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Analyzing the Limit Set of Rough Ideal \y-Statistical Convergence of Order ¢ in
Lattice-Valued Fuzzy Normed Spaces
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ABSTRACT: This study introduces the framework of rough Z-\vy-statistical convergence of order g within the
setting of L-fuzzy normed spaces (lattice-valued fuzzy normed spaces). This generalizes existing convergence
notions by integrating ideal convergence (Z), generalized sequence transformations (\v), an arbitrary order
(0), and the concept of roughness (r). A primary focus is the characterization of the resulting rough limit
set. We rigorously establish that, contrary to classical convergence, the limit is inherently a set. Furthermore,
we prove that this limit set possesses key structural properties, specifically closure and convexity, under the
topology induced by the L-fuzzy norm. Finally, we define the corresponding notion of Z-Av-statistical cluster
points of order g and elucidate the relationship between this set of cluster points and the rough limit set.
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1. Introduction

Classical convergence, while fundamental, often proves too restrictive for analyzing sequences exhibit-
ing irregularities. Statistical convergence, introduced by Fast [9], provided a crucial generalization by
utilizing the concept of asymptotic density, effectively ignoring sets of indices with density zero. This
concept initiated a significant expansion in summability theory. A pivotal development in this trajectory
was the introduction of ideal convergence (Z-convergence) by Kostyrko et al. [22], which generalized
statistical convergence by replacing natural density with an arbitrary admissible ideal Z. This axiomatic
approach has facilitated the extension of convergence theories across diverse mathematical structures
[7,15,33,37,38,5,16,17,24,25,32].

Further generalizations have focused on modifying the manner and rate of convergence. Concepts
such as A-statistical convergence and, more broadly, af (related to the Ay framework studied herein)
statistical convergence of a specific order ¢ [1], have emerged. These methods offer refined control over
the convergence process and have proven valuable in applications such as Korovkin-type approximation
theorems [36] and the analysis of discrete operators [6,11,35]. Moreover, the investigation of operators
on various function spaces remains a central theme in analysis, as seen in studies on Wiener algebras [14]
and Englis algebras [18].

Parallel to these developments, the necessity of handling approximations and inherent errors in nu-
merical analysis led to the concept of rough convergence, formalized by Phu [29]. Rough convergence
acknowledges that a sequence may not converge to a single point but rather approach a vicinity defined
by a "roughness degree" r. Aytar [4] integrated this notion with statistical convergence, introducing
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rough statistical convergence. This framework, where the limit is inherently a set rather than a point,
has been extensively studied and adapted to various sequence spaces [8,20,21,27].

Concurrently, the mathematical framework for modeling uncertainty has evolved significantly since
Zadeh’s introduction of fuzzy sets [41] and Atanassov’s intuitionistic fuzzy sets [3]. This led to the
development of fuzzy metric spaces [23,10] and fuzzy normed spaces [31,28]. A critical limitation of
classical fuzzy theory is its reliance on the unit interval [0, 1] for membership degrees. To address this,
Goguen [13] introduced L-fuzzy sets, replacing [0,1] with a complete lattice £. This generalization
provides a substantially more flexible structure for handling complex, ordered systems of uncertainty.
The fuzzy numbers have applications in computer programming [12], image segmentation [19] and many
others.

The integration of these concepts led to the study of L£-fuzzy normed spaces, representing an inter-
section of functional analysis, lattice theory, and fuzzy mathematics. Yapal [39] initiated the study of
statistical convergence within this generalized lattice-valued framework. Subsequent research has rapidly
adapted various convergence modes to £-fuzzy normed spaces, including lacunary statistical convergence
[40], rough statistical convergence [26], ideal convergence [20], and deferred statistical methods [30,2].

Building upon this extensive background, the present study introduces a highly generalized conver-
gence framework: rough Z-\vy-statistical convergence of order g in £-fuzzy normed spaces. This approach
synthesizes multiple generalizations—ideal convergence, generalized sequence transformations (\y), ar-
bitrary order (o), and roughness (r)-within the flexible structure of lattice-valued norms. Our primary
objective is to analyze the structure of the resulting rough limit set. We rigorously establish that this limit
set is both closed and convex with respect to the £-fuzzy norm. Furthermore, we define the corresponding

set of Ig'tm c-cluster points and elucidate its relationship with the rough limit set.
Ay

2. Preliminaries

This section compiles the essential definitions and foundational concepts necessary for the subsequent
analysis. Throughout this paper, N denotes the set of natural numbers.

2.1. Density, Ideals, and Convergence

We begin by recalling the concepts related to density and ideal convergence.

Definition 2.1 ([9]) The natural density (or asymptotic density) d(K) of a subset K C N is defined as
d(K) = limy,yo0 2|{k < n: k € K}|, provided the limit exists. Here, |A| denotes the cardinality of set A.

Definition 2.2 ([9]) A sequence w = (wy) in a metric space (X, p) is statistically convergent to wy € X
if, for every e > 0, the set of indices {k € N : p(wy, wo) > €} has natural density zero.

Statistical convergence is generalized using the algebraic structure of ideals.

Definition 2.3 ([22]) Let U be a non-empty set. A collection of subsets T C P(U) (the power set of
U) is an ideal in U if it satisfies the additive property (A,B € T = AU B € T) and the hereditary
property (A€ Z,BC A = BeTI)

An ideal 7 is non-trivial if Z # P(U) (i.e., U ¢ 7) and admissible if it is non-trivial and contains all
finite subsets of U. Throughout this paper, Z denotes a non-trivial admissible ideal in N.

Definition 2.4 ([22]) Associated with a non-trivial ideal T is the corresponding filter F(I), defined as
FI)={KCU:U\K¢eTI}.

Definition 2.5 ([22]) A sequence w = (wy) in a metric space (X, p) is ideal convergent (Z-convergent)
to wo € X if, for every € > 0, the set {k € N : p(wy,wo) > €} belongs to T.
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2.2. Rough Convergence

Rough convergence addresses convergence up to a certain degree of approximation.

Definition 2.6 ([29]) Let (U,|.||) be a normed linear space and let v > 0 be a fized real number (the
roughness degree). A sequence w = (wy) in U is rough convergent (r-convergent) to wqy € U if for every
€ > 0, there exists ko € N such that ||wy, — wol|| < r+e€ for all k > ko. This is denoted by r —limy, w = wy.

Definition 2.7 ([27]) A sequence w = (wy) in a normed space U is rough ideal convergent (r — Z-
convergent) to wy, denoted r — T — limy, w = wy, if for any € > 0, the set {k € N : ||owy, — wo| > r + €}
belongs to Z.

2.3. Lattice Structures and £-Fuzzy Normed Spaces

We now introduce the framework of lattice-valued fuzzy normed spaces. Let £ = (L, %) be a complete
lattice, with Oy, and 17 denoting the least and greatest elements, respectively. The strict order relation
is denoted by < (and > for its inverse).

Definition 2.8 ([34]) An L-fuzzy set on a non-empty set Q is a mapping X : Q — L. The collection
of all L-fuzzy sets on Q is denoted by L?. Operations such as union (U) and intersection (N) are defined
pointwise using the lattice join (V) and meet (N\) operations.

Definition 2.9 ([34]) A function 2 : L x L — L is a t-norm on L if it is commutative, associative,
monotonic in both arguments, and satisfies the boundary condition E(a,11) = a for all a € L.

Definition 2.10 ([34]) 4 function N : L — L is a negator on L if it is order-reversing (i.e., a <
b = N(b) < N(a)) and satisfies N (0r) = 1, and N (1) = 0r. It is involutive if N (N (a)) = a for
alla e L.

We now define the main structure utilized in this study.

Definition 2.11 ([34]) Let T be a real vector space, L = (L, <) a complete lattice, and Z a continuous
t-norm on L. The triplet (T, p,Z) is called an L-fuzzy normed space (L-FNS) if p is an L-fuzzy set on
T x (0,00) satisfying the following conditions for all g,r € T and o,t > 0:

(Z) p(q70) = 0.

(ii) p(q,0) =11 if and only if ¢ = 6 (the zero vector).
(iii) p(Ba, @) = p (a. %) for B € R\ {0},
(i) (Fuzzy triangle inequality) p(q +r,0 +t) = ZE(p(q, o), p(r, 1)).
(v) The function f,: (0,00) = L defined by f,(c) = p(q,0) is continuous.
(vi) limy 00 p(q,0) = 11, and limy,_,0 p(q,0) = 0r, for g # 0.

Example 2.1 ([26]) Let L = [0, 1] with the usual order. Let (T, ||.||) be a classical normed space. Define
E(a,b) = ab (product t-norm). Define p(q,0) = 37 Then (T, p,E) is an L-FNS.

Convergence in L-FNS is defined using a negator to express the notion of closeness.

Definition 2.12 ([34]) Let (T, p,E) be an L-FNS with a negator N. A sequence w = (wy) in T
converges to wy € T if for every t € L\ {01} and o > 0, there exists ko € N such that p (wy, — wo;0) >
N(t) for all k > ko.

We conclude this section by recalling the definitions of statistical, ideal, and rough convergence adapted
to the £L-FNS setting. (Note: We use wy notation for consistency).



4 0. Kis1, M. GURDAL AND S. CETIN

Definition 2.13 ([39]) A sequence w = (wy) in an L-FNS (T, p, =) is statistically convergent to wy
if for any t € L\ {0} and 0 > 0, d({k € N: p(w — wo;0) # N(t)}) = 0. This is denoted by Stp —

lim;, @w = wy.

Definition 2.14 ([20]) A sequence w = (wy) in an L-FNS (T, p, Z) is ideal convergent to wy if for any
te L\{0L} and 0 >0, {k € N: p(wp — wo;0) # N(t)} € Z. This is denoted by Iy — limy w = wp.

Definition 2.15 ([26]) Let r > 0. A sequence w = (wy,) in an L-FNS (T, p, =) is rough convergent to
wo if for anyt € L\ {0L} and o > 0, there exists ko such that p (wy, — wo;r + o) = N(t) for all k > ko.

Definition 2.16 ([26]) A sequence w = (wy) in an L-FNS (T, p, =) is rough statistically convergent to
wo if for anyt € L\{0.} and 0 > 0, d({k € N: p(wg — wo;r + ) # N(t)}) = 0. This is denoted by
r — Sty — limg w = wg.

3. Main results

This section is dedicated to the introduction and analysis of rough Z-Av-statistical convergence of
order g within £-fuzzy normed spaces. We explore its core characteristics and the topological structure
of the associated limit set.

We fix the setting for this section as follows: (T, p,Z) denotes an L-FNS equipped with a negator
N. We consider sequences A = ()\,) and v = (7,) of non-negative integers satisfying A\, < =, for all
u € N and limy 00 (s — Aw) = 00. The interval of indices is denoted by P;\W = [Au,Yu], and the order
of convergence is given by o € (0,1].

Definition 3.1 We say that a sequence w = (w.) € T is \y-statistically convergent of order o to wq
with respect to the fuzzy norm p, provided that for every t € L\ {0z} and o € RT

uli_{gom‘{gepﬁwip(wc—wo,a)?‘/\/(t)}’ZO (3.1)

1s satisfied. We denote this convergence by Stf\’,f — lim¢ w, = wy.

It is evident from Definition 3.1 that convergence of order ¢ w.r.t. the fuzzy norm p implies A\vy-
statistical convergence of order ¢ w.r.t. the same norm.

Remark 3.1 If we set p =1 in (3.1), the sequence (w.) is referred to as A\y-statistically convergent to
wo w.r.t. p. Moreover, by choosing A\, =1 and v, = u, Definition 3.1 reduces to the standard statistical
convergence of (w) w.r.t. p.

Definition 3.2 Let (T, p,Z) be an L-FNS, and let w = (w.) € T. Given a roughness degree r > 0, the
sequence (w.) is said to exhibit rough I-\vy-statistical convergence of order o to wy w.r.t. p, if for any

te L\{0}, £>0, and 0 € R, the set

1
{ueN:M\{cepy;p(wq—wo,wra);é/\/(t)}\25} (3.2)

belongs to the ideal . In this case, we write Ith,L — lim, w, = wp.

Ay

Following Definition 3.2, it is clear that Z-statistical convergence of order p implies rough Z-Av-
statistical convergence of order g w.r.t. the fuzzy norm p.

Remark 3.2 Let (T, p,Z) be an L-FNS and w = (w,) € T.

(1) If T =TIy (the ideal of finite sets) in (3.2), (w) is called rough-Ay-statistically convergent of order o
to wo w.r.t. p.

(2) If r =0 in (3.2), (we) is termed I-Ny-statistically convergent of order o to wy w.r.t. p, denoted by
T

5108~ lim¢ w, = wy.
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Notation. Consider (T, p,Z) as an L-FNS. Let (w,) be a sequence in T and r > 0.
(a) The limit Igtg) ¢ — lim w, is generally not unique. We define the set of all rough Z-Avy-statistical
Ay

limits of order p as:

ISti’f — LIM"w, = {wo eT: Igti'f —limw, = wo}.

N
The sequence (w,) is deemed rough Z-Ay-statistically convergent of order p if this limit set is non-empty
for some r > 0.
According to Definition 3.2, we observe the following monotonicity properties:
(1) If 0 <7 < g for a fixed g € (0, 1], then

I, —limw €772, . — limw,.
stgf o TS = Tsgs T
(2)If0< o< 7<1forafixed r >0, then Z¢,, — lim, w, = wy implies
Yz

T . —limw. = wp.
Sty S

Example 3.1 Consider the normed space (R, ||.||). Let Z be the continuous t-norm defined by Z (s1,¢2) =
G162 for ¢1,62 € L. Furthermore, let p be the L-fuzzy set on Rx (0,00) given by p(q,0) = ﬁ‘q‘ for all
o >0 and g € R. The triple (T, p,Z) constitutes an L-FNS. Now, define the sequences (w.) and (p.) as

follows:
_ [ ife=j?
We = { 0, otherwise,
and
0, ifs=j?
po=1 =1, if22 4+1<¢<2% 42
1 otherwise.

Let Ay = u? 4+ 1 and vy, = u® +u. For any a € (0,1), o € (0,1] and o > 0,

WH%PN:MWQG) # N (@)}
= L [{s s e [+ 1,0 +u] s el > 2% > 0} =o0.

Hence, Stf\’f —lim. we = 0. For wp € R and r > 0, consider

m‘{CePg’WZP(%—WO,U‘FM # N ()}

3.3
= %nge [u? + Lu? + ] ; |lpc — wol| > ﬁ(aw)}] — 0. (3.3)

Setting r1 = 2= > 0 and 0 < o = % infinitesimally small, for wy = 1, the righthand side of (3.3)
reduces to 1
ue Heice W2+ 1,u” +ulslloc — 1) > r1 4 0} = 2.

Then
zu:ﬁ‘{gzge [u2+1,u2+u];@§21+r1+g}‘

o ifu= 2,5=1,2,..
0, otherwise.

Take T =74 ={W CN:d(W) =0}. For any arbitrarily smallt € L\ {0,},
{fueN:z, = Nt)}={ueN:u=27, j=1,23,...} €,

For wg = —1, we have

quzﬁHq:qe [u2+1,u2—|—u];<p<2—1+7’1+g}|
_ ) ifu#2,j=12,..
0, otherwise.
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{ueN:ig, = N®)}={ueN:u#£2, j=123,..}¢1I,

Similarly for wy =0,
1
{uENtugHgtge [u2+1,u2+u];4p<>r1+g}|>§}_Ngéld.

So,
{[1—7",14-7“], ifr>0

Ir L — hm =
S5 e 0, otherwise.

It is important to note that neither sequence (w¢) nor (p.) converges in the classical sense w.r.t. the
fuzzy norm p.

In standard analysis, every subsequence of a convergent sequence in an £-FNS also converges w.r.t.

p- However, this property does not generally hold for rough Z-\y-statistical convergence of order p.

Specifically, the existence of a rough limit, I;t oc — limc ¢ # 0, does not ensure that every subsequence
Ay

possesses a corresponding rough limit.
To illustrate, consider the sequence (. ) from Example 3.1. We have Ith ¢ —lim¢ we = [—r, 7] for any

nontrivial admissible ideal Z and r > 0. However, the subsequence (q.) = (<) satisfies Z" , , —lim. g. = 0

St§:°
for any r > 0.
Lemma 3.1 If (w.) is a sequence in (T, p, =) such that Stf\’f —lim, @, = @y, then for any r > 0, we
have ¢, » — lim¢ @, = @o.

Ay

Proof: Let r = 0 and Z=27Z;. Under these conditions, Equation (3.2) reduces to Equation (3.1).
Therefore, the result immediately follows. O

The converse of Lemma 3.1 is generally not true, as shown in the following example.

Example 3.2 Let (T, p,2) be defined as in Example 3.1. Consider the sequence (wo.) defined by

1, if ¢ is even
T =
* —1, if¢ is odd.

Let Ay, =1 and v, = u%, with o = % In this case, Stf)\’f — lim¢ w¢ does not exist. However, the rough
T-M\y-statistical limit of order o is given by

Il . —limw. =
Qo S .
Sty < 0, otherwise

{[lr,lJrr], ifr>1

for any admissible ideal .

Lemma 3.2 Suppose (T, p,E) is an L-FNS and (w;) € T. Let r > 0. For anyt € L\ {0z}, 0 € RT,
the following statements are equivalent:

(a) Igti’f — lim¢ w¢ = wo,
(0)

{UEN:mngPIi""f:p(wg—wo,r—ka)%./\/(t)}}Zf}EI;

(¢)
{uGN:MHgEPj‘W:p(wgwo,r+o)>‘./\/(t)}| <§} € F(I);

(d)
r : 1
Toge ~lm oy s € P27 o (@ —mo.r+ o) LN ()] =0
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Definition 3.3 A sequence w = (w) in an L-FNS is defined as ISti,c—bounded if for anyt € L\ {02}
and & > 0, there exists H > 0 such that i

{UGNZ mHgEPS‘W:p(wC,H) %N(t)}’ Zf} el

We now present fundamental properties related to Igtg, £-convergence.
Ay

Theorem 3.1 Let (T,p,Z) be an L-FNS. A sequence w = (w,) in T is Lgo.c-bounded if and only if
Ay

IT‘

Sr0. —lim; w # 0 for some r > 0.

Proof: Necessary Part: Let (w.) be a sequence that is ISti,L—bounded. Then, for any t € £\ {0.} and
Y
& > 0, there exists a real number ¢ > 0 such that the set

{UEN:(JHCGP)‘” (wg,a)%./\/(t)HZf}EI.

Since Z is an admissible ideal, the complement of this set in N, namely W = N\ U is non-empty, where

1

U:{UEN:( PR

7 l{se P <wg,a>>w<t>}\zg}.

Now, let us choose any ¢ € W. Then, we have

) 1
{ueN.m\{geP p (we, );é/\/(t)}|<§} 5.4)
Define the set
K={ceP) :p(we,o)=N(t)}.

Now, applying the triangular property of the fuzzy norm, we obtain

p(we,r+o) =EZ(p(0,r),p(w,0))

E(1£7P(w<7 )) FN(t)7
which implies that
Kc{ceP) p(we,o)=N(t)}.
Using (3.4), we get
|K]
=& s gFixr .

< WHCEP R p(wg,r-f—O') >—N( )}‘
Hence, we conclude that

1

(v +1— HCEPM p(@er+0) F N} <&

That is,

1 A

{UENI mHgGPu”:p(wg,rJrU) %N(t)}‘ <§} cUel.

Therefore, we have 0 € ZT , . — lim¢w,, which implies that the rough Z¢ e L-btatlstlcal limit of the

o
sequence is non-empty for some r > 0.
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Sufficient Part: Assume that Igtg,g — lim. w. # () for some r > 0. Then, there exists an element
Ay
B € T such that 3 € I, , . — lim; ww,. This implies that for any t € £\ {0z}, £ > 0, and 0 € R*, the
Ay

following set
1
{UGN:W|{§EP)\”Y ( S,B,O')%N(t)}}Zf}

belongs to the ideal.

In other words, the majority of the terms w, are located within a fuzzy neighborhood (or fuzzy ball)
centered at f3, according to the L-fuzzy norm. This directly leads to the conclusion that the sequence
w = (w,) is ISti,vc—bounded in £L-FNS. O

It is established that the sum of two rough statistically convergent sequences, and the scalar multiple
of such a sequence, remain rough statistically convergent in an L£-FNS for a fixed roughness parameter
r > 0. However, this algebraic property does not universally extend to rough Z-\vy-statistical convergence
of order p. We present the following proposition to address this.

Proposition 3.1 Let (T,p,E) be an L-FNS. Suppose (w),(p.) € T. For ri,ro > 0, the following
properties hold:
(1) IfI;lg ¢ —lim¢we = wo and T, o — lime ¢ = o, then T (r4r2) _ Jim, [@s + @] = w0 + vo.

St§:r
>\'v
(2) IfI”g e lim, w. = @y, then I‘q‘glﬁ —lim, qw, = qwo for any scalar ¢ € R.
/\’Y

Proof: The result follows directly from the definitions and standard arguments; hence, the proof is
omitted. O

In the subsequent theorem, we establish the closedness of the limit set Zg,0.c — lim, w..
Ay

Theorem 3.2 Let w = (wc) be a sequence in an L-FNS (T,p,E) and r > 0. Then, the set of rough
L-Ay-limit points, Tg ,.. — LIM"w,, is a closed set.
Ay

Proof: If r = 0 the result is straightforward since Zg,..c — LIM"w, is either empty or a singleton set.
Ay

Now, suppose that Z,..c —LIM @, # () for some r > 0. Consider a sequence ¢ = (¢,) C VAN —LIM" oo,
Ay Ay

n (T, p, =), that converges to @9 € T w.r.t. fuzzy norm p. For any t € L\ {0.} and o > 0, there exists
o € N such that p (¢ — o, 3) = N (t) for all ¢ > ¢p. Now, take an element ¢, € Zg,o.c — LIM @, and
Ay

& > 0 then

U:{ueN:( !

%_’_1—_)\u)g{§EPj‘W: ( — ey, T+ >>N()}‘>§}GI

Since 7 is an admissible ideal, the complement set Y = N\ U is non-empty. Choose any ¢ € Y, then

WHWPM p(@e —@a,r+5) AN ()} <&
= G S EPY 1o (e —pq,r+5) » N ()} 21-¢

Let
Q={<€P;\"V: < — Py, T+ )>N()}

For m € Q with m > ¢y, we have

p(@m —po,r+0) =E(p(@m—a,T+%),0 (0 —¢0,%))
=N (t).

Therefore,
me {se Py :p(we—po,r+0)=N(t)}.
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Hence,
QC{se P} :p(ws—po,r+0)=N(t)}
that provides

|Qu
1=¢ < maior .
< e s € P s p(we — wo,r +0) = N ()}
Therefore 1
W+1—’{§€P)‘7 p(we — o, 7 +0) # N(t) }|<§
Then
{ueN:ml{cePN:p(wg—w,rw)%/\/(t)}l 25}
cUel
Hence, ¢¢ € Igtg,c — LIM"w, in an L-FNS (T, p,=). O
Ay

We now address the convexity of the limit set Z,0.c — LIM"w,.
Ay

Theorem 3.3 Let w = (w.) be a sequence in an L-FNS (T, p,=Z). For any fized r > 0, the set of rough
I-\y-limit points of order 9, Lg,o.c — LIM @, is a convex set in T.
Ay

Proof: Let 81,8, € T 512 — LIM"w.. To show convexity, we must demonstrate that the convex combi-

nation (1 —¢) B + (B2 € I S12:5 — LIM" @, for any ¢ € (0,1). Since f1, B2 € Zg,o.c — LIM g, it follows
Ay

that for any t € £\ {0,} and o € R, the following sets are in the ideal.

Let us define
Uo:={§€P7j\’7:P< 51,70—‘_0)>?‘N(t)}7

2(1-¢
and
= {ee R ip(m - 20 ) v N 0}
For any ¢ > 0,
1
{UEN:MH(EP&‘W:§EUOUU1}‘Z€}EI

Choose 0 < & < 1 such that 0 < 1 —¢&; < &, and define

1
U:{UGNZM!{CGPSWICGUOUU1}|>€1}EI

Then, for all u ¢ U, we have

Wl{cepm-geruUlﬂa—gl
= Gorie (S € PM i c ¢ DU} 21— (1—&) =&,

which implies that the set {¢ € P71 ¢ ¢ Uy UU, } is non-empty. Let ¢ € (Up UU;)“ = U§ N Uf. Then,

p(ws = [(1=C) B+ (B, r+0)

=p((1- )( 51)+C(wc Ba),r+0)
=Z(p((1 51) 2,0 (¢ (we — B2) , 52)))
:E(p( /81 72(1 C) (( §_62)’r;r§0>>

= N (t

This implies U5 N U{ C B¢, where

Bei={seP}M :p(w.—[(1-C)B1+(Ba],r+0)# N(t)}.
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For ¢ ¢ U,
517W|{§€PA’: S ¢ UgUUL}|
S(wuﬂ bW ngpw <¢BH
or .
(ry_"_l—‘{CEP)\”Y CEB}‘<1—§1<§
Hence,
1
UCC{ueN:( — |{gePM geB}y<g}
Since U¢ € F (I), then
1
{uEN:W‘{CGPAW cGB}‘<§}E}—()
Therefore,
1
This proves that (1 —¢) B + (B2 € ISt§"3 — LIM"w,, and therefore ISti'L — LIM" @, is convex. O
Y el

Theorem 3.4 A sequence w = (w¢) in an L-FNS (T, p, Z) is rough ideal statistically convergent to wy €
T w.r.t. the norm p for somer > 0 if there exists a sequence ¢ = (@) in T such that Ty,e.c —lim o, = wo
Ay

in T and for every t € L\ {0z} and o € RT we have p (we — pe, 7+ o) = N (t) for all ¢ € N.

Proof: Let Isti,ﬁ lim¢ pc = wo and p (we — ¢, v +0) = N (t). For t € L\ {0z}, £ >0 and o € RT,

the set
{UENZ(_|_11_‘{§€P)"Y (@g_wma)?é-/\/(t)}lzg}ez

Define
= {gEPg"’Y:p(@g—wo,a
Uy ={s € Py :p(ws—pe,r) # N (t)

~+
~
A~

For any & > 0, we have

1
{UGNZW’{§€PS’71§€U1UU2}|>§}GI

Select 0 < &1 < 1 such that 0 <1 —¢&; < €. Then

U—{ueN:( +11_ 5 |{cepP}: gGUlUU2}|>§1}
For u ¢ U
(7u+1 bW ’HCEP)"'Y'§EU1UU2H<1—€1
jWWEPM SEULUDH > &1
Then,

{ceP} :c¢ U UL} £0.
Let s € (Up U Uy)" = U§ NUf. Then,

p(we —wo,r+0) =Z(p(we —@c,7),p (¢ — @0,0))
=N (t).
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This implies Uy N Us C B¢, where

B:={ceP) :p(w.—wo,r+0) ¥ N(t)}.

For ¢ ¢ U,
6 < o s € 2T ¢ tauta)
< i [{s € R o ¢ BY),
or
17?%“*H<ewW<eBH<1—&<g
Hence,

1
UCC{UeNW_)\u)Q|{§€P3’V§€B}|<£}

Since U¢ € F (I), then

1
weN: ——— —Hce PM:ce B} < }6}'1'.
{ren o f=eper@
Therefore,
1
N:— P} :ce B} >

{ue CRE [{s € s € B}| §}

This gives that Igtgyc — lim; w¢ = wo. O
Ay

Theorem 3.5 Let w = (w.) be a sequence in L-FNS (T, p,Z). There do not exist two distinct elements
ay,ap € Tgoc —LIM @, forr >0 andt € L\ {0} such that p (o — ag, hr) = N(t) for h > 2.
Ay

Proof: We proceed by contradiction to establish the result. Suppose there exist two distinct points
ai,ap € Ig,oc — LIM" @, such that the following inequality
Ay

p (a1 — ag, hr) # N (t) for h > 2. (3.5)

holds.
Since oy, oy € Zgyo.c — LIM @, then for any t € £\ {0z} and o € RT. Define,
Ay

—

Uy={seP} :p(wc—ayr+5) # N},
Us={s € P} :p(w —ansr + §) # N()

Then, for u € N, the following inequality is satisfied due to the properties of cardinality and the union of

sets:
{ce P} :ce Uy UL}

{ce P} :ce U}
{ceP}M:cels}.

1
('Yu+1 )\ )g
(%-&-1 Au)®
(’yu+1 Au)? ‘

From the property of Z-convergence, we obtain

—hmu_)oomHgGP)"y §€U1UU2}|
<I hmu_momHgEP)"y §€U1}|
+I llmu_ﬂ)om }{C GP)\”Y S E U2}| = 0.

This leads to the conclusion that, for any £ > 0, the set

1
{§€NZWHgEPj\”YIgEUlUUQHZf}EI
u U



12 O. Kisi, M. GURDAL AND S. CETIN

Now, choose a real number & € (0,1) such that 0 <1 —¢& < &. Let

1
Y:{§€P3’“W_Me!{<6P377:<6U1UU2}|>£1}61
Forc¢Y
(Yuti- )\)Q|{§EP)\”Y §€U1UU2}{<17€1
:>(7“+1 )\)@|{§EP/\”Y §¢U1UU2}|>]_— (1-¢&)=¢&.

This implies {¢ € Pp"7 : ¢ ¢ Uy UUs} # 0. Then for ¢ € Uf N US we have

plar—az,2r+o0) =Z(p(we—azr+35),p(we —a1;r+ %))

= N(t)
Hence,
p(ar —ag,2r +0) = N(t). (3.6)
From (3.6) we have p (a; — ag, hr) = N (t) for h > 2. which results contradiction to (3.5). As a result,
the condition p (a1 — ag, hr) # N(e) for h > 2 cannot be satisfied by any pair of elements aq, as. O

Definition 3.4 Let (T, p,Z) be an L-FNS. An element wg € T is termed a rough T-Mv-statistical cluster
point of the sequence w = (w.) € T w.r.t. the fuzzy norm p for some r > 0 if for anyt € L\{0z}, £ >0
and o € RT

{UEN1M|{§€P$’VI (we —@o; T+ 0) # N(¥) }|<§}§ZI

We denote the set of all rough Z-\y-statistically cluster points of the sequence w = (w.) by FI e (w).

Sty
If r = 0, this reduces to the definition of an Z-\y-statistically cluster point, i.e., I'} i (w) =
st5
FIStf’\.f (w) .

Theorem 3.6 Let (T, p, =) be an L-FNS. The set Iy (@) of all rough I-\y-statistical cluster points
Sti%
w.r.t. p of a sequence w = (w,) is closed for r > 0.

Proof: Assume that I' » (w) is empty. In this case, there is nothing to prove. So, suppose instead

St)\’
that I'; (w) #0. Let ¢ = (p.) CT% . (w) be a sequence converging to some point ¢g. To establish
Stkly St)\”y
the desired result, it is sufficient to show that ¢ € Fg ot (w). Since p. 5 g, then for any t € £\ {0}

>\’Y

and ¢ € R, there exists ¢; € N such that p (L,ag ©o; 2) = N (t) for ¢ > ¢;. Now select any ¢y € N such
that o > ¢;. Then, we get p (¢, — @o; $) = N(t). From the assumption that ¢ = (¢.) C T} o (w), it
St

A
follows that pg, € I'y . (). Then i
st$

Ay

é{ueN:M’{ger‘”: ( — YT+ )%N()}‘<£}¢I (3.7)

Let
G={ce P2 p(m —puir+2) F N}

Choose j € G¢, then we have p (wj — Pe; T+ %) = N(1).
Now,
p(@;—poir+0) = E(p (@) —@eir+5) 1 (0 — 0i7 + 5))
= N(1).
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Hence
{ce P2 ip(m—puir+3) = N}
C{ceP) p(w.—por+o)=Ne)}.
= {ce P} i p(we — poir +0) ¥ N(1)}
c{ce P27 ip(m—pair+ Z) ¥ NO}.
Thus,

UGN:mHCEPj”:p(wgfgoo;rJra);‘N(t)H<§}
- UENm’{geprj\n]p(w§_90§0774+%)%‘/\[(t)}|<§}

According to (3.7), we obtain

1
UEN:— € PM i p(we —osr+0) £ N} < }
{uem: g e e P pm = gnir o) ¥ MO} <€
Therefore, oo € I (w). This completes the proof. O
Sti%

Theorem 3.7 Let w = (w.) be a sequence in L-FNS (T, p,=Z), which is T-Ay-statistically convergent to
wy. If B(wo,t,r) ={s€T:p(s—wo;r) * N(t)} is a closed ball for somer >0 andt € L\ {0}, then
B (woq, t,1) C ISti*L — LIM"w;.

v

ItQL

Proof: Since w, - @y, then fort € L\ {0}, ¢ >0 and o € RT

1

H§EP>‘7 (wg—wo;a)%./\/'(t)}’>§}el
As T is admissible so W = N\ U # 0, then for ¢ € W¢,

WHWP“ p(w, —wo;0) £ N(B)}] < €.
= Goioe [{s € PY7 i p(@e — woi0) = N(0)}] 2 1- ¢

Put
Q={seP):p(w.—wo0) =N}

for m > <. For m € Q, p(wy, — wo;0) = N(t).
Let @w* € B (wo,t,7). We have to denote @w* € Zg,o.c — LIM"w,.
Ay

p(wm —@*r+0) =2 (p(@wm — wo,0),p(w* —wo,7)) = N(t).

Hence,
QC{ceP) i p(w.—w r+0)=N(t)},

which gives that

Q|
1-¢< (ot 1)’
1

< RS HsePM i p(we —w* ;7 +0) = N(t)}|
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So,
m |{§ € PM :p(w. —w*;r +0) %N(t)}{ < &
Then,
{ueN:Wl_/\u)gHCEPQ\”Y:p(wg—w*;r—i—a)%N(t)}’ 2§}CU€I,
which gives that w™* € ISti'f — LIM"w, in (T, p,E). O

4. Conclusions

This study has introduced a comprehensive and highly generalized framework for analyzing sequence
convergence within £-fuzzy normed spaces: rough Z-\vy-statistical convergence of order p. This novel
concept successfully synthesizes several powerful generalizations—ideal convergence (Z), generalized se-
quence transformations (Ay), arbitrary order of convergence (), and the notion of roughness (r)-within
the flexible environment of lattice-valued norms. The primary contribution of this work lies in the rig-
orous analysis of the resulting rough limit set, ISti‘f — LIM"(w). We established that the existence of

a non-empty rough limit set is equivalent to the sequence being Zg,0c-bounded. Crucially, we proved
Ay

that this limit set possesses fundamental structural properties, namely closedness and convexity, with re-

spect to the topology induced by the L£-fuzzy norm. Furthermore, we investigated the constraints on the

diameter of the limit set relative to the roughness degree r. Additionally, we defined and characterized

the associated set of cluster points, F:’,Z‘-Stg’[‘ (w), proving its closedness and elucidating its relationship
A

with the rough limit set. These findings provide a robust theoretical foundation for handling convergence
in complex systems where uncertainty is better modeled by lattice structures rather than the standard
unit interval. The established structural properties of the limit set are particularly significant for future
applications in optimization theory and approximation theory within £-fuzzy environments.
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