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On Ricci Pseudo-Symmetric Mixed Quasi-Einstein Hermitian Manifold
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ABSTRACT: In this paper, we investigate pseudo-symmetric mixed quasi-Einstein Hermitian (MQEH) man-
ifolds under Bochner, holomorphically projective, and combined curvature structures. It is shown that a
Bochner Ricci pseudo-symmetric MQEH manifold either reduces to an Einstein Hermitian manifold or sat-
isfies a specific relation involving the Bochner tensor and the associated 1-forms. The co-directionality of
the vector fields p and o is characterized through the vanishing of the mixed components of the curvature
tensors. For holomorphically projective and flat cases, corresponding classification results are obtained. A
unified curvature condition is also introduced.
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1. Introduction

An even dimensional differentiable manifold M™ is said to be a Hermitian manifold [17] if a complex
structure J of type (1,1) and a pseudo-Riemannian metric g of the manifold satisfy

J*=-1I (1.1)

and
g(TY1,TY3) = g(T1,Ta), (1.2)

for all Ty, To € M™. An n-dimensional Riemannian manifold M is named an Einstein manifold [1] if the
Ricci tensor Ric(# 0) of type (0, 2) satisfies Ric = %‘ll g, where scal represents the scalar curvature. Since
Einstein manifolds have important differential geometric properties and significant physical applications,
they are studied by geometers in a broad perspective. Also, Finstein manifolds play a key role in
Riemannian geometry, general theory of relativity, and mathematical physics.
An n-dimensional Riemannian manifold M is said to be a quasi-Einstein (QE) manifold [10,11] if its
Ric(+# 0) satisfies
Ric(Y1,T2) = ag(Y1, Ta) + bA(Y1)A(T2), (1.3)

where a, b(# 0) € R and A(# 0) is 1-form such that

9(T1,p) = A(T1),  g(p.p) = Alp) = 1, (1.4)
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for all T; € M™ and a unit vector field p named the generator of QE manifolds. Also, the 1-form A is
called the associated 1-form. From (1.3) it is clear that for b = 0, QE manifolds reduces to an Einstein
manifold.

Now contracting of (1.3) over T; and Y5 gives

scal = an + b. (1.5)
From (1.2), (1.3) and (1.4), we have
Ric(Yy,p) = (a+b)A(Y1), Ric(p,p) = (a+Db),
9(Ip,p) =0, Ric(Tp,p) =0.

Some generalizations of Einstein manifolds have been defined and studied. One of them is generalized
quasi-Einstein manifold is studied by Chaki [13]. An n-dimensional Riemannian manifold M is said to
be a generalized quasi-Einstein (GQE) manifold [12,13,14] if its Ric(# 0) satisfies

(1.6)

R’L'C(Tl, Tg) = ag(Tl, Tg) + bA(Tl)A(TQ) + CC(Tl)C(Tg), (17)
where a, b(# 0), ¢(# 0) € R and A(# 0), C(# 0) are 1-forms such that
9(T1,p) = A(T1), 9(T1,0) = C(T1), g(p,p) = g(o,0) = 1, (1.8)

for all Ty, To € M™, where p and o are unit vector field generators of the GQE manifold.
Taking the contraction of (1.7) over the indices Y7 and Yo yields

scal = an + b+ c. (1.9)

From (1.2), (1.7) and (1.8) we have
Ric(T1,p) = (a+b)A(Ty), Ric(T1,0) = (a+¢)C(Y1), Ric(o,0) =a+c,
Ric(p,p) =a+0b, g(Tp,p) =9g(Jo,0) =0, Ric(Tp,p) = Ric(Jo,0) = 0.

An n-dimensional Riemannian manifold M is said to be a nearly quasi-Einstein (NQE) manifold [20] if
its Ric(# 0) satisfies

(1.10)

RiC(T],TQ) = ag(Tl,Tg) +bE(T1,T2>, (111)
where a, b(# 0) € R and E(# 0) is symmetric tensor of type (0,2). There are many author works on this
manifold like [5,16].

In 2011, Singh, Pandey, and Gautam [16] introduced a new class of NQE manifolds by specifying the
tensor F in the following form

E(T1,T3) = A(T1)C(T3) + A(T2)C(T). (1.12)
Now, from (1.11) and (1.12), we have
Ric(T1,Ta) = ag(T1, Ta) + [A(T1)C(Ts) + A(Y2)C(T1)], (1.13)
where a, b( 0) € R and A(#£ 0), C(# 0) are 1-forms such that
9(T1,p) = A(T1), 9(T1,0) = C(T1), g(p,p) = g(o,0) = 1. (1.14)

Contracting (1.13) over T; and Yo yields
scal = na.

From (1.2), (1.13) and (1.14), we have
Ric(Y1,p) = aA(T1) +bC(Y1), Ric(YT1,0) =aC(T1)+ bA(T1),
Ric(o,0) = Ric(p,p) = a, g(Tp,p) = 9(Jo,0) =0, (1.15)
Ric(Jp,p) = Ric(Jo,0) =0.

In 2010, Nagaraja introduced and investigated the concept of a Mixed Quasi-Einstein (MQE) manifold

[6], along with several of its geometric properties.
Thus we can state the following proposition:
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Proposition 1.1 An n-dimensional MQE manifold is a special type of NQE manifold.

The notion of Ricci pseudosymmetric manifold was introduced by Deszcz [15]. A geometrical interpreta-
tion of Ricci pseudosymmetric manifolds in the Riemannian case is given in [4]. A Riemannian manifold
M is said to be Ricci pseudo-symmetric if the tensor K.Ric and the Tachibana tensor Q(g, Ric) are
linearly dependent, where

(K(Th TQ)RZC)(TC}, T4) = —RZC(K(TL TQ)T3, T4) - RZC(T37 K(Tl, TQ)T4)7 (116)
Q(g, RiC)(Tg;, T4; Tl, TQ) = R’LC((Tl /\g TQ)Tg, T4) - R’iC(Tg, (Tl /\g TQ)T4) (117)

and
(T1 Ag T2)Ts = g(Ta, T3) L1 — g(T1, T3) Yo, (1.18)

for all T1, Yo, T3, T4 € M™ and K denotes the curvature tensor. Then M is Ricci pseudo-symmetric if
and only if
(K(Y1,Y2).Ric)(Ts3,Y4) = LQ(g, Ric)(T3, T4; L1, To), (1.19)

holds on P, where P = {v € M : Ric # %’”g at z} and L is a certain function on P. Then by using
(1.16)-(1.19), we can write M is Ricci pseudo-symmetric if and only if the equation

RiC(K(Tl, TQ)Tg, T4) -+ RiC(Tg, K(Tl, TQ)T4) = LS[Q(TQ, T3)RiC(T1, T4)

1.20
—g(Tl,T3)RiC(T27T4) +g(T2,T4)RiC(T3,T1) —g(T17T4)RiC(T2,T3)7 ( )

holds.

In 2012, De [21] studied some geometric and global properties of MQE manifolds. Also, the existence
of a MQE manifold has been proved by two non-trivial examples. In 2017, Mallick, Yildiz and De [19]
studied some geometric properties of MQE manifolds and also discussed the MQE spacetime with the
space-matter tensor and some properties related to it. In 2018, Suh, Majhi and De [22] proved that
every Z Ricci pseudosymmetric MQE spacetime is a Z Ricci semisymmetric spacetime. After that,
they studied Z flat spacetimes. Zhiming, Huazhen and Weijun [7] continue the study of MQE manifolds
that satisfy certain geometric properties such as Ricci semisymmetric, concircular Ricci pseudosymmetric
and W; Ricci pseudosymmetric. In 2020, Chaturvedi and Gupta [2] studied on Bochner Ricci pseudo-
symmetric Hermitian manifold. In 2020 and 2021, Chaturvedi and Gupta [3] continue the study on
Bochner Ricci pseudo-symmetric super quasi-Einstein Hermitian manifold and on Ricci pseudo-symmetric
mixed generalized quasi-Einstein Hermitian manifold. In 2025, Vasiulla and Ali [9] studied extending
the geometric analysis to Ricci semi-symmetric mixed quasi-Einstein Hermitian (MQEH) manifolds.
Motivated by the above study, the authors continue their investigation of Ricci pseudo-symmetric mixed
quasi-Einstein Hermitian (MQEH) manifolds.

2. Bochner Ricci Pseudo-Symmetric MQEH Manifold

The notion of a Bochner curvature tensor B has been introduced by S. Bochner [18] and is defined
by

B(T17 T27 T3a T4) - ?(Tla T27 TSa T4) - [RiC(Tla T4)g(T23 T3)

1
2(n+2)
— Ric(Y1,Y3)g(T2, Ta) + g(T1, Ta)Ric(T2, T3)

— g(T1,T3)Ric(Ta, Ta) + Ric(T Y1, T4)g(T T2, Ts)

— Rie(T Y1, Y3)g(T T, Ya) + Ric(T o, T)g(T L1, Ta)

(T, Yo Ric(T Y, Ta) — 2Ric(T Y1, ¥2)g(T s, o) (2.1)
scal

(2n+2)(2n+4)

[9(T2,T3)g(T1,Ta) — g(T1, T3)g(Y2, Ys)

+9(T Y2, T3)g(T Y1, Ta) = g(T Y1, T3)g(T Y2, Ta)

—29(JY1,Y2)g(T Y3, Ya)],

— 2g(jT1, Tz)RiC(jTg, T4)] —+
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where scal is the scalar curvature of the manifold and K is the curvature tensor of type (0,4).
In a Hermitian manifold, this tensor satisfies

B(T1, Y2, 3, Ty) = —=B(Y1,Tg, Ty, T3). (2.2)
Now, we introduce the following.

Definition 2.1 A Hermitian manifold is said to be a MQEH manifold if it satisfies (1.13).

Definition 2.2 An even dimensional Hermitian manifold M™ is said to be a Bochner Ricci pseudo-
symmetric MQEH manifold if and only if the tensors B.Ric and Q(g, Ric) are linearly dependent, i.e.,

Ric(B(Y1,Y2)Y3,Ty) + Ric(Ys3, B(Y1,Y2)Y4) = LsQ(g, Ric)(Ts, T4; Y1, a) (2.3)
holds on P, where P ={v € M : Ric # %‘”g at v} and Ly is a certain function on P.
If we take a Bochner Ricci pseudo-symmetric MQEH manifold, then from (1.13) and (2.3), we get
Ric(B(T1,Y2)Y3,Ty) + Ric(YTs, B(Y1,Y2)Yy) = Ls[g(Ta, T3)Ric(T1,Ts)
— g(Y1,T3)Ric(T2,Ty) + g(To, T4)Ric(Y3,T1) — g(T1, Ta)Ric(To, T3)]. (2.4)
Using (1.13) in (2.4), we have
alg(B(Y1,T2)Y3,Ty) + g( 3, B(Y1,T2)Ty)]

b[A(B(T1,Y2)Y3)C(Ty) + A(T4)C(B(Y1,T2)T5)

A(B(T1,Y2)Y4)C(T3) + A(T3)C(B(Y1,T2)Tys)]
Lo (b 9(T2, T3)[A(T)C(Xa) + A(T2)C(T) (2:5)

— g(T1, To)[A(T2)C(T) + A(T4)C(T2)]

+ g(T2, TOIAT)C(Ts) + A(T5)C(T1)]

— 9T, TIA(T2)C(Ts) + A(T5)C(T2)] ).

+ +

1

From (2.2) and (2.5), we get

b[A(B(T1,T2)Y3)C(Ts) + A(T4)C(B(T1,T2)Ts5)
+  A(B(T1,Y2)T4)C(Y3) + A(T3)C(B(T1, T2)Ya)]
= Ly (b{ 902, Ta)[A(T)C(T) + A(T)C(T1)]
— g(T1, T3)[A(T2)C(Ta) + A(T4)C(T)] (2.6)
+ (Y2, Ta)[A(T1)C(Ts) + A(T5)C(T1)
— 911, TA(T2)C(Ts) + A(T5)C(T2)] ).

Putting T35 = T4 = p in (2.6) and using (1.14), we have

b(B(T1,T2,p,0) = Ly[A(T2)C(T1) = A(T1)C(T2)]) =0, (2.7)

which implies that either b = 0 or (B(Tl, Yo, p,0) — LA(Y2)C(Yy) — A(Tl)C(Tg)]) =0.
If b =0, then from (1.13), we found that the manifold reduces to an Einstein manifold.
Thus, we can state the following theorem.

Theorem 2.3 A Bochner Ricci pseudosymmetric MQEH manifold is either a Bochner Ricci pseudosym-
metric Einstein Hermitian manifold or B(T1, Yo, p,0) = Ls[A(T2)C(T1) — A(Y1)C(Y2)] holds.
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Again, if b # 0 then from (2.7), we get
B(Y1,Y2,p,0) = L[A(T2)C (Y1) — A(T1)C(T2)] = 0. (2.8)
Let us consider that B(Y1, T3, p, o) vanishes and then from (2.8), we have
A(T2)C(T1) = A(T1)C(Ty).
Thus, we can state the following conclusion.

Theorem 2.4 In a Bochner Ricci pseudo symmetric MQEH manifold if b # 0 then B(Y1,Ya,p,0) =0
if and only if the 1-forms A and C are co-directional.

3. Bochner Flat Ricci Pseudo Symmetric MQEH Manifold

If the Bochner curvature tensor is flat, then
B(T1,T5,T3,T4) =0. (3.1)

Using (3.1) in (2.1), we have

K(Y1,T2,T5,Ty) = Ric(Y1,Y4)g(Y2,T3)

1
2(n+2)
— Ric(Y1,Y3)g(YTa, Ta) + g(T1, Tsa)Ric(YTo, T3)
—g(YT1,T3)Ric(Yo,Ty) + Ric(TY1,Y4)g(T L2, Ts3)

— Rie(T Y1, Y3)g(T T, Ta) + Ric(T L2, T3)g(T L1, Ta)

—g(TIY1,T3)Ric(T Yo, Yy) — 2Ric(T Y1, T2)g(T Y3, Ty)
scal

(2n+2)(2n +4)

[Q(Tz’ T3)g(T1,Tsa) — g(Y1,L3)g( Y2, La)

+9(T Y2, T3)9(T Y1, Ta) —g(T Y1, Y3)9(T L2, Ta)

= 29(J 01, T2)g(T Xa, )

— 2g(JT17 TQ)RiC(jTg, T4)] —

Using (2.4) in (3.2), we have

1 ‘ .
o [ch(er, Y1)g(To, Ts) — (Y1, T3)Ric(QT2, Ta)

RiC(QJT17 T4)Q(JT27 TS) - g(JT17 Td)RZC(]QTQ, T4)
g(TQ, T4)RiC(QT1, Tg) — g(Tl, T4)RiC(QT2, Tg)
Ric(QT Y1, Y5)g(T Yo, Ta) — g(T Y1, Ta)Ric(TQY2, T3)
— 2g(jT1, TQ)RZC(jQTg, T4) — 2g(jT1, TQ)RZC(jQT4, Tg)]
l
- 2+ ;?271 (902 Ya) Rie(T1, ) = g(X1, Ya) Rie(T, Xa)
+ 9(JIT2, T3)Ric(T Y1, Ta) — g(T Y1, T3)Ric(T T2, Ta)

+ +

g(Tg, T4)RiC(T1, Tg) — g(Tl, T4)R7;C(T2, T3)
9(T Y2, Ya)Rie(J X1, T) = (I T1, Ta) Ric(JT Y2, Ts)|

LS[Q(Th Tg)RiC(Th T4) - g(Tl, TQ)RiC(T17 T4) (33)
g(Tl, T4)RiC(T2, Tl) — g(Tl, T4)RiC(T1, TQ)]

_|_
+

+
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Let X\ be an eigenvalue of () and J @ corresponding to the eigenvectors T; and J Y1, then QY1 = A1,
and QJ Y1 = AJ Yy, ie., Ric(Y1,T3) = Ag(T1,T3) (where the manifold is not Einstein), and therefore

RiC(QTl, Tg) = )\Ric(Tl, T3), RZC(QJTl, Tg) = ARZC(jTl, Tg) (34)
From (3.3) and (3.4), we get

( A B scal
n+4 (2n+2)(2n+4)
— g(T1,T3)Ric(Ya,Ts) + g(To, Y4)Ric(Y1,T3)
— g(T1, Ty Ric(Yo,T3) + g(T Y2, T3)Ric(T Y1, y) (3.5)
— g(IY1,Y3)Ric(T Y2, Ta) + g(T Y2, Ty)Ric(T Y1, T3)

g(TY1,Yy)Ric(T Y2, T3)]
Lg[g(Y1,Yo)Ric(Y1,Yy) — g(Y1, To)Ric(T1,Yy)
9(T1, T4)Ric(Ta, T1) — g(T1, Ty)Ric(Y1, Ta)l.

) [Q(TQ, T3)RiC(T1, T4

+
Putting T4y = T3 = p in (3.5), we have
A scal .
(Qn T4 (2n+2)(2n+ 4))[R’C(T1’ P)9(T2,p)
— 9(Y1,p)Ric(Y2, p) + Ric(T Y1, p)9(T Y2, p)
—  Ric(J Y2, p)g(T Y1, p)] (3.6)
= Ls[g(TQaP)RZC(ThP) _Q(ThP)RZC(T%p)],

which in view of (1.14) and (1.15) the relation (3.6) reduces to

(271);— 4 (2n + ;sgn +4) - LS) (C(T)AX) = C(2)AT0)]
- (2n/:- 4 (2n+ ;?2[71 + 4)>[A(3T1)C(7T2) —A(JT)C(TT)]. (37)

If we take A = 2L and b # 0, then from (1.14) and (3.7), we obtain

2n+2
9(Y2,p)g(Y1,0) = g(YT1,p)g9(Y2,0).

This shows that the vector fields p and o corresponding to the 1-forms A and C respectively are co-
directional.
Thus, we can state the following theorem.

Theorem 3.1 In a Bochner flat Ricci pseudo-symmetric MQEH manifold, if 2575_‘:_12 is an eigenvalue of

the Ricci operator Q and J@Q and b # 0, then the vector fields p and o corresponding to the 1-forms A
and C, respectively, are co-directional.

4. Holomorphically Projective Ricci Pseudo-Symmetric MQEH Manifold

The holomorphically projective curvature tensor P is given by [8]

P(Tla TQ; T37 T4) - K(Tlv T27 T37 T4) - m [RZC(TQa T3)9(T17 T4)

— Ric(T1,Y3)9(Y2, Ta) + Ric(TY1,T3)g(T Y2, Ta) (4.1)
— Ric(J Y2, T3)g(T Y1, Ty)l.

In a Hermitian manifold, this tensor satisfies
P(Th T27 T37 T4) = _P(T27 T17 T37 T4)7 P(JTL jT27 T37 T4) = P(Tlu T27 T37 T4)

Now we introduce the following.
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Definition 4.1 An even dimensional Hermitian manifold M™ is said to be a holomorphically projective
Ricci pseudo-symmetric MQEH manifold if the holomorphically projective curvature tensor of the manifold
satisfies P.Ric =0, i.e.,

(P(Y1,Y2).Ric)(Y3,Ty) = LQ(g, Ric)( Y3, Tg; Ty, Ts), (4.2)
fOT’ all Tl, Tz, Tg, Ty €M™

Let us consider a holomorphically projective Ricci pseudo-symmetric MQEH manifold, then from (1.13)
and (4.2), we have

alg(P(Y1,Y2)Ys3,Ta) + g(Ls, P(L1, T2)Ty)]

bA(P(T1,T2)Y3)C(Ts) + A(Y4)C(P(Y1,T2)T3)

A(YT3)C(P(T1,T2)Yy) + C(T3)A(P(Y1,Y2)Yy)] (4.3)
= L[g(Ya, T3)Ric(Y1,Ts) — g(T1, T3)Ric(Ya, Ty)

+ g(Ta,Ty)Ric(Y3,T1) — g(Y1, T4)Ric(Ya, T3)].

+
_|_

Putting T35 = T4 = p in (4.3), we get

aP(Th T27 P p) + bP(le T27 P U) =bLs [9(T27 P)RZC(TM P) - g(TD P)RZC(T% p)

44
+9(Ta,p)Ric(Ts,p) ~ (X1, ) Bic( X, p)]. oy
By virtue of (1.15) the relation (4.4) yields
aP(Y1,Ts,p,p) + bP(Y1, o, p,0) =bL[A(T2)C (Y1) — A(T1)C(T2)]. (4.5)
Putting T35 = T4 = p in (4.1), then we have
b
P(Y,,T = ———A(71)C(T3) — A(Y2)C(T

+ A(TT2)C(TT1) — A(TY1)C(TT2)].

Again, putting T3 = p and T4 = o in (4.1), we have

— 1
P(Y1,Y9,p,0) = K(Y1,Y2,p,0) — m[A(Tz)O(Tl) —C(Y2)A(Ty) (4.7)

+ A(TT)C(TY2) — A(TT)C(T Y1),

which in view of (4.5) and (4.6) the relation (4.7) reduces to
b(E(X1, T2, p,0) = LA(Y2)C(T1) = A(T1)C(T2)]) =0, (4.8)

which implies that either b = 0 or K (Y1, Y2, p,0) = L;[A(T1)C(T2) — A(T2)C(Y1)].
If b = 0, then the (1.13) manifold reduces to an Einstein manifold.
Thus, we can state the following theorem.

Theorem 4.2 A holomorphically projective Ricci pseudo-symmetric MQEH manifold us either a holo-
morphically projective Ricci pseudo-symmetric FEinstein Hermitian manifold or K(YT1,YTa,p,0)

Also, we can conclude.

Corollary 4.3 In a holomorphically projective Ricci pseudo-symmetric MQEH manifold if b # 0 and
K(Y1,Y5, p,0) =0 if and only if the vector fields p and o corresponding to 1-forms A and C, respectively,
are co-directional.
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5. Holomorphically Projective Flat Ricci Pseudo-Symmetric MQEH Manifold

If the holomorphically projective curvature tensor is flat, then

P(Yy,T3,T3,T4) =0. (5.1)
Using (5.1) in (4.1), we have

K(T1, Y2, Ts,Ts) = 5 Ric(T2, Y3)g(Y1, Ta) — Ric(T1, T3)g(Ta, Ts) o)
+ Ric(JT1, T3)g(J T2, Ta) — Ric(J T2, T3)g(J L1, Ta)]. .
Again, using (4.2) in (5.2), we have
ﬁ [Ric(QTQ, T3)g(T1,Ts) — Ric(QY1, T3)g(Ta, Ts)
FRic(QJT1, T3)g(J T2, Ta) — Ric(QJ T2, T3)g(J T, n)] 5

— I, [g(rg, T3)Ric(T1, Ta) — g(T1, T3)Ric(Ta, Ts)
+ g(T2, T)Ric(T5, T1) — g(T1, Ta)Ric(Ts, Tg)}.

Let A be an eigenvalue of @ and J@Q corresponding to the eigenvectors T; and JY1, then Q11 = ATy
and QJY1 = AJYq, i.e., Ric(T1,T3) = Ag(T1,Ts3) (where the manifold is not Einstein), and therefore

RiC(QTh Tg) = )\RiC(Tl, Tg), RlC(QJTl, Tg) = )\RlC(JTl, Tg) (54)
From (5.3) and (5.4), we get

— [Q(Tm T3)g(Y1, Ta) — g(T1,T3)g( L2, Ty)
+9(JY1,Y3)g(J Y2, Ty) — g(J Y2, T3)g(J Y1, T4)]
=L, [g(n, Y3)Ric(T1, Ta) — g(T1, Ts)Ric(T2, Ta)
+ g(Ta, Ta)Ric(Ts, Y1) — g(T1, Ta)Ric(Ta, Tg)]

Putting T4y = T3 = p in (5.5), we have

% [Q(TQ’ p)9(Y1,p) — 9(T1,p)g9(Y2,p)
+9(JT1,p)g(J T2, p) — g(JT%p)g(JTl’p)} (5.6)
=L [Q(T% p)Ric(T1, p) — Q(Tlap)RiC(T27p):|,

which in view of (1.14) and (1.15) the above relation reduces to

b (n i 5 LS) [C(T1)A(T2) — C(T2)A(T1)] .

) ( A 2) AGT)C(ITy) — AUJT)CIT).

n—

If we take A = 52 and b # 0, then from (1.14) and (5.7), we obtain
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9(Y2,p)g(Y1,0) = g(T1,p)g(Ta,0). (5.8)

This shows that the vector fields p and o corresponding to the 1-forms A and C respectively are
co-directional.
Thus, we can state the following theorem.

Theorem 5.1 In a holomorphically projective flat Ricci pseudo-symmetric MQEH manifold if %‘ll s an
eigenvalue of the Ricci operator Q@ and JQ and b # 0 then the vector fields p and o corresponding to
1-forms A and C, respectively, are co-directional.

6. Bochner-Holomorphically Projective Ricci Pseudo-Symmetric MQEH Manifold

In this section, We introduce a novel curvature condition that integrates the Bochner and holomor-
phically projective tensors within the Ricci pseudo-symmetry framework.
The Bochner-holomorphically projective curvature tensor H is defined as

H(Y1,Y2,Y3,T4) = B(Y1, T2, T3, Ty) +aP(Y1, Y2, T3, Ty), (6.1)

where « is a scalar parameter, B is the Bochner curvature tensor given by (2.1), and P is the
holomorphically projective curvature tensor given by (4.1). In a Hermitian manifold, H inherits the
symmetries of both B and P, including

H(Tlv TZa T37 T4) = _H(T17 TQa ’r47 T3)7

6.2
H(JY1,JY2, Y3, Ty) = H(Y1, Yo, T3, Ty). (6:2)

Now, we introduce the following.

Definition 8.1. An even-dimensional Hermitian manifold M™ is said to be a Bochner-holomorphically
projective Ricci pseudo-symmetric MQEH manifold if the tensor
H - Ric = LsQ(g,Ric), i.e.,

RiC(H(Th TQ)T?” T4) + 1:{1(3(T37 H(Tl, TQ)T4)
= Ls[g(Tg, Tg)RiC(Tl, T4) — g(Tl, Tg)RiC(T27 T4) (63)
+ g(TQ, T4)RiC(T3, Tl) — g(Tl, T4)Ric(T2, ’rg)},

for all Y1, 9, Y3, T4 € M™, where L; is a function on P = {v € M : Ric # %ﬁlg at v}.
Let us consider a Bochner-holomorphically projective Ricci pseudo-symmetric MQEH manifold. Then,
from (1.13) and the definition, we have

alg(H (Y1, T2)Ys, Ty) + g(T3, H(T1, T2)Ty)]

+ b[A(H (Y1, T2)Y5)C(Ts) + A(T4)C(H (Y1, T2)Ts)

+ A(Y3)C(H(Y1, T2)Ty) + C(T3)A(H (Y1, T2)Ty))] (6.4)
= Ls[g(T2, T3)Ric(T1,T4) — g(T1, T3)Ric(Ya, Ty)

+ g(T2, T4)Ric(T3,T1) — g(T1, Ty)Ric(T2, Ts)].

Putting T35 = T4 = p in (6.4), we get

al (Y1, Y2, p,p) + bH(Y1, Yo, p,0) = bL[A(T2)C (Y1) — A(T1)C(T2)]. (6.5)
Substituting the expressions for B and P, and using (1.14) and (1.15), this yields

b[(1+ a)K (T, T2, p,0) — Ly[A(T2)C(T1) — A(T1)C(T2)]]

ba (6.6)
n_2 [A(JT1)C(JY2) — A(JT2)C(JY1)] = 0.

+
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This implies that either b = 0 or the expression vanishes for specific a. If b = 0, then from (1.13) the
manifold reduces to an Einstein manifold.
Thus, we can state the following theorem.

Theorem 6.1 A Bochner-holomorphically projective Ricci pseudo-symmetric MQEH manifold with o #
—1 is a Bochner-holomorphically projective Ricci pseudo-symmetric Finstein Hermitian manifold or

(1+a)K(Y1, Yo, p,0) = Ls[A(T2)C(T1) — A(Y1)C(T2)]

O AGTOWTS) — AT o7

holds.

Discussion

The results obtained in this paper provide a unified understanding of Ricci pseudo-symmetric struc-
tures on mixed quasi-Einstein Hermitian (MQEH) manifolds under different curvature tensors. The
behavior of the Bochner and holomorphically projective tensors reveals that pseudo-symmetry imposes
strong restrictions on the associated vector fields and their 1-forms. In particular, the co-directionality
of the generators is shown to be enforced by the vanishing of specific mixed components, which indicates
a deeper geometric compatibility within the MQEH framework.

The classification results derived for the Bochner-flat and holomorphically projective flat cases demon-
strate that the MQEH structure is highly rigid under curvature degeneracies. Moreover, under the
combined curvature condition, the manifold is compelled to approach an Einstein structure, except in
explicitly determined exceptional cases. These findings offer a foundation for further investigation into
Hermitian manifolds with hybrid curvature constraints.
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