(l'a) —lim ¢, = . whenever N(f(Iﬁ)p —lim¢&, =7,
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Which proves the result.

(#4) Suppose that Sq‘g(Ia) —limé&, = v and £ = (&) € ¢o. Then there exists some M > 0 such that
q(&k — ) < M for all k, then for every € > 0 we may write

S a6 = 5 X a6t

T keld, T ked.—1I, 4 kel,
_¢7‘)
< ( PO S (e -
- B B
tr b kel,
b, — ¢P 1
< () 5 Y ey
tr KT kel,
tr P L p p
= (F-1)M+— > a@-+—5 D, a&-n)
or hi keI, or kel
q(€x—v)>e q(Ex—7)<e

L, MP £,
< <¢>§_1) MP + pr |{k€In:q(§k—7)2fs}\+¢—ﬁ€p

T

for all r € N.
Using (9) we obtain that N(f(IB)p —lim &, = -, whenever Sg(Ia) —lim¢&, = 1. O

Corollary 2.4 Let o and 3 be fized real numbers such that 0 < a < <1 and 0 < p < oo and let
0 = (vy) and 9 = (s;) be two lacunary sequences such that I, C J,. for all r € N.If (8) holds then,

(¢) If a sequence is N,f(Ia)p—summable to vy, then it is Sg(Ia)—statistically convergent to v,

(i1) If a sequence is N (I),—summable to -y, then it is Sg (Z%)—statistically convergent to ~,

)
(741) If a sequence is N[f (Z)p—summable to v, then it is Sg (T)—statistically convergent to .
If (9) holds and let « € (0,1] then,

(

i) If a bounded sequence x = (xy) is SZ(I“)—statistically convergent to vy then it is Ntf(l'a)p—
summable to v,

(#) If a bounded sequence x = (x) is Sg(IO‘)— statistically convergent to vy then it is le(I)p—
summable to v,

(741) If a sequence is Sg (T)—statistically convergent to & then it is N(? (Z)p—summable to .

Theorem 2.9 Suppose (X, q) is a seminormed space with the seminorm q and let a sequence & = (&)
where &, € X. If g is a continuous function on X then it preserves I,-lacunary statistically convergent
of order a in X

Proof: For any sequence §, Z%,- lacunary statistically convergent to . Since g is continuous then for
each g1 > 0 the exists €5 > 0 such that if £ € B(v,e1), then g(§) € B(g(7),e2). Also we write

C(e1,7)={reN: ¢ia|{k €l :qé—7v) >l <1}eFQ).
Now
kel qé—v)2ea} 2{k el : gl —7) = e},
SO
ke L a6 =) > @)l > Sk el =) = e}l

form>0
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{reN: ;{J{k €l qlt—7) >l <} 2 {reN; guk €11 q(g(&) — 9(7)) > e2}| < 7} € F(T).
Since C(ey,T) € F(I). O
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